Transmission Power Loss Impacts on the Oligopoly Competitive Electricity Market 

Yuchao Ma, Chuanwen Jiang, Zhijian Hou 
Department of Electrical Engineering  
Shanghai Jiao Tong University, China, 200030
Abstract: Until now, the transmission power loss is disregarded in most literature that focuses on the gaming behaviors of the producers in the electricity market. This paper proposed supply function game model considering the power flow loss of the transmission network. The model is composed of the upper-level optimization problem of the producer’s surplus for generation firms and the lower-level optimization of the market system surplus. Since the two-level optimization model is termed as Mathematical Programming with Equilibrium Constraints, (MPEC) problem, the penalty factor approach is used to solve the MPEC. The simulation results find that, not only in the perfect competition market but also in the supply function equilibrium based oligopoly market, the power flow loss impacts from the electricity network will drive the total transactions and the market efficiency decreased in relatively large extent with respect to the power flow loss disregarded model. 
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1. Introduction
The electricity industry throughout the world, which has long been dominated by vertically integrated utilities, is undergoing enormous changes. In the new competitive markets, in most cases, a centrally operated pool [1] with a power exchange has been introduced in which a number of suppliers (generators) are competing to sell the electricity to the customers (loads) and economics and profits will become a major concern for generation firms as an independent market participant. In the poor model, for a specific trading hour within a day, the producer submits the strategic offers into the power exchange where the market operator, ISO, performs an optimal dispatch with an objective to maximize the social surplus (or minimize the production cost) to meet the load demanded taking into account network constraints.  Due to the specific features of the electricity industry, the electricity markets are more close to oligopoly markets in which the producers’ strategies may be modeled resorting to the game theory [2].


       Classic game theory models include Cournot Model, competitors gaming with each other in terms of the production quantity, Bertrand Model, competitors gaming with each other in terms of the price, and Stackberg model in which the market is composed by a leader and some fringe competitors as followers. The Supply Function Equilibrium (SFE) gaming model [3] attracts much attention because, compared with above three classic modes, it offers a more realistic view of electricity markets. In SFE 
gaming model, the producers gaming with each other in terms of the supply function that can be modeled by linear upward curve and the strategy of the producer is to find optimal parameters, intercept or slope or both, of the linear curve as the optimal supply function.  

Recently, a wide literature is devoted to the SFE model. In [4] is reported the theory and application of linear supply function equilibrium in electricity markets. In [5] is presented a strategic gaming model for analyzing such markets and an interior point algorithm is used to compute a local optimal solution of the game. In [6] is analyzed in detail the strategic behaviors of the producers through modeling the generation supply curve by changing the intercept and slope of the linear supply function. In [7] are assessed the supply function parameters from the point of view of the significant effects on the simulation results. In [8] is proposed a nonlinear complementarity approach using an inexact Levenberg–Marquardt algorithm to find oligopoly equilibrium for generation competitive level of electricity market. 


However, among the above SFE model literature, transmission power loss is always disregarded for the simplicity. In the other end, transmission power loss as another research topic is also presented in some references. In [9] is presented the understanding of how bus and area prices are affected by losses and congestion in the electricity markets. [10] Focuses on the transmission loss allocation procedures and provides a detailed comparison of four alternative allocation algorithms.


Since the gaming behaviors of the producers and transmission power loss are both existed in a real system, taking into account the one topic without the other may lead to weak practicality. Due to that consideration, this paper tries to integrate the transmission power loss into the SFE based oligopoly competition model and assess the loss impacts on the market outcomes.


This paper is organized as follows: In Section 2, step supply function model and the transmission flow loss model are presented. Section 3is devoted for the supply function game model proposed to capture the strategic behaviors, while in Section 45, a kind of algorithm for finding the equilibrium is proposed. Section  presents the results of the simulation on IEEE14 bus test system. Some conclusive remarks are outlined in Section 6.
2. The Step supply & demand function and the transmission flow loss 
2.1 The step supply function gaming model:
   In SFE model, although the linear supply function is commonly adopted, the production marginal cost curve of the generation unit in reality is almost a flat line in the price-quantity coordinates frame. From this point of view, the supply offer from the unit of the generation firm may be denoted by a triplet, (minimal production, maximal production, price), expressing, at the specific price, the production block provided by the producer. Considering the firm may have several units, its aggregate offer curve may be depicted by a step function as shown in Fig.1.
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  In oligopoly market, the generation firm as a market player has the objective of maximizing his/her producer surplus in the market clearing dispatch by seeking for an optimal offer for each of his/her generation unit. The strategy space of generation firm f is:

{(phf , ρhf ), P–hf ≤ phf ≤ P+hf , ρ0hf ≤ρhf ≤ ρ+hf ;hf 
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Hf}(1)
where the P–hf , phf , P+hf are respectively the minimal production level(MW), the offer quantity (MW) and the maximal production level(MW) the unit h owned by firm f ; ρ0hf , ρhf , ρ+hf  are respectively the marginal cost($/MW), offer price($/MW) and maximal price level. It means that, at the price ρhf, the unit h will provide the quantity from P–hf to phf. The optimal offer for the generation firm f is 

{(p*hf ,ρ*hf),P–hf ≤ p*hf ≤P+hf, ρ0hf ≤ρ*hf ≤ ρ+hf ;hf 
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Hf} (2)

        In the multi firms supply function game model, finding the equilibrium is done by iteratively solving each firm’s optimization problem while keeping the strategies of the other firms as given. The supply function equilibrium is found when no firm will change his/her strategies. The electricity consumers are related to the load buses in electricity network, each load bus i is denoted as: 
{(νi, qi),0≤qi≤Qi; i 
[image: image4.wmf]Î

D 
[image: image5.wmf]Ì

 N}









(3)
where:  qi is the demand quantity(MW) dispatched by the ISO  and Qi (MW)is its maximal level; νi is the demand price for the quantity from 0 to Qi ; N  and D are the set of buses  and set of buses with load, respectively.
       From the market point of view, the aggregate demand function is a downward step function in the price-quantity coordinates frame, Fig2.
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2.2 The transmission flow loss model:
  In the AC power flow model the line flow and the flow loss can be expressed as:

tm= Gm[Vi2 – ViVjcos(θi – θj)] + Ωm ViVjsin(θi – θj)  (4)
lm = Gm [Vi2 + Vj2 – 2ViVjcos(θi – θj)]






(5)
where, tm :real power flow along line m; lm: the flow loss;Vi /θi: voltage magnitude/angle of bus i;Rm /Xm: resistence / reactance of line m.
Gm=Rm/(Rm2+Xm2) Ωm=Xm/(Rm2+Xm2)

In the DC model, the line flow and flow loss are:

tm ≈ Ωm(θi – θj)















(6)
lm≈ Gm(θi – θj)2 = Gmtm2/(Ωm2)=Rm tm2 





(7)
The flow loss may be equally divided into two parts and taken each part as an additional load connected to the corresponding buses of the line [11], see Fig1:
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3. Strategic biddings under competitive electricity market
 In the pool model, the ISO has the responsibility to coordinate the submitted offers, represented as supply functions, from the supply side and the given demand curves with the objective to maximize the system surplus (Social surplus is computed on the basis of the aggregate marginal cost and demand function.) taking into account the network constraints for the security system operation.
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The system dispatch based on DC power flow:

min       F(p,q) = ρTp –νTq           







(8)
s.t. h1(p,q,t)=p – q – tTA – (0.5tTRt)A′ =0 ↔λ       (8-1)
     h2(t, θ)=t – ΩAθ = 0                            ↔ σ      (8-2)

     g1(t,T)=t –T ≤ 0                                   ↔ μ+     (8-3)
     g2(t,T)= –t –T ≤ 0                                ↔μ–      (8-4)

     g3(q,Q)=q–Q≤ 0                                  ↔ η       (8-5)
where: p and ρ: vectors of the offer quantity and price; q and ν: vectors of the demand quantity and the price; t and T :vectors of the line flow and flow limit; θ: vector of bus voltage phase angle; Ω: diagonal matrix of Ωm; R: diagonal matrix of Rm; A: incidence matrix; A΄: specific matrix derived from matrix A, use “1” to replace the “-1” elements in A .The subscript of “T” means transpose operation.
Formula (8-1) is the nodal power balance equation; (8-2) is the line flow equation; (8-3) and (8-4) are the line flow inequalities and (8-5) the maximal demand quantity inequalities, respectively. The Lagrange multiplier vectors, λ; σ; μ+; μ–; η, are associated to the corresponding expressions.
It should be noted that the unit capacity limits are not included in the optimization problem (8). However, since the units power generation vector, p, is the strategy for individual generation firm, it should be, together with the offer price, ρ, the decision variables of the generation firm’s optimization problem. If we do not consider the power flow loss, the quadratic term, 0.5tTRt, all the equations, equity constraints and inequality constraints, are linear functions, the feasible solution set is a convex set, together with convexity property of the objective function, the optimal problem of the ISO is a typical convexity programming model which the optimal solution can be found at the point that the KKT conditions are satisfied. Because of the convexity property of the programming model, the KKT conditions are the sufficient-necessary condition of the optimal solution. In this sense, the KKT condition exactly represents the property of the optimal problem (8).

