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1 Introduction

The observer for linear systems was first proposed and developed by Luenberger [1]. An observer that estimates all of the state variables is called a full-order observer. But, an observer, that estimates a part of the state variables referred to be a reduced-order observer. 

In recent years, the state observation problem of uncertain dynamical systems subject to external disturbances has been a topic of considerable interest. Variable structure control with a sliding mode is an established method for control and observation of uncertain dynamical systems. There are several modification of discontinuous state observers which were successfully designed by Utkin [2]; Hashimoto, Utkin, Xu, Susuki and Harashima [3]; Walcott and Zak [4]; Edwards and Spurgeon [5]; Sira-Ramizer, Spurgeon and Zinober [6]; Young, Utkin and Özgüner [7]; Watanabe, Fukuda and Tzateftas [8]; Slotine, Hedrick and Misawa [9]; Mielczarski [10]; Jafarov [11] etc.

Moreover, some new configuration of Utkin reduced-order observer for canonical systems without external disturbances, Walcott-Zak full-order observer for MIMO systems with external disturbances and Edwards and Spurgeon reduced order observer for canonical MIMO systems with external disturbance have been successfully designed by Edwards and Spurgeon [12]. The min-max observer control term with non-linear gain parameters is used for stabilization of observer error systems. These types of observers are designed by Lyapunov V-function method such that observer state error dynamics is globally asymptotically stable or globally uniformly ultimately bounded because some times the sliding and stability regions are restricted by some small ball [4]. Recent advances in design of sliding mode controllers and observers are presented by Jafarov and Tasaltin [13], [14]; Choi [15]; Yeh, Chien and Fu [16]; Singh, Steinberg and Page [17]; Sabanovich, Fridman and Spurgeon [18]; and special journal issues [19] and [20].

In this paper, a triple state and output variable transformations based method to design a new reduced-order sliding mode observer for perturbed MIMO systems is developed. The state and output variables of original system is triple transformed in to suitable canonical form coordinates where the dynamical reduced order observer can be successfully designed. Existing reduced-order observer design techniques and state-output variables transformations are summarized in this study and presented systematically. A new combined observer configuration is proposed. Some new adequate evolution of matrix inequalities is adopted. Global sufficient asymptotical stability and sliding conditions for the coupled observer error system are established by using Lyapunov full quadratic form and formulated in terms of Lyapunov matrix equations and matrix inequalities. Reduced analysis of separated reaching and sliding modes of motion of decoupled observer error system is discussed also. A numerical example is given to illustrate the usefulness of proposed design method.

Further, we will use the following notation:
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2 Reduced-order observer configuration

2.1 System description and assumptions

Consider the original uncertain MIMO system described by the following state space equations:
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where x
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Rⁿ is an unmeasured state vector, u
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Rm is a control input and y
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We need to make the following conventional assumptions used in sliding mode control theory
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and pair  (
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) is observable, respectively.

b) f(t,x) is the unknown n-vector function, which represents the system nonlinearities plus any model uncertainties and external disturbances, satisfies the conventional matching condition [12]:
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where the function ξ(t,x): R+ xRⁿ →Rm is unknown lumped function, but norm-bounded:
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where 
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 are given positive scalars. 

Thus, the system (1) can be rewritten as
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The problem to be considered is that of reconstructing the unknown state variables x(t) using only measured output information y(t).

First we consider the system described by (5) under above mentioned assumptions that the pair (
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,
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) is controllable. As the outputs are to be considered, it is logical to effect a change of coordinates so that the outputs appear as components of the state coordinates.

2.2 Triple state transformations

First transformation: Original system (5) can be transformed by the following similarity transformation [21]-[23]:
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into following conventional controllable canonical form:
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where 
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M is a (n-p)(n of full rank matrix

W is a p(n-matrix

U is a n((n-p)-matrix

V is a n(p-matrix
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F is an m(m-output design matrix satisfying structural constraint [12]:
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where 
[image: image83.wmf]2

P

 is a positive definite (
[image: image84.wmf]p

p

´

)-matrix to be selected. 

Second transformation: This state transformation is given by similar to [24]:
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where 
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where
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which are therefore correct. 

Therefore, from (14)-(16) we calculate
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Hence
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and the design matrices 
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In other words, in terms of the structural conditions the second transformation means that the following conversion is true. Indeed, from (9) we have 
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which acts in (7) as control input. Then 
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Therefore in terms of 
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where 
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In order to verify the first and second transformations in terms of output equation let us evaluate the output variables in various state coordinates :
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Therefore, the first and second transformations are true. 

