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Abstract: - This research uses the methods of mathematical statistics to quantitatively measure and evaluate the characteristic of the urban spatial shape of Wuhan, including the movement and deviation of the function centers, the form ratio and circularity ratio and compactness ratio of the outer geometrical shape, and the traffic distance of the inner connection. The results show that each method has its strongpoint and limitation, so it’s necessary to use the various methods comprehensively in order to evaluate the rationality of the urban function layout completely.
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1 Introduction

Mathematical statistics is one of the old subjects and is widely used in many fields. The application of mathematical statistics provides urban planners new methods to make quantitative research on the spatial shape of town system and to deepen the understanding of the evolution laws of urban development.

  This paper introduces three types of methods of mathematical statistics often used in urban studies. The first one is to calculate the moving tracks and deviation ratio of the centers of gravity. The second one is to measure the form ratio, circularity ratio and compactness ratio of the outer geometrical shape. The third one is to evaluate the convenience degree of inner connection by the average traffic distance.

  And then this paper uses these methods comprehensively to carry out the quantitative studies on the urban spatial shape of Wuhan and analyze the strongpoint and limitation of each method.

  Section one “Introduction” introduces the application of mathematical statistics and indicates the necessity of this research.

  Section two “Methods” introduces the main methods of mathematical statistics often used in urban studies, including the movement and deviation of the function centers, the form ratio and circularity ratio and compactness ratio of the outer geometrical shape, and the traffic distance of the inner connection.

  Section three “Application” applies the above methods to carry out the quantitative studies on the urban spatial shape of Wuhan, including three parts. First it calculates the geometric centers and function centers of the four periods respectively, draws their moving tracks, and calculates the deviation ratio of function centers to geometric centers. Secondly it calculates and evaluates the form ratio, circularity ratio and compactness ratio of the outer geometrical shape. Thirdly calculates the average traffic distance to evaluate the convenience degree of inner connection. 

  Section four “Conclusion” summarizes the study meaning of this paper, analyzes the strong point and limitation of each method, and indicates the required improvements in the future.

2 Methods

2.1 Deviation ratio

(1) Geometric center: Geometric center is the center of gravity of a geometry shape. For dot distribution it’s the average center of all spots, but for area distribution the actual size and mass of spots must be considered. In urban research, the geometric center is the average center of all sorts of land-use and is the abstract geographical center of the spatial shape of urban district. The formula is as follows:


X=∑[X(i)*A(i)/∑A(i)]

Y=∑[Y(i)A(i)/∑A(i)] 





(i=1,2,3…n) 




(formula 1)

(X and Y are the x-coordinate and y-coordinate of the center respectively, X (i) and Y (i) are the x-coordinate and y-coordinate of spot (i) respectively, A (i) is the area of spot (i), and n is the number of spots or regions.)
  (2) Function center: Function center is the average center of the special land-use, and is usually the key characteristic of the function system of industry and dwelling etc. The calculation formula is same as that of geometric center.

  (3) Deviation ratio: If function center is close to geometric center, the distribution of urban function is reasonable. But in fact there is usually a certain distance between function center and geometric center, which is called “deviation”. Deviation ratio describes the deviation degree of special function center to system geometric center. The formula is as follows:

Deviation ratio=distance/max-radius (formula 2)
(max-radius is the max radius of the outer boundary surrounding the region)

2.2 Compactness

(1) Form ratio: Horton put forward the concept of form ratio in 1932[1], which is also called long axis-based method. The formula is as follows:

Form ratio=A/L2 


(formula 3)

(A is the area of the shape, L is the length of maximum axis of the shape)

 The form ratios of square and circularity are 1/2 and π/4 respectively, and the form ratio of rectangle is less than π/4. If a city is rectangle in shape, the longer the long axis is, the more difficult the connection of the two ends of the long axis is. While the form ratio is from 1/2 toπ/4, the inner connection of the city is quite convenient. 
 (2) Circularity ratio: Miller put forward the concept of circularity ratio in 1963[1], which is also called perimeter-based method. The formula is as follows:



Circularity ratio = 4A/P2
(formula 4)

(A is the area of the shape, P is the perimeter of the shape)

 The circularity ratios of circularity and square are 1/πand 1/4 respectively, and the circularity ratio of rectangle is less than 1/4. This method uses the relation between area and perimeter to reflect the disperse degree of urban district more effectively.

