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Abstract: A new approach for solving the differential equations governing nonlinear multi-degree-of-freedom (MDOF) oscillatory systems is established in the present research. Semi-analytical and numerical solutions for the systems are developed on the basis of the P-T method recently developed with utilization of the greatest integer functions. The semi-analytical solutions developed are continuous everywhere and reflect more accurately the characteristics of the motion of the nonlinear oscillatory systems. The numerical solutions generated for general nonlinear oscillatory systems are also provided and numerical simulations for a specified oscillatory system are presented for demonstrating the application of the approach in solving nonlinear oscillation problems. 
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1   Introduction

     Euler’s method, Taylor-series method and Runge-Kutta method [1,2,3,4] are commonly used for numerically solving nonlinear oscillation problems. With these numerical methods, the second-order differential equations of an oscillation system are transformed into a system of first-order differential equations. The numerical solutions such obtained can only be discrete. In addition, due to the mathematical operations such as linearization and Taylor expansion for all or most of the terms in the governing equations, the physical meaning embedded in the original equation of motion is lost or severely damaged in the mathematical manipulations.


     Dai and Singh [5] recently developed a new approach named the P-T method for approximately and numerically solving the linear and nonlinear oscillation problems. With the introduction of a piecewise constant argument [Nt]/N, where [Nt] represents the greatest-integer function and N an integer parameter, together with Taylor series expansion, the numerical solution of differential equation of dynamic system was developed such that a linear oscillatory system is established between the two points [Nt]/N and ([Nt]+1)/N. Unlike the discrete solutions produced by the other existing numerical methods, the approximate and numerical solutions by the P-T method are continuous everywhere on the entire time range from zero to t for any given value of N. In numerically solving the oscillation problems by the P-T method, major portion of the original differential equation remains unchanged.  Applications of the P-T method in solving both linear and nonlinear oscillation problems showed that the solutions derived by the P-T method are more accurate than the existing numerical methods such as Runge-Kutta method [5]. Most significantly, the P-T method better reveals the actual physical behavior of oscillatory systems in comparison with the other numerical methods implementing discrete solutions. The P-T method had been proved to be an efficient technique that provides sufficiently accurate results with a good convergence for oscillation problems. However, development and application of the P-T method are based on solving the single-degree-of-freedom oscillation problems. Direct application of the P-T method for general multi-degree-of-freedom (MDOF) problems is difficult. A theoretically and practically sound approach, which may take the advantages of the P-T method, for solving MDOF problems will certainly be beneficial to efficient analyses of nonlinear dynamic problems.


     In the present research, a methodology in solving the nonlinear MDOF problems with utilizing the P-T method is established. Nonlinear systems with proportional and general damping terms are analyzed by implementing the methodology. General procedures for solving the problems and the formulae for semi-analytical and numerical computations are presented. A nonlinear oscillatory system with general damping terms is solved to demonstrate the application and effectiveness of the new approach. 

2 Equation derivation for general MDOF oscillatory systems
     To approximately or numerically solve nonlinear dynamical problems, Dai and Singh [5,6] recently reported a P-T method and its application for solving vibration problems. Consider the following governing equation of an oscillatory system
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where 
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 are system parameters, and 
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is considered as a nonlinear function of  t, x, and 
[image: image5.wmf]x

&

. In the above equation, the left side of the equal sign is a homogeneous ordinary differential equation to which an analytical solution is available.  With the P-T method, the solution of the above system within the time interval of 
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 can be obtained by the following governing equation.
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     In order to further improve the efficiency of the numerical calculation based on the piecewise-constant technique, employment of Taylor series expansion is a natural choice. Taylor series expansion is essentially an expression, which can generally be used to approximate any function to any desired degree of accuracy. In considering this, a more accurate numerical solution may be anticipated if a linear or a nonlinear governing equation can be replaced by a second order ordinary differential equation together with a power series of finite terms. Thus 
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 is expressed as a function of t by Taylor series expansion of nth order, such that
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The displacement and velocity of the system at [Nt]/N are given as
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     Details about the development of the P-T method and examples of its application can be found in Dai and Singh’s work [5].

2.1 Proportional damping problems

     Governing equation of a general multi-degree-of-freedom nonlinear oscillatory system can be expressed as follows.
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where M is the mass matrix, C the damping matrix and K is the stiffness matrix. The governing equation is such managed that all linear terms are on the left side of the equal sign and all nonlinear terms and terms of external excitation are on the right side. All the elements of vector G on the right side of the equal sign are expressible as functions of time, displacements and velocities corresponding to the coordinates of the system and the external forces acting on the system.     

     For the nonlinear oscillation problems without linear coupling terms, the governing equations of the system with n degree-of-freedom can be directly expressed as follows.
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     For the nonlinear problems with linear coupling terms and proportional damping terms, introducing the principal coordinates of the linear parts of the governing equations and taking the following transformation, 
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one may obtain 
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where 
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 is the jth principal coordinate and P is the principal matrix. The left sides of these equations can be uncoupled and the coupling terms on the right sides of these equations are the functions of time, displacements and velocities of all the principal coordinates and external forces.

      To solve Eq. (7), the functions on the right sides of the equations are expanded with Taylor series to the desired order of accuracy on an ith time interval 
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where
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    A continuous analytical solution on the ith time interval 
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 can thus be developed for the above equations if the first four terms as shown in Eq. (9) are considered, though more terms for higher accuracy of solutions can be considered if so desire.