Observer configuration: Now, let us form a simple reduced order observer, structure of which is similar to the twice transformed system (13) but is different from [12] :
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where 
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If the error between the estimates and the true states are written as  
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then the following observer error system can be obtained from (13) and (13) as follows:
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Now, our goal is to construct an observer control term such that on the formed sliding surface defined for the error system (25) at the finite time generated be asymptotically stable sliding motion. Then the unmeasured reduced state x1(t) will be corrected by the observer. A remaining part x2(t) or z2(t) will be calculated from (19).

2.3 Observer control term

Let us select observer control term of the form:
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where 
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 is an observer gain (
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The switching function can be defined as:
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where 
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Then, at last after triple coordinate transformations we obtain an observer error system in suitable canonical state-space form of  [
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Then, from (28) and (31) we calculate 
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Hence we see that 
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In particular, C2 or C1 can be selected such that 
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Thus, the reduced-order observer error system (30), (26) can be presented in the canonical state-space form of [
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where  
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 is stable matrix. Desirable eigenvalues of which can be assigned by pole placement method. 

3 Stability analysis of observe error system

The sufficient conditions for global asymptotical stability of the observer error system (36) at the point 
[image: image225.wmf]ú

û

ù

ê

ë

é

s

e

1

=0 with a stable sliding mode on 
[image: image226.wmf]0

)

(

=

t

s

 (37) are established by using Lyapunov V-function method and formulated in terms of Lyapunov matrix equations and matrix inequality. The following theorem summarizes our stability and sliding results.

Theorem 1: The coupling observer error system (36) is globally asymptotically stable and in general on the formed sliding surface 
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or its Schur complement :
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Proof:  Choose a Lyapunov full quadratic form of coordinates of  [
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where 
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 is a(n-p)((n-p)-matrix, 
[image: image240.wmf]1

P
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Since
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where 
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 and k1,…,km  are some gain constants to be selected. 
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because
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Therefore (43) can be evaluated as:
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where 
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In view of (50), if the sufficient conditions (38) - (41) are satisfied , then (50) reduces to 
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for all 
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Therefore, we conclude that the reduced-order observer error system (36) is globally asymptotically stable and in general on the sliding surface 
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 (37) always is generated a stable sliding mode. The theorem is proved.

4 Reduced analysis of reaching and sliding modes of motion

In section 2.3 we have pointed that in particular the design parameters 
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where 
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 is a positive definite matrix. 

Then the time derivative of (52) along the trajectory of the second separated equation of observer error system (36) can be calculated as:
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In view of (53), if conditions (39), (40c) and (41) are satisfied then (53) reduces to:
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Therefore, we conclude that an asymptotically stable sliding mode always is generated on the sliding surface 
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 (37) defined for separated observer error system. The corollary is proved. 
Now let us shortly analyze the separated modes. Since in sliding mode 
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 is acted as first order dynamic regulator. But, when the sliding surface is reached the effect of dynamic regulator is disappeared and then more slowly state error dynamical process so-called a sliding mode is beginning. Consequently, from the first equation of separated observer error system (36) we can obtain a sliding mode motion as follows          
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where 
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 is a stable matrix, desirable eigenvalues of which each can be assigned by pole placement method. Sliding mode is a slowly mode of motion. It should be noted that a stronger condition, guaranteeing an ideal sliding motion is the (-reachibility condition [12], [26]. 

For our multivariable case a (-reachibility condition can be rewritten as                    
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where 
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 is a some positive constant. Then the sliding surface is rapidly reached at very small time, therefore the reaching time can be evaluated as:
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Thus, there are two time-scale behavior [27] of motion:

1) reaching mode of motion and 2) sliding mode of motion.

Reaching mode is a fast mode of motion and can be determined by second equation of observer error system (36).  Nominal part of reaching mode is described by equation : 
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Desired characteristic equation of the closed-loop system (58) is given by
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where 
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 is a stable matrix which can be selected by pole placement method for example by Ackerman’s formula [28]. Pole placement procedure can be adopted to our problem as follows.
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where 
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5 Numerical example: Consider a simple numerical example illustrating the design procedure. The second order system is given by 
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Design procedure can be fulfilled by the following steps:

· Calculate
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 determinant of which is different from zero, therefore, system is controllable.

· Suppose


[image: image296.wmf]ú

û

ù

ê

ë

é

-

=

1

2

-

1

3

1

T

 then 
[image: image297.wmf]ú

û

ù

ê

ë

é

=

-

3

2

1

1

1

1

T

, 
[image: image298.wmf]ú

û

ù

ê

ë

é

=

-

1

0

0

1

1

1

1

T

T


· Calculate the first transformation
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From (10), (11):
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· Calculate the second transformation
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 is stable.