 (3) Compactness ratio: Cole put forward the concept of compactness ratio [2], which is also called circumcircle-based method. The formula is as follows:



Compactness ratio = A/A’ 
(formula 5)

(A is the area of shape, A’ is the area of the smallest circumcircle)

 According to this index, circularity is the most compact. The compactness ratio of circularity is 1, and the compactness ratio of any other shapes is less than 1.

2.3 Traffic distance

(1) Average traffic distance: The above two sorts of methods study the center position and the outer shape particularly. Average traffic distance is the average value of the traffic distance between each other of all parts of the city, which will reflect the inner connection of the city more effectively. The formula is as follows:

   Average distance=∑[d(i,j)A(i)A(j)/∑A(i)A(j)]

(i=0...n-1, j=i+1...n)


(formula 6)

(d (i, j) is the distance between center of zone (i) and center of zone (j), A (i) and A (j) are the area of zone (i) and zone (j) respectively, n is the number of the zones of the city)

 (2) Single traffic distance: Average traffic distance is the average distance of all sorts of activities and is the evaluation index of traffic condition as a whole. Besides this, the daily action of resident must be concerned. Single traffic distance is the average value of the traffic distance between residence zones and public service facilities, such as hospitals, schools etc. The formula is as follows:
Single distance=∑[d(i,j)A(i)A(j)/∑A(i)A(j)]

(i=1...n1, j=1...n2) 


(formula 7)

(d (i, j) is the distance between residence zone (i) and public service facilities (j), A (i) is the area of residence zone (i), A (j) is the area of public service facility (j), n1 is the number of residence zones, n2 is the number of public service facilities) 


3 Application

3.1 Background condition
[image: image1.wmf]Wuhan, the most important city in Central China and the capital of Hubei Province, is situated at the junction of the Changjiang River and the Han River. The city covers an area of 8467 square kilometers with a population of about seven million, and is divided into three towns: Hankou, Hanyang and Wuchang.

During the time 1949 to 1957, Wuhan obtained a big development and formed some separate groups as a result of the industry layout of the state. During the time 1957 to 1980, the speed of development is slowed, the city mainly expanded around the original urban and extended along the new roads. During the time 1980 to 1990, the axis-growth is reduced, the city turned to fill the spaces among the original axes. During the time 1990 to 2000, due to the policy of economic reform and opening to the world, Wuhan was given new motive power by the dominance-based growth and formed three big development zones: Changqin group in Hankou, Zhuankou group in Hanyan and Guanshan group in Wuchang [6].
3.2 Evaluation on the deviation
The urban district of Wuhan is divided into 886 parts: 277 parts in Hankou, 169 parts in Hanyang and 440 parts in Wuchang. Because of the dividing by the Changjiang River and the Han River, the studies must be done for Hankou, Hanyang and Wuchang respectively. 

3.2.1 Center movement

According to the formula 1, it’s easy to calculate the geometric centers of Hankou, Hanyang and Wuchang in 1949, 1957, 1980,1990 and 2000 respectively. Supposing that the intensity of land-use is equal, it’s also easy to calculate the function centers of dwelling and employment of Hankou, Hanyang and Wuchang in 1949, 1957, 1980,1990 and 2000 respectively. So the movement tracks of the geometric centers, dwelling centers and employment centers can be drawn clearly (fig. 1).


Analyzing the figure 1, the evaluation law of urban development is obvious. Hankou district expanded northwest, has moved outwards 3kilometre in 50 years with annual movement of 60 meter, the employment centers moved first, and the dwelling centers moved late with a lag of 3kilometre. Hanyang district expanded west, has moved outwards 2.8kilometre in first 40 years with annual movement of 70 meter and moved outwards 2kilometre in last 10 years, the movement of geometric centers and employment centers are isochronous, but the dwelling centers are seriously late. Wuchang district expanded north quickly in first 8 years, and then turned to south due to the development of Wuhan East Lake High-tech Development Zone.
3.2.2 Center deviation
The above analysis of center movement is only the absolute displacement. It’s necessary to analyze the relative displacement to analyze the rationality of centers distribution in various periods. 