With the introduction of power loss, the nodal balance equations will not be linear. A trial study of that term will find that by moving the equalities (8-1) into the objective function, it satisfied the mild regularity condition and the solution set composed by the linear inequity functions are still the convexity set, which will not change the convexity property of the optimal problem that gives the proof of the KKT conditions are still exactly characterizes the market optimal problem. For example, assuming bus i has following structure:
[image: image1]
The nodal power balance equation is:

p1 + p2 – q1–t1–0.5R1t12 = 0
rewrite the above expression as:

p1= – p2 + q1+t1+0.5R1t12    

p2= – p1 + q1+t1+0.5R1t12      


and move the above two expressions into the objective function (8), the introduction of the flow loss term does not violate the convexity property of the whole problem (8).The Lagrange function:

L(p,q,t,θ,λ,σ,μ+,μ–,η)= 
F(p,q)–λTh1(p,q,t)–σTh2(t,θ) + μ+Tg1(t,T)+μTg2(t,T)+    ηT g3(q,Q)   
The KKT conditions:
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(9)
The symbol“·”means element-by-element production of the two corresponding vectors.
The nodal prices can be written as:

λ = (ATΩ A+ATΩ ZA′ )-1[λN E1+ATΩ (μ– – μ+)] 
(10)

where Z is a diagonal matrix of tmRm .Clearly, even the network is not congested, μ– = μ+ = 0, the nodal prices are different with each other due to the effects of the loss term, ZA′, which is different with the general knowledge that when there is no line flow biding, all the buses have the same nodal prices that is equal to the price of the reference bus N, λN.

The optimization problem for each generation firm is:
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    max (λf – ρ0f)T pf
(11)

s.t.  KKT conditions (9)             
                  (11-1)
p–f = p#–f
(11-2)
ρ–f = ρ#–f  
(11-3)

Pf – ≤  pf ≤ P+f
(11-4) 

ρ0f ≤  ρf ≤ ρ+f
(11-5)
where: pf , ρf  , ρ0f are the power generation, offer prices and  marginal costs of the units under control of Firm f ; the subscript “–f ”is to denote the firms except f, and superscript “#” is to denote the last optimal solutions of corresponding firms. 
The constraints of problem (11) can be categorized into two classes. The first class is the KKT conditions from the optimal market dispatch problem (8). Note that (11-2) and (11-3) means that except for the considered firm, all the strategies of the other firms’ units are fixed. The second class variables are the strategies, (11-4) and (11-5), of the units under control of firm f which need to be optimized. From this point of view, the individual firm’s optimization problem, the upper level problem is based on the market clearing outcomes, the lower level optimization problem (8).
4. A kind of algorithm for finding multi firm supply function equilibrium
The above optimization problem is termed as the mathematical programming with equilibrium constraints (MPEC) problem with the nonlinear complementary terms: 
x·y= 0   

















   (12)             which is difficult to be solved by the nonlinear programming method. One possible approach is to introduce the penalty factor to allow some violation of the nonlinear complementary terms:
x·y = ε                                                       (13)             Use the expression form (13) to replace the form (12) for the complementary terms in the KKT conditions (9), and with the introduction of a positive penalty factor, w>0, into the objective function of (11), we can have the relaxed version of each firm’s optimization problem:
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    max (λf – ρ0f)T pf   –wεTε








   (14)
s.t.  except for the nonlinear complement equations changed all other expressions are the same as problem (11)  
        The technique behind the relaxed version of individual firm’s optimization problem is the penalty term in the objective function, wεTε. When there are some violations of the complimentary conditions, the increasing positive value of w will drive the slack term εTε tending to zero, which satisfies the complimentary condition and convergence to the solution of (11). The benefits of the relaxed version, (14), over the original problem,(11),is that the highly nonlinear property of the complimentary conditions are weakened and contributes to the solution of the large scale highly nonlinear programming problem. 
Multi-Firm supply function equilibrium algorithm:
Step1: initialize the start point. Use the perfect competition results as the start point. In perfect competition, each firm will bid the marginal cost function for each of its units.

Step 2.Take the current firm bidding strategies, pf and ρf as the decision variables while other firms bidding strategies, p–f and ρ–f , has been given, and give a start small value of the penalty factor, such as w=1;

Step3. Solve the problem (14) iteratively until it satisfies the convergence conditions. The convergence conditions are expressed as:
a)ε2<ζ and b)the optimal solution of the problem (14)
where ζ is a very small positive value such as ζ = 0.001.During each iteration, enlarge the penalty factor value, such as: wnew=10wold.

