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Abstract: - Previously published two piecewise-linear (PWL) dynamical systems belonging to Class C with
canonical and low eigenvalue sensitivity state models are compared. Their mutual relation is expressed ana-
lytically by similarity transformation conditions using the linear topological conjugacy and then illustrated

graphically using the “elastic space” analogy.
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1 Introduction

Third-order piecewise-linear (PWL) dynamical sys-
tems belonging to Class C of vector fields in R* [1]
can be described by the state equations in their matrix
form

x=Ax+bh(w'x) , (D

(Ae R be R, we R’) where PWL function
h(WTX):%(‘WTX+1‘—‘WTX—1‘) 2)
is continuous, odd-symmetric and partitioning R°> by
two parallel planes into the inner (origin) region D,

and two outer regions D., D (Fig. 1).
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Fig. 1: Simple memoryless PWL feedback function.

The dynamical behavior of such systems is de-
termined by two sets of eigenvalues representing two
characteristic polynomials associated with the corre-
sponding region [1], i.e.

Do : P(s)=det(s1-Aq)=(S—m)(S—p2)(S—u3) =
= S3—P132+P23—P3 3)

Q(8)=det(s1-A)=(s—v{)(S—vp )(S—v3)=
=5°-q45%+q,5-q3 4

D+1,D_1I

Symbol 1 represents the unity matrix, the state ma-
trix associated with the inner region D, is given as

Ag=A+bw’ (5)

and coefficients p;, ¢i. (i = 1,2,3) are the equivalent
eigenvalue parameters, which are related to the indi-

vidual eigenvalues Vi, #i (i=1,2,3) as follows
Py =t iy T
Po=fh st o fls T sy
P3 = iy 14 ,

q, =V +V2+V3’
q,=V|V,+V,V3+VaV) ,

q; =Vvv,V;

(6a,b,c)

Any two systems having the same eigenvalues
are qualitatively equivalent and their mutual relations
can be expressed by the linear topological conjugacy
conditions [2] in the explicit form

X=Tx, (7a)
A=TAT™", (7b)
b=Tb , (7c)

where the complete transformation matrix is given as
T=K'K (7d)

Variables X and X state matrices A and A, vec-

tors b,W and b;W belong to the first and second
systems, respectively. Partial transformation matrices

K and K are defined by the nonsingular form [2]



W w’
K=| W A| and K= wA (8a,b)
W' A? w'A?
fulfilling the observability condition of pairs

(AWT) and (AwT), respectively.

Any state model topologically conjugated to
Class C can be used as the reference model, i.e. any
other model or system can be then expressed by this
qualitatively equivalent reference form. Suitable
models with very simple form of partial transforma-
tion matrix represent Chua’s model corresponding to
Chua’s oscillator [1] and especially its first canonical
ODE equivalent [3], [4].

In this contribution the state models of two pre-
viously published PWL dynamical systems belong-
ing to Class C, i.e. the first canonical form [3], [4]
and the optimized form with low eigenvalue sensitiv-
ity [6], [7], are defined and compared. Their mutual
relation is expressed analytically by the similarity
transformation [2], [5] utilizing linear topological
conjugacy conditions (7a,b,c,d) and then illustrated
graphically by using the “elastic space” analogy [4].

2 First canonical form

The first elementary canonical state model [3], [4]
can be used as the basic initial system where the vec-
tors and state matrix in eqn (1) are

X, 1
X=x=|y, [, W=w,=|0 (9a,b)
z, 0
g -1 0 pPi—q,
A=A =|g, 0 -1|, B=b=|p,-q,| ©Ocd
g 0 0 P;—3a;

Then the complete state equations can be expressed
as

X =¢,% -y +(p1—q1)h(x|)
N =q,% 2z +(p2—q2)h(x,)
2= g% +(p,—q:) h(x,)

(10)

3 Sensitivity-optimized form

Recently published design procedure [6], represents
the results optimized from the viewpoint of the
minimum relative eigenvalue sensitivities. It provides
the possibility to derive the general form of the corre-
sponding optimization condition for the minimum
sum of the relative eigenvalue sensitivity squares

with respect to the change of the individual model
parameters. The optimization procedure can be ap-
plied to the state models based on the block-
decomposed state matrix [6], i.e. utilizing results for
the second-order systems, the third-order model with
upper block-triangular state matrix containing opti-
mized second-order submatrix can be designed. Sup-
pose one pair of the complex conjugate eigenvalues
and one real eigenvalue in both outer and inner re-
gions of the elementary PWL function (2), i.e.

(Vip=Vv' £ jv", Vs -real ; uy,= p'E ju" | M3 -real).