· Calculate the third transformation
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· Calculate the sliding and stability conditions

Let 
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Using pole placement MATLAB command

L = Place(4,2,-2) = 3

Then from (36)
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· From (39) 
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Then from  (40) 
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 because determinant of which is  0.3053.  

· Let 
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Thus we have determined all the design parameters  

of the second order observer.

6 Conclusion

In this paper, a triple state and output variable transformations based method to design a new reduced-order sliding mode observer for perturbed MIMO systems is developed. The state and output variables of original system is triple transformed in to suitable canonical form coordinates where the dynamical reduced order observer can be successfully designed. Existing reduced-order observer design techniques and state-output variables transformations are summarized in this study and presented systematically. A new combined observer configuration is proposed. Some new adequate evolution of matrix inequalities is adopted. Global sufficient asymptotical stability and sliding conditions for the coupled observer error system are established by using Lyapunov full quadratic form and formulated in terms of Lyapunov matrix equations and matrix inequalities. Reduced analysis of separated reaching and sliding modes of motion of decoupled observer error system is discussed also. A numerical example is given to illustrate the usefulness of proposed design method.

References:
[1] 
Luenberger, D.G. An introduction to observers.    IEEE  Trans. Autom. Control, 1971, 16(6), 596-602.

[2] 
Utkin V. I. 'Identification principles using sliding modes'.Dokl. AN SSSR, 1981, 257(3), 558-561,(in  Russian).

[3]
Hashimoto H.,UtkinV.I.,Xu J.X.,Susuki H. and Harashima F., VSS obsserver for linear time-varying     system. Proceedings of IECON,'90, 1990, 34-39.

[4]
Walcott B. L. and Zak S. H.,Combined observer     controller synthesis for uncertain dynamical systems with applications, IEEE Transactions on Systems ,Man and Cybernetics, 1988, 18(1),.88-104.

[5] 
Edwards C. and Spurgeon S. K., On the development of discontinious observers, International Journal of Control, 1994, 59(5), pp. 1211- 1229.

[6]
Sira-Ramizer H.,Spurgeon S. K. and Zinober A.S. I., Robust observer–controller design for linear systems, in Variable Structure and Lyapunov Control, London: Springer-Verlag, 1994, 161-180.

[7]
Young, K.D., Utkin, V.I. and Özgüner, Ü., A control engineers guide to sliding mode control. IEEE Transactions on Control Systems Technology, 7(3), 1999, 328-342.

[8]

Watanabe K., Fukuda T. and Tzateftas S.G., Sliding     mode control and a variable structure system observer as a dual problem for systems with non-linear uncertainities, Int. J. Systems Science , 23(11),1992, 1991-2001.

[9] 
Slotine, J.J.E., Hedrick, J.K. and Misawa, E.A., On sliding observers for non-linear systems, Transactions of the ASME Journal of Dynamic Systems, Measurement and Control, 122(3), 1987, 245-252.

[10]
Mielczarski, W., Very fast linear and non-linear      observers, Part 1. Theory, International Journal of      Control, 48(5), 1988, 1819-1831.

[11]
Jafarov, E.M., Design of new robust sliding mode observer for uncertain MIMO and SISO systems with and without time-delay. Proceedings of the 7th IEEE International Workshop on Variable Structure Systems “Advance in Variable Structure Systems”, Sarajevo, 17-19 July, 2002, 572-577.

[12]
Edwards Ch. and Spurgeon, S. K, Sliding Mode Control, 1998, (Taylor and Francis Ltd., London).

[13]
Jafarov, E.M. and Tasaltin, R., Robust sliding-mode control for uncertain MIMO aircraft model F-18, IEEE Transactions on Aerospace and Electronic Systems, vol. 36, no. 4, pp. 1127-1141, 2000.

[14]
Jafarov, E.M. and Tasaltin, R., Design of autopilot-output integral sliding mode controllers for guided missile systems with parameter perturbations, Aircraft Engineering and Aerospace Technology: An International Journal, vol. 73, no. 1, pp. 16-25, 2001.

[15]
Choi, H.H., An analysis and design method for uncertain variable structure systems with bounded controllers, IEEE Transactions on Automatic Control, vol.49, no. 4, pp. 602-607, 2004.

[16] 
Yeh, F.K., Chien H.H. and Fu, L.C., Design of optimal midcourse guidance sliding mode control for missiles with TVC, IEEE Transactions on Aerospace and Electronic Systems, vol. 39, no. 3, pp. 824-837, 2003.