Step 4, if the current generation firm is the last one, go to step 5, otherwise, go to step 2 to consider next generation firm

Step 5 End condition :∑(ρcurrent–ρold)+∑(pcurrent–pold)<δ 
where δ is a small positive value such as δ = 0.01;

If above expression is not satisfied, go to step 2 ; otherwise the  pcurrent and  ρcurrent are the optimal strategies of the firms at SFE .
5. Simulation cases
       IEEE14 bus system is introduced into the simulation where there are 3 firms gaming each other based on the supply function gaming model. Each firm has several units at different buses. The parameters of the generation firms and loads are showed in the table 1 and 2. The flow limit is 30MW for all the transmission lines.
	Table.1: Technical and economic parameters of the firms’ units

	unit No.
	gen. firm
	bus
	marginal
cost $/MW
	maximal offer price $/MW
	lower capacity
limit MW
	upper capacity
limit MW

	1
	I
	1
	25
	5*25
	0
	65

	2
	I
	1
	35
	5*35
	0
	45

	1
	I
	1
	30
	5*30
	0
	35

	2
	I
	2
	28
	5*28
	0
	60

	3
	II
	2
	28
	5*28
	0
	65

	4
	II
	3
	38
	5*38
	0
	35

	1
	II
	6
	32
	5*32
	0
	45

	2
	III
	6
	35
	5*35
	0
	35

	3
	III
	8
	30
	5*30
	0
	35

	4
	III
	8
	28
	5*28
	0
	65


	Table 2 Load parameters

	No.
	bus
	price $/MW
	maximal demand MW
	No.
	bus
	price $/MW
	maximal demand MW

	1
	2
	30
	80
	7
	10
	75
	30

	2
	3
	62
	35
	8
	11
	65
	40

	3
	4
	50
	40
	9
	12
	55
	40

	4
	5
	60
	40
	10
	13
	72
	45

	5
	6
	100
	20
	11
	14
	25
	100

	6
	9
	80
	30
	
	
	
	


Four different scenarios are considered

· case1: perfect competition without flow loss 
· case2: perfect competition with flow loss 
· case3:oligopoly competition without flow loss(SFE)
· case4:oligopoly competition with flow loss (SFE)
	Table 3. The computation results of case 1

	Unit
No.
	Gen firm
	bus
	Unit margianl cost  $/MW
	dispatched quantity  MW
	nodal price $/MW

	1
	I
	1
	25
	59.7
	25

	2
	I
	1
	35
	0
	25

	3
	I
	1
	30
	0
	25

	4
	I
	2
	28
	60
	28

	2
	II
	2
	28
	60.65
	28

	3
	II
	3
	38
	35
	38.68

	1
	II
	6
	32
	45
	55.56

	2
	III
	6
	35
	35
	55.56

	3
	III
	8
	30
	0
	28

	4
	III
	8
	28
	18.3
	28

	Total generation:313.7MW  Total Load:313.7MW

	Social surplus:9007.5 $  Sytem surplus:9007.5 $


	Table 4. The computation results of case 2

	Unit
No.
	Gen firm
	bus
	margianl cost
$/MW
	dispatched quantity MW
	nodal price $/MW

	1
	I
	1
	25
	11.29
	25

	2
	I
	1
	35
	0
	25

	3
	I
	1
	30
	0
	25

	4
	I
	2
	28
	46.25
	28

	2
	II
	2
	28
	46.25
	28

	3
	II
	3
	38
	34.4
	38

	1
	II
	6
	32
	38.5
	32

	2
	III
	6
	35
	0
	32

	3
	III
	8
	30
	0
	28

	4
	III
	8
	28
	30
	28

	Total generation: 206.69MW   Total Load:191.88MW  

Total loss14.81MW

	Social surplus4387.62$ Sytem surplus: 4387.62 $


	Table 5:The computation results of case 3

	Unit No.
	Gen firm
	bus
	margianl

cost  $/MW
	optimal offer price $/MW
	optimal offer quantity  MW
	nodal price
$/MW

	1
	I
	1
	25
	50.95
	36.9
	50.95

	2
	I
	1
	35
	50.95
	0
	50.95

	3
	I
	1
	30
	50.95
	0
	50.95

	4
	I
	2
	28
	50.8
	0
	50.8

	2
	II
	2
	28
	50.8
	60.88
	50.8

	3
	II
	3
	38
	50.39
	35
	50.39

	1
	II
	6
	32
	61.23
	42.23
	61.23

	2
	III
	6
	35
	61.23
	31.65
	61.23

	3
	III
	8
	30
	31.47
	0
	31.47

	4
	III
	8
	28
	31.47
	15.72
	31.47

	Total generation : 222.57MW   Total Load: 222.57MW

	Social surplus: 8553.12 $  System Surplus: 3648.9 $ Dead weight loss index: (Table5 Social surplus –Table3 Social surplus)/ Table3 Social surplus=(  8553.12–9007.5)/ 9007.5=-5.04%