The state matrix and the vectors in (1) have the form

X, 1
X = Xopt Yo |5 W =Wt Woo , (lla)
z, 1
bol
A= Aopt = , bopt =1 by, , (1 lb)
bo3
where by =p'=v" , boy =(1=v3) (11¢)
while the parameters b, and W, are [6]
B (,U'_V')z ~ V"—/U"K
02 T " 02~ ' '
vi-p'K H=v (11d)

Then the state matrix associated with the inner region
has the lower block-triangular form

/,[, _ /,[" K O

Ag=Ag =| "K' p 0

(12)

by by w, ‘ﬂa

03

The optimizing coefficient K is expressed as
the real root of the quadratic equation [6]

K> -2KM+1)+1=0,je K=1+Mt yMM+2) (13)
where the auxiliary parameter M is given in the form

1 12 noony2
Mo WV W
2/,1"‘/"

(',V'%0)

b

By such a way the model having very low eigenvalue
sensitivities in both the outer and inner regions of the
PWL feedback function is obtained. The complete
state equations of the optimized third-order PWL
autonomous system can be rewritten into the form

X, =v'[x0 +y,—h(x, +w,, ¥, +zo)J—v”yO +
+ulh(X, +W,, Y, +2,)— 2,

YO:V"X0+V,yo+b02 lh(X0+W02y0+Zo)_ZOJ (14)



Z, =V, [z0 -h(x, +w,, Y, +20)J+
+;u3 h(xo +W()Zyo +Zo)

where the basic individual parameters are separated.
The corresponding integrator-based block diagram,
which is suitable as the prototype [6] for the practical
realization of the optimized chaotic oscillator, is
shown in Fig. 2.
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Fig. 2: Integrator-based circuit structure of the 3™
order state models with block-triangular state
matrices and optimized 2" order submatrix.

4 Relation between both forms
Except for the simple reference state model [4] hav-

ing unity form of the partial transformation matrix K
it is just the first canonical model that is suitable as
qualitatively equivalent model for any other system
of Class C . The partial transformation matrix of this
state model has, in accordance with formula (8a), the
simple form

1 0 0
R:K,: q, -1 0 (15)
9-q, -q 1
and its inverse form is
1 0 0
K'=K"'=|gq, -1 0 (16)

9 -q 1

The first canonical model is suitable as the reference
form especially in the case, when the circuit model of
some other dynamical system is utilized as prototype
for practical realization of chaotic oscillators by the
corresponding electronic circuit.

As shown in the Chapter 3 the state model opti-
mized from the minimum of eigenvalue sensitivities
represents the typical dynamical system of these
properties. Substituting the definition formulas (11a)
to (11d) into (8b), the corresponding partial transfor-

mation matrix K=Kopt of this model has the form

1 w 1

02
K=K, =| VW, V" w,v'=" v, —2(u'—v") , (17)
K31 K32 K33
_ N2 ()2 roon
where K =(v'f = (") +2v'v"w,, ,
Ky, =w,, (V,)z _(V")2J_2V,V"
Ky =v" [boz ~K(v"—pu ")J_ 2(u'—v"Yv'+vs) ]
The parameters by, , W, are given by formulas (11d)
while the optimizing coefficient K by eqn (13).
The complete transformation matrix T can be

expressed, in accordance with general formula (7d),
as

1

02

=\ v, =W w,, (Vi )+ v 24 (18)

r n r n
12 (v W,V ) 12 (Wozv +v T,

where  Tss = V" [bos +v" =Ky "—p")|+v' Qu'~v")

and the parameters by, W, are given by the same
formulas (11d) as well as the optimizing coefficient
K by eqn (13). Substituting the transformation matrix
(18) to the basic linear topological conjugacy condi-
tions (7a,b,c) the first canonical state model equiva-
lent to its optimized form can be expressed.

5 Conclusion

Recently published state models of piecewise-
linear (PWL) dynamical systems of Class C are suit-
able either for their numerical simulation (the first
canonical form) or as prototypes for their circuit re-
alization (the eigenvalue sensitivity optimized form —
see Fig. 2). Their mutual relation is given analytically
as linear topological conjugacy conditions with corre-
sponding transformation matrix expressed by eqn
(18) and graphically illustrated using the so-called
"elastic space analogy" [4] — see Fig. 3.
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Fig. 3. Graphical illustration of linear topological conjugacy between the first canonical form and
sensitivity optimized state model using the “elastic space” analogy. (a) First canonical
form, (b)-(c) Transient steps, (d) Optimized state model. (eigenvalues: v;, = 0.0610 +1;
vy =-1.29; 1;,=-0.3190 #0.8920; w5 = 0.7280)
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