[17] 
Singh, S.N., Steinberg, M.L. and Page, A.B., Nonlinear adaptive and sliding mode flight path control of F/A-18 model, IEEE Transactions on Aerospace and Electronic Systems, vol. 39, no. 4 pp. 1250-1262, 2003.

[18]
Sabanovich, A., Fridman L.M., and Spurgeon, S. (Editors), Variable Structure Systems: from Principles to Implementation, The IEE, London, 2004.

[19]
Transactions of the ASME, Journal of Dynamic Systems, Measurement, and Control, Special Issue on Variable Structure Systems, vol. 122, 2000.

[20]
International Journal of Control, Special Issue, Dedicated to Vadim Utkin, vol. 76, no. 9/10, 2003. 

[21] 
Kwakernaak, H. and Sivan, R., Linear Optimal Control      Systems, 1972(John Wiley, New York).

[22]
Burghes, D.N. and Graham, H., Introduction to     Control Theory: Including Optimal Control, 1980 (John Wiley & Sons, New York).

[23] 
Friedland, B., Control System Design, 1987,  (McGraw-Hill Book Company, New York).

[24] 
Utkin, V.I., Sliding Modes in Control Optimization, 1992, (Springer-Verlag, Berlin).

[25]
Hung, J.Y., Gao, W.B. and Hung J.C., Variable structure control, A survey IEEE Transactions on Industrıal Electronics, 40(1), 1993, 2-22.

[26] 
Slotine, J.J.E. and Li, W., Applied Nonlinear Control,     1997, (Prentice Hall, Englewood Cliffs).

[27] 
Khalil, H.K., Nonlinear Systems, 2002 (Prentice Hall, New Jersey).

[28] 
Ackerman, J.E., Der entwulf linearer regelungs systems in zustandsraum, Regelungstechnik und Prozessdatenvererb., 7, 1972, 297-300.















