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Abstract: - We deal with numerical analysis of inverse conductivity problems for anisoptropic media when measured data are given only on the boundary of the domain. For numerical analysis of such problems we apply discret methods. In this paper we elaborate iterative procedure to the numerical solution of anisotropic boundary inverse conductivity problems and we derive conditions for measured input states which secure determinablenees of the numerical solution. The paper also contains numerical experiments.
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1
Introduction

We deal with analysis of inverse conductivity problems  for anisoptropic media when measured data are given only on the boundary of the domain. The analysis of such problems is important for example for nondestructive testing of materials, for electrical impedance tomography etc. The inverse problems for the anisotropic media have in comparison with those for isotropic media special features. For anisotropic problems it is necessary to determine more coefficients of governing differential equations than the number of equations. This fact brings into the analysis of the inverse problems for the anisotropic media new theoretical problems and also complicates numerical analysis. 
In this paper we have elaborated approach  to the numerical solution of 3D anisotropic boundary inverse problems when the input data measured from three suitable states are sufficient for determination of unknown material parameters. This method is generalization of the method for the numerical solution of 2D anisotropic boundary inverse problems derived in [1]. We deal also with numerical experiments. The numerical solutions are compared with exact solutions. We study influence of measured input data on stability of the numerical solutions
2
Problem Formulation

We consider the following potential equation
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where in the case of an eddy current flaw detection  
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  is a symmetric tensor of an electric conductivity, 
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 is a free charge, 
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 is an electric potential and it holds  
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  is a component of an electric field. We assume that  
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  is a three dimensional Lipschitz domain, it means that is bounded and smooth in  
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We apply the summation and differentiation rule with respect to indices. 

In the 3D anisotropic case  
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  has at most 6 independent components 
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 and the equation (1) can be written in the following form 
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As in the case of the inverse problems we have to determine the material parameters we need for their determination boundary conditions
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     As in the case of the boundary inverse problems we have also to determine the potential  
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  using measured values of the potential 
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  on the boundary
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  we consider for the potential  
[image: image21.wmf]u

  Dirichlet boundary condition
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and overspecified Neumann boundary condition
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where  
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  denotes the differentiation in direction of the outer normal.

     We know that if  
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  is a smooth bounded domain and if  
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 , which solves the Dirichlet boundary problem (2), (3), (4). The same result is valid also for a rectangular domain. Then we can prove that there exists the unique Dirichlet to Neumann map. This map maps  
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     In our approach we consider Neumann boundary problem (2), (3), (5) in the following way. We consider Ohm’s law 
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where  
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  is electric current. Ohm’s law can be written for our 3D anisotropic problem in the following form
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Using (6) relations (2) and (5) can be written in the form
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     In the orthotropic case, it means when
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input data measured from one suitable state of the potential are sufficient for determination of three unknow material parameters  
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  using the equations (2) - (4), (7) as it is shown in [2]. However, in the case of anisotropic media, it means that when at least one from the following relations takes place
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the system (2) - (4), (7) do not form a complete system of equations and is not sufficient for determination of the unknow material parameters. We show that for determination of the unknown material parameters in general anisotropic case, it means that when all relations of (8) are valid, it is necessary to add input data measured from next two states of the potential  
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 . For the potentials 
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 we consider the equations and boundary conditions analogical to the potential  
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and corresponding equations and boundary conditions for currents
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     Now a question arises if these states of the potential  
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  can be chosen arbitrarily. We show that these states of the the potential cannot be chosen arbitrarily.

3
Problem Solution

For solving boundary inverse problem (2) – (4), (7), (9) – (12), (14), (16)  we can use the following iterative procedure which is generalization of the method for the solution of 2D anisotropic boundary inverse problems derived in [1]:

· determination of an initial approximation of the material parameters 
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   as the linear interpolation of the boundary conditions (3);
· determination of  the potentials 
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· determination of the currents  
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       similar  equations  which  we  obtain  from  (14)

       and (16).  All these  equations  we can  consider

       as  ordinary  differential  equations  of  the  first

       order;

· determination of new state of  material parameters 
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 from (6), (13) and (15) using following formulas
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· we can continue with determination of 
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      From (18) we can see that the iterative procedure can be used only if 
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it means that the states of the potential  
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  cannot be chosen arbitrarily.

     For determination of new states of  material parameters we use the system of equations (6), (13) and (15). If we consider only the system of equations (6) and (13) we have six equations with six unknown material parameters. However the determinant of the system (6) and (13) is equal zero, it means that this system is not sufficient for determination of six unknown material parameters. It is the reason why we add input data measured from the third state of the potential  
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 .

3.1
Numerical Analysis

For numerical analysis we can apply discrete methods. They are very convenient because in the case of practical problems we have to measure input states in discrete points. We assume that the domain  
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 is rectangle parallelepiped 
[image: image125.wmf]´

+

´

+

h

n

h

m

)

1

(

)

1

(

  
[image: image126.wmf]0

,

)

1

(

>

+

´

h

h

l

. Using central differences the equation (2) assumes the following finite difference form
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are given by the boundary conditions (3) and
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are given by the Dirichlet boundary condition (4). Similar equations we obtain from (9) and (11).