[image: image23.wmf][

]

(

)

[

]

(

)

[

]

{

[

]

(

)

[

]

}

[

]

(

)

[

]

(

)

[

]

(

)

3

4

2

3

2

1

2

1

/

/

/

/

/

sin

/

cos

N

Nt

t

A

N

Nt

t

A

N

Nt

t

A

A

N

Nt

t

B

N

Nt

t

B

e

x

j

j

j

j

j

j

j

j

N

Nt

t

ji

j

-

+

-

+

-

+

+

-

+

-

=

-

-

x

x

m


(10)
where
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     It can be seen from the above expressions that all the terms on the right side of the n equations in Eq. (8) become linear combinations of the nonlinear terms and external excitations, the procedures for solving Eq. (8) can follow the same procedures as that used for Eq. (6), except that the two transformations need to be performed.
2.2 General damping problems
     In order to apply the principle of the P-T method to obtain the solution for a nonlinear dynamic system with linear coupling terms and general damping terms, the system is rewritten as a system of 2n first-order equations.
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where the new matrices are defined as
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     The solution of Eq. (12) implements eigenvalues and eigenvectors of 
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. Let the modal matrix P to be the matrix whose columns are the normalized eigenvectors of 
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     Substituting Eq. (13) into Eq. (11) leads to
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     The diagonal matrix with the eigenvalues of 
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 makes the system of equations uncoupled on the left side. Thus, the system of equations are expressible in the following form.


[image: image41.wmf](

)

n

n

n

j

t

y

y

y

y

y

y

f

y

a

y

n

n

n

n

j

j

j

j

2

,

,

1

,

,

,

2

,

1

,

,

,

,

,

,

,

,

2

2

1

2

1

L

L

L

L

&

+

=

=

-

+

+



(15)
     Expanding the function on the right side of the equation with Taylor series to the desired order of accuracy on an ith time interval, 
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     The approximate solution of the system can then be de generated by truncating the higher order terms and maintaining the first four terms, such that
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where
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The response of the system can hence be obtained via the transformation on the basis of the principal coordinates. 

3 Numerical simulations

     A system consisting of two concentrated masses and two springs with a linear damper, shown in Fig. 1, is selected to elucidate the application of the methodology developed to solve the nonlinear multi-degree-of-freedom problems with coupled linear terms and general damping terms. The internal resonance effects of such a system had been investigated by Bajkowski et al [7] with computer simulation and analytical approaches on the basis of the averaging method and the Ritz method. Later, Cheung et al [8] also studied this system by the incremental harmonic balance (IHB) method. In this two-degree-of-freedom system, one of the springs is linear with the stiffness coefficient k10 and another one is a cubic nonlinear spring. The restoring force is defined as
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(19)
where x1 and x2 are the displacements of the concentrated masses m1 and m2, and k12 and k3 designate the coefficients of linear stiffness, coefficient of nonlinear stiffness. Other parameters, c, p, ( and t, are damping coefficient, excitation amplitude, excitation frequency and time.
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Fig. 1 Mechanical model of 2-DOF oscillatory system with cubic nonlinearity
     The governing equations of the system can be expressed in the following matrix form.  
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Defying the following parameters  
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 the coefficients corresponding to that in Eq. (17) on an ith time interval 
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 can be expressed as the following.
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     To study the influence of different system parameters on the nonlinear behaviors of the system, the numerically generated oscillation amplitudes of both of the concentrated masses under different excitation frequencies during steady state are obtained. In Fig. 2 and Fig.3, the curves are for the cases in which 
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. The parameters are so selected that the second natural frequency, (2 = 3.978, is three times of the first natural frequency, (1 = 1.326, and therefore, internal resonance will occur. The horizontal axes of these figures show the frequency ratio of the excitation frequency, (, to the first natural frequency, (1, of the system. 
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Fig. 2 Amplitude-frequency curves, ( = 0.01
(a) x1          (b) x2
         F = 1          F = 5           F = 10

     Fig. 2 illustrates the amplitudes of both of the concentrated masses for several values of the amplitude of the excitation. The primary resonance occurs when the excitation frequency is a value close to that of the first or the second natural frequency of the system. Fig. 3 exhibits the influence of the nonlinearity, which is described by (, on the amplitudes of both of the concentrated masses. As the nonlinearity increases, the jump phenomenon can be found in the amplitudes of both of the concentrated masses. The main goal of this numerical simulation is to demonstrate the application of the methodology developed. Detailed discussion on the behavior of this system can be found in the references [7,8].
     With the introduction of a piecewise constant argument [Nt]/N together with Taylor series expansion, the numerical solution of the nonlinear multi-DOFs system is developed such that a linear oscillatory system is established between the two points [Nt]/N and ([Nt]+1)/N. Unlike the discrete solutions produced by the other existing numerical methods, the approximate and numerical solutions by the P-T method are continuous everywhere on the entire time range from zero to t for any given value of N. The accuracy of the solution can be controlled by the number of terms expanded by Taylor series and the value of the parameter N. In numerically solving the oscillation problems by the P-T method, major portion of the original differential equation remains unchanged.  
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Fig. 3 Amplitude-frequency curves, F = 5
(a) x1          (b) x2
Nonlinearity:        0.01         0.1        0.5

4   Conclusion

     A new approach in solving the multi-degree-of-freedom nonlinear oscillation problems with utilizing the P-T method is presented in the present research. For all the types of dynamic systems discussed, the methodology with implementation of the P-T method attempts to maintain the form of the governing equations and the physical information involved in the original governing equations to the utmost level in pursuing the semi-analytical and numerical solutions of the systems. The accuracy of the solution can be controlled by the number of terms expanded by Taylor series and the value of the parameter N. Once the local initial conditions in the time interval become available, the solution at the end of the time interval and at any point within the time interval can be directly calculated by the formulae derived with employment of the P-T method without the needs of iteration. Numerical computations with implementation of this approach show efficiency and effectiveness.
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