	Table 6:The computation results of case 4

	Unit
No.
	Gen firm
	bus
	margianl

cost $/MW
	optimal offer price $/MW
	optimal offer quantity MW
	nodal price

$/MW

	1
	I
	1
	25
	33.93
	5.64
	33.93

	2
	I
	1
	35
	35.60
	0
	33.93

	3
	I
	1
	30
	33.93
	0
	33.93

	4
	I
	2
	28
	30
	52.18
	30

	2
	II
	2
	28
	30
	55.81
	30

	3
	II
	3
	38
	62
	31.13
	62

	1
	II
	6
	32
	79.66
	8.6
	79.66

	2
	III
	6
	35
	175
	0
	79.66

	3
	III
	8
	30
	79.8
	0
	79.8

	4
	III
	8
	28
	79.8
	23.5
	79.8

	Total generation:176.87MW Total load:222.57MW Total loss: 11.87MW

	Social surplus:3688.97$  System Surplus:1048.12 $ Dead weight loss index: (Table 6 Social surplus –Table 4 Social surplus)/ Table 4 Social surplus =(3688.97 – 4387.62)/ 4387.62  = -15.92%


Under perfect competition, table 3 and 4, the total generation is decreased when transmission power loss is taking into account in the market clearing dispatch. Since the market clearing is an optimization problem with the objective of maximization the social surplus, the more generation output is dispatched the more power flow loss is incurred which should be attributed to the system operation cost. Therefore, considering the power flow loss, the market clearing optimal dispatch brings down the total quantity of electricity transactions, 37.5% decrease in generation side and 42% decrease in the load demand side.
With the introduction of the oligopoly competition, at the supply function equilibrium, table 5-5 and 5-6, the total electricity transaction is still decreased when the power flow loss is considered, from 220.57MW to 176.87MW for the generation side and to 165MW for the load demand side. It is well known that the in the oligopoly competition market, the market operation efficiency represented by the dead weight loss index is lower with reference to the perfect competition. Compared with the table 3 and 5, table 4 and 6, it should be an important aspect that, with and without consideration of the power flow loss, the dead weight loss indexes are -5.04% and-15.92%。For the oligopoly electricity markets, the power flow loss makes the system operation in terms of the market efficiency even worse. Therefore, considering the fact of the flow loss in a real system, the market efficiency derived from the supply function gaming model without considering the flow loss is an unduly conservative assessment.
In addition, in the case 2, from the simulation results, no line flow is binding at its limit value. However, the nodal prices are still different with each other, table 4, which is different with the lossless case under no network congestion in which all the nodal prices are identical. Flow loss associated cost term should be incorporated in the nodal prices, as the equation (10) shown. Fig.5 is the producers’ surplus under the four different simulation cases. In case 1, 3 and 4, the generation firm II has the largest producer surplus over the other two firms Note that in the case 2, the producer surplus of all the firms are zero since the all the units’ marginal costs are equal to the corresponding nodal prices as shown in table 3. 


[image: image13]
6. Conclusion
      In the oligopoly electricity market, the strategic interactions between the market players, the generation firms, may be modeled based on the game theory in which Supply function Equilibrium is an effective tool for assessing oligopoly market outcomes under strategic behaviors from generation firms.

Due to the consideration of both the power flow loss and the gaming behavior of the generation firms may be presented in real electricity markets, this paper integrates the transmission power loss model with the supply function gaming model in a motivation to assess the loss impacts on the market outcomes, both under perfect competition and oligopoly competition. A kind of penalty factor approach is introduced to solve the MPEC problem iteratively to find the gaming equilibrium among generation firms.  From the simulation results, due to the flow loss, the total electricity transaction has been decreased both under perfect and oligopoly competition. Furthermore, under oligopoly competition, the market operation efficiency represented by dead weight loss index is notably lower compared with the case disregarding the flow loss. In addition, due to the flow loss, the nodal prices are different even under no network congestion. 
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Fig.3  Flow loss model( DC power flow)
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Fig.4: Market clearing 
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Fig2: The aggregate demand function with 3 load buses
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Fig5: Producer surplus of the generation firms’ in different cases








Fig1: The aggregate supply function of firm f with 3 units (P–hf=0,h=1,2,3)
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