     Now we can solve our problem by the following iterative procedure which is a discrete form of the iterative procedure described in the previous section:

· determination of an initial approximation of the material parameters 
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 as the linear interpolation of the boundary conditions (3);
· determination of the potentials 
[image: image171.wmf](

)

k

j

i

u

;

;

0

,
[image: image172.wmf](

)

k

j

i

v

;

;

0

, 
[image: image173.wmf](

)

k

j

i

w

;

;

0

, 
[image: image174.wmf]n

j

m

i

...,

,

2

,

1

,

...,

,

2

,

1

=

=

, 
[image: image175.wmf]l

k

...,

,

2

,

1

=

   from (19) and from discrete form of (9) and (11);
· determination of the currents 
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 from (17) and 
[image: image181.wmf](

)

k

j

i

x

v

J

;

;

0

,
[image: image182.wmf](

)

k

j

i

y

v

J

;

;

0

,  
[image: image183.wmf](

)

k

j

i

z

v

J

;

;

0

 , 
[image: image184.wmf](

)

,

;

;

0

k

j

i

x

w

J



EMBED Equation.3[image: image185.wmf](

)

,

;

;

0

k

j

i

y

w

J



EMBED Equation.3[image: image186.wmf](

)

,

;

;

0

k

j

i

z

w

J

  
[image: image187.wmf]m

i

...,

,

2

,

1

=

 , 
[image: image188.wmf]l

k

n

j

...,

,

2

,

1

,

...,

,

2

,

1

=

=

, using similar equations  to (17) which we obtain  from (14)  and (16) and which  are ordinary differential equations  of the first order. Solutions of these equations can be found by modified Euler method;
· determination of new state of material parameter 
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 using the discrete forms of (18);
· in order to get final solution we have to reiterate this procedure and thus minimize the error.
3.2 Numerical Experiments

We deal with numerical experiments from mathematical point of view. It means that we construct the exact solution of the problems under consideration then, we compute the numerical solution of this problem and in the end we compare the computed solution with the exact one.
     We use the iterative procedure with stopping condition that the difference of two computed consecutive states of the material parameters is less than  10-10 .   We   consider   the  following   domain
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the potentials
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and corresponding
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using (23) and the boundary conditions constructed from (20) - (22) , using the iterative procedure  we obtain from all meshes  results at once with the error about  10-10 %  . Similar situation is also for the linear material parameters.

     Different situation is for the nonlinear material parameters. For example for
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the potential given by (21) and corresponding currents and right sides constructed using (6), (13), (15), (2), (9) and (11) in the Table 1 we can see in the second column percent errors of the computed solutions with respect to the exact solutions on the meshes given in the first column and in the third column are numbers of iterations after which we  obtain   the    solution    with   the   given     stopping

condition  on  the given  mesh.  We can see from the

	8 x 4 x 4
	2.4  10-8
	197

	12 x 6 x 6
	6.0  10-8
	461

	16 x 8 x 8
	1.1  10-7
	839


Table 1

	8 x 4 x 4
	1.5  10-8
	148

	12 x 6 x 6
	4.7  10-8
	326

	16 x 8 x 8
	1.0  10-7
	562


Table 2

results that we obtain very small errors already for a course mesh and when the number of grid points increases, errors also increase slightly but are still small.

     If we change the potential


[image: image212.wmf])

1

(

)

1

(

,

)

1

(

)

1

(

+

+

+

=

+

+

+

=

z

y

v

y

x

u

,

(24)


[image: image213.wmf])

1

(

)

1

(

)

1

(

+

+

+

+

+

=

z

y

x

w


we obtain for the same material parameters as it is shown in the Table 2 similar results.

      For another material parameters
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the potential given by (21) as it is obvious from the Table 3 the accuracy of computation is  not so good. This fact is caused by the discretization error which is in  this case rather  greater  than in previous cases. However using the potential given by (24)  we obtain for  the same  material parameters  very good results as we can see from the Table 4  because now

the  finite   approximation  of   our  problem  is  very 
	8 x 4 x 4
	9.6
	199

	12 x 6 x 6
	13.0  
	432

	16 x 8 x 8
	16.3 
	787


Table 3

	8 x 4 x 4
	1.3  10-8
	161

	12 x 6 x 6
	3.4  10-8
	348

	16 x 8 x 8
	8.5  10-8
	594


Table 4

	8 x 4 x 4
	3.5  –  10.6 

	12 x 6 x 6
	4.8  –  16.6 

	16 x 8 x 8
	 5.9  –  27.3


Table 5

good.   

     Till now we consider that all input data are exact

numbers.  But if they  are measured  they are loaded

by errors of measurements. We determine condition number only by numerical experiments. The dependence of the condition number on the number of grid points is shown in Table 5. It means that the iterative procedure is stable.

4
Conclusion

In this paper we have elaborated iterative procedure to the numerical solution of 3D anisotropic boundary inverse problems when the input data measured from three suitable states are sufficient for deternination of six unknown material parameters despite the fact that the number of governing differential equations is smaller than the number of unknown material parameters.

     From computed examples we can see that the errors of computed solutions depend on the discretization errors. If we want to obtain better results we have to use better discretization scheme. We also study influence of measured input data on stability of the numerical solutions and we obtain that the iterative procedure is stable.

     This work was supported by the grant VEGA 1/0149/03 of the Grant Agency of Slovakia.
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