  According to the formula 2, it’s easy to calculate the deviation ratio of the centers of commerce, high school and elementary school to the dwelling centers of Hankou, Hanyang and Wuchang in 1949, 1957, 1980,1990 and 2000 respectively (table 1).
Analyzing the table 1, it’s obvious that the centers of commerce are excessively concentrated in old towns and far away from the dwelling centers. The movement of the centers of high school and elementary school fall behind the dwelling centers, resulting in the serious deficiency of the facilities of service and education in new developed area.
Table 1：Deviation ratio of the centers 

of commerce, high school and elementary 
school to the dwelling centers of Wuhan
	Year
	Hankou
	Hanyang
	Wuchang

	
	R1
	R2
	R3
	R1
	R2
	R3
	R1
	R2
	R3

	1949
	0.08
	0.15
	0.06
	0.50
	0.26
	0.25
	0.69
	0.14
	0.33

	1957
	0.08
	0.10
	0.04
	0.23
	0.05
	0.13
	0.47
	0.15
	0.09

	1980
	0.10
	0.29
	0.04
	0.09
	0.05
	0.14
	0.43
	0.04
	0.09

	1990
	0.15
	0.04
	0.02
	0.25
	0.15
	0.05
	0.36
	0.03
	0.06

	2000
	0.23
	0.03
	0.04
	0.54
	0.36
	0.35
	0.33
	0.03
	0.04


(R1 is deviation ratio of commerce, R2 is deviation ratio of high school, R3 is deviation ratio of elementary school)

3.3 Evaluation on the compactness

According to the formula 3,4 and 5, it’s easy to calculate the form ratio, circularity ratio and compactness ratio of Hankou, Hanyang and Wuchang in 1949, 1957, 1980,1990 and 2000 respectively (table 2).
  Analyzing the table 2, the compactness of Wuhan is quite low. Hankou district develops in a narrow region, its form ratio and circularity ratio are very low, and its compactness ratio is rising continuously. Hanyang district develops in the figure as “L” and is influenced by “jumping” development of Zhuankou group, its form ratio is very low, and its circularity ratio and compactness ratio are falling rapidly. Wuchang is separated by huge lakes and influenced by “jumping” development, its form ratio and circularity ratio are the lowest, and its compactness ratio is rising gradually.

Table 2：Form ratio, circularity ratio and 

      compactness ratio of Wuhan

	Year
	Hankou
	Hanyang
	Wuchang

	
	R1
	R2
	R3
	R1
	R2
	R3
	R1
	R2
	R3

	1949
	0.04
	0.26
	8.1
	0.26
	0.35
	24.7
	0.54
	0.21
	10.1

	1957
	0.06
	0.29
	10.1
	0.41
	0.34
	19.9
	0.09
	0.16
	9.4

	1980
	0.05
	0.25
	9.0
	0.11
	0.30
	11.9
	0.12
	0.16
	13.8

	1990
	0.14
	0.27
	11.6
	0.11
	0.28
	11.0
	0.20
	0.18
	15.9

	2000
	0.17
	0.26
	14.9
	0.15
	0.19
	14.1
	0.25
	0.18
	21.3


(R1 is form ratio,R2 is circularity ratio,R3 is compactness ratio)

3.4 Evaluation on the traffic distance

3.4.1 Average traffic distance
According to the formula 6, it’s easy to calculate the average traffic distance of Hankou, Hanyang and Wuchang in 1949, 1957, 1980,1990 and 2000 respectively. While calculating the average traffic distance of the whole city, the bending coefficient of the roads and the striding traffic over the rivers must be considered. Before the Second Bridge over Changjiang River was built in 1995, the traffic from Hankou to Wuchang must pass through the First Bridge over Han River to Hanyang and then pass through the First Bridge over Changjiang River to Wuchang. But from then on, the traffic from Hankou to Wuchang has two choices and may select the fewer routes, one is same as the former, the other is passing directly through the Second Bridge over Changjiang River (table 3).