12
1

_1084781424.unknown

_1084787144.unknown

_1104662245.unknown

_1116316705.unknown

_1116318346.unknown

_1179563131.unknown

_1179563340.unknown

_1180959563.unknown

_1180959590.unknown

_1180959599.unknown

_1180959577.unknown

_1179563399.unknown

_1179563623.unknown

_1179563358.unknown

_1179563195.unknown

_1179563221.unknown

_1179563170.unknown

_1116319295.unknown

_1116319718.unknown

_1116326992.unknown

_1116327067.unknown

_1116320292.unknown

_1116319461.unknown

_1116319163.unknown

_1116319181.unknown

_1116318963.unknown

_1116317468.unknown

_1116317686.unknown

_1116318259.unknown

_1116317630.unknown

_1116317388.unknown

_1116317412.unknown

_1116317420.unknown

_1116317375.unknown

_1116317381.unknown

_1116317313.unknown

_1108380786.unknown

_1108382920.unknown

_1108389420.unknown

_1108389473.unknown

_1109071389.unknown

_1109071393.unknown

_1109071409.unknown

_1108390535.unknown

_1108390820.unknown

_1108389638.unknown

_1108389447.unknown

_1108383357.unknown

_1108388499.unknown

_1108388786.unknown

_1108388374.unknown

_1108383019.unknown

_1108382213.unknown

_1108382790.unknown

_1108382813.unknown

_1108382554.unknown

_1108381007.unknown

_1108381118.unknown

_1108380843.unknown

_1104663714.unknown

_1104664061.unknown

_1104664510.unknown

_1108380758.unknown

_1108379953.unknown

_1104664471.unknown

_1104663995.unknown

_1104664039.unknown

_1104663789.unknown

_1104662550.unknown

_1104663226.unknown

_1104663408.unknown

_1104663218.unknown

_1104662958.unknown

_1104662439.unknown

_1104662469.unknown

_1104662413.unknown

_1103978580.unknown

_1104660698.unknown

_1104661786.unknown

_1104662135.unknown

_1104662219.unknown

_1104661904.unknown

_1104660947.unknown

_1104661203.unknown

_1104660937.unknown

_1104658758.unknown

_1104660452.unknown

_1104660576.unknown

_1104658819.unknown

_1104658042.unknown

_1104658065.unknown

_1103978607.unknown

_1084787248.unknown

_1084787277.unknown

_1084787298.unknown

_1084787303.unknown

_1084787814.unknown

_1103978173.unknown

_1084787363.unknown

_1084787300.unknown

_1084787292.unknown

_1084787295.unknown

_1084787288.unknown

_1084787285.unknown

_1084787258.unknown

_1084787274.unknown

_1084787253.unknown

_1084787184.unknown

_1084787195.unknown

_1084787206.unknown

_1084787192.unknown

_1084787151.unknown

_1084787174.unknown

_1084787179.unknown

_1084787157.unknown

_1084787147.unknown

_1084787148.unknown

_1084782659.unknown

_1084783797.unknown

_1084785236.unknown

_1084785572.unknown

_1084787028.unknown

_1084787136.unknown

_1084787140.unknown

_1084787042.unknown

_1084787051.unknown

_1084787066.unknown

_1084787034.unknown

_1084787036.unknown

_1084785600.unknown

_1084785611.unknown

_1084785703.unknown

_1084785715.unknown

_1084785897.unknown

_1084785702.unknown

_1084785606.unknown

_1084785593.unknown

_1084785596.unknown

_1084785587.unknown

_1084785411.unknown

_1084785443.unknown

_1084785462.unknown

_1084785419.unknown

_1084785244.unknown

_1084785249.unknown

_1084785241.unknown

_1084784752.unknown

_1084785040.unknown

_1084785168.unknown

_1084785181.unknown

_1084785057.unknown

_1084785015.unknown

_1084785031.unknown

_1084784908.unknown

_1084784591.unknown

_1084784638.unknown

_1084784746.unknown

_1084784609.unknown

_1084784005.unknown

_1084784588.unknown

_1084783800.unknown

_1084783131.unknown

_1084783317.unknown

_1084783332.unknown

_1084783787.unknown

_1084783329.unknown

_1084783137.unknown

_1084783248.unknown

_1084783303.unknown

_1084783134.unknown

_1084782980.unknown

_1084783125.unknown

_1084783128.unknown

_1084783113.unknown

_1084783120.unknown

_1084783110.unknown

_1084782862.unknown

_1084782944.unknown

_1084782841.unknown

_1084782088.unknown

_1084782367.unknown

_1084782422.unknown

_1084782615.unknown

_1084782631.unknown

_1084782585.unknown

_1084782402.unknown

_1084782411.unknown

_1084782378.unknown

_1084782306.unknown

_1084782340.unknown

_1084782359.unknown

_1084782325.unknown

_1084782336.unknown

_1084782322.unknown

_1084782127.unknown

_1084782209.unknown

_1084782114.unknown

_1084781816.unknown

_1084782061.unknown

_1084782064.unknown

_1084782085.unknown

_1084782062.unknown

_1084781993.unknown

_1084782032.unknown

_1084782047.unknown

_1084781997.unknown

_1084781897.unknown

_1084781990.unknown

_1084781952.unknown

_1084781873.unknown

_1084781854.unknown

_1084781597.unknown

_1084781627.unknown

_1084781644.unknown

_1084781620.unknown

_1084781472.unknown

_1084781539.unknown

_1084781458.unknown

_1040719554.unknown

_1040727537.unknown

_1053774404.unknown

_1053777610.unknown

_1053779032.unknown

_1078298409.unknown

_1078301897.unknown

_1078301924.unknown

_1078298527.unknown

_1053785343.unknown

_1053851223.unknown

_1053779176.unknown

_1053778316.unknown

_1053778531.unknown

_1053777665.unknown

_1053774734.unknown

_1053777577.unknown

_1053774629.unknown

_1040730550.unknown

_1040732964.unknown

_1040733601.unknown

_1040733635.unknown

_1040807271.unknown

_1040733400.unknown

_1040731551.unknown

_1040732447.unknown

_1040731431.unknown

_1040728039.unknown

_1040730294.unknown

_1040727991.unknown

_1040720371.unknown

_1040721157.unknown

_1040721557.unknown

_1040726297.unknown

_1040721172.unknown

_1040720569.unknown

_1040720858.unknown

_1040720895.unknown

_1040720742.unknown

_1040720458.unknown

_1040719926.unknown

_1040720047.unknown

_1040720232.unknown

_1040719946.unknown

_1040719708.unknown

_1040719751.unknown

_1040719596.unknown

_1040716579.unknown

_1040717343.unknown

_1040718998.unknown

_1040719522.unknown

_1040719012.unknown

_1040718524.unknown

_1040717040.unknown

_1040717103.unknown

_1040716897.unknown

_1040715297.unknown

_1040715809.unknown

_1040716527.unknown

_1040715350.unknown

_1040652310.unknown

_1040714785.unknown

_1040714687.unknown

_1040714768.unknown

_1040652448.unknown

_971980722.unknown

_971981156.unknown

_971981234.unknown

_971983318.unknown

_971981134.unknown

_971980916.unknown

_971980683.unknown