Table 3：Average traffic distance of Wuhan
(unit: kilometer)

	District
	1949
	1957
	1980
	1990
	2000

	Hankou
	6.5
	6.6
	8.2
	8.6
	8.7

	Hanyang
	2.9
	2.6
	3.9
	5.4
	7.6

	Wuchang
	7.7
	13.0
	12.4
	13.0
	12.9

	Whole city
	10.6
	15.3
	16.3
	17.5
	16.4


  Analyzing the table 3, the conclusion can be drawn that because of the deficiency of the urban layout and the separation by the rivers and the absence of mass quick traffic facility, the average traffic distance and the longest traffic distance of Wuhan have been rising rapidly, which are 16.4kilometre and 47.6kilometre respectively in 2000. 

3.4.2 Single traffic distance
Supposing that the traffic of going to hospital and high school doesn’t stride over the two rivers and the traffic of going to elementary school doesn’t stride over the administrative districts, it’s easy to calculate the single traffic distance of hospital, high school and elementary school by the formula 7(table 4 and 5).

Table 4：Single traffic distance of hospital and high
        school of Wuhan  

(unit: kilometer)
	District
	1949
	1957
	1980
	1990
	2000

	
	T1
	T2
	T1
	T2
	T1
	T2
	T1
	T2
	T1
	T2

	Hankou
	4.7
	4.8
	4.7
	4.5
	5.2
	5.2
	5.1
	5.6
	5.7
	6.1

	Hanyang
	1.4
	1.7
	1.2
	1.5
	3.1
	3.0
	4.1
	6.2
	6.7
	8.2

	Wuchang
	7.4
	5.1
	9.2
	9.3
	10.
	10.
	10.
	10.
	10.
	11.


(T1 is for hospital, T2 is for high school)

Table 5：Single traffic distance of elementary
         school of Wuhan   (unit: kilometer)
	Administrative district
	1949
	1957
	1980
	1990
	2000

	Jiangan
	1.9
	3.3
	3.9
	3.9
	4.2

	Jianghan
	1.2
	1.5
	2.0
	2.7
	4.9

	Qiaokou
	3.3
	2.7
	4.5
	4.6
	4.6

	Hanyang
	1.8
	1.7
	3.6
	4.9
	7.3

	Wuchang
	3.7
	3.9
	4.8
	5.1
	5.5

	Qingshan
	0
	3.1
	4.2
	4.9
	5.4

	Hongshan
	3.4
	4.6
	5.5
	8.4
	9.2


Analyzing the table 4 and 5, the extreme irrationality of the above public facilities’ distribution is obvious. On the one hand, the densities are high, the scales are small, and the sources of the client are insufficient in old towns; on the other hand, the numbers are few, the qualities are bad, and the serving levels are low in new developed areas. These problems exposure the serious limitations of the distribution of urban functions and result in much traffic requirement between old towns and new developed areas.

4 Conclusion
The measuring of the spatial shape is the difficult point in urban studies. The application of mathematical statistics helps to draw out the abstract parameter for urban shape, structure and function, to describe the urban status and evolving process with digital information, to strengthen the accuracy and depth of urban spatial analysis, and to deepen the understanding of spatial information with quantitative studies comprehensively.

  The above methods each have their strong points and are suited to measure and evaluate the conformation characteristics and evolution tendencies of urban development from different angles. The evaluation on the centers movement and deviation ratio directly compares the synchronization relation between the geometrical centers and function centers. The evaluation on the form ratio, circularity ratio and compactness ratio mainly studies the concentration and decentralization degrees of urban districts with emphasis particularly on the geometrical figure. And the evaluation on the average traffic distance studies the connections between the urban center and the other parts, and the connections among various parts in order to evaluate the rationality of urban layout and the convenience degree of inner connection.

  However there are still many improvements to be made in the future. On the one hand, as the urban layouts are usually anomalistic, the measuring results of mathematical statistics have some limitations and need to be corrected; on the other hand, as the urban space is dynamic and is not same as the static space of pure geometry, the time distance is quite different from the spatial distance, and the influence of actual routes and traffic tools must be considered. 
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