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Abstract  

           The theory of distributional (generalized functions) provides a natural language for  impulsive signals (singularity signals) which occurs in many signals and system response such as communication, relativity, energy generation etc .This paper deals with distributional generalized Laplace–Meijer (GLK) transform of distributional singals f .

The present paper also provides analyticity  theorem  and representation theorem for the defined transform.Our universe is a big source of energy and we make an attempt by contempleting the possible application of GLK transform  to diffusion in cylinder .

1 Introduction

The concept of signals and systems arise in an extremely wide variety of fields . These concepts play an important role in areas of science and technology.

When a big force acts for a very short time  we call such force as impulsive force . The role played by Dirac delta signal and its derivatives (also called impulsive signals)in the study of system and signals is well known.The impulse response of a linear system completely characterises the system function, In many differential equations containing impulsive signals we have to apply distributional transform.

        Let f(t,x) be a LK–transformable generalized function and  F(s,y) the GLK  transform  of f(t,x) . Then  in  the  sense  of  convergence  in  D’(Ω)

                                                                          (+ir  (’+iν
            f(t,x) =  lim   –(2л2)-1    (     (   F (s,y)  est (xy)1/2 Iμ(xy)  dy  ds 

                        r,ν → (                      (-ir   (’-iν

where (,(’ are any  fixed  real  numbers  such  that  (1(a( ( ( (2  and  (1’ ( b ( (’ ( (2’.
where Iμ(z) denotes the modified Bessel’s function of first  kind  and  order μ>-1/2 .          We  shall  make  considerable  use  of  differential  operator Sμ =  t-μ-1/2 Dt2μ+1 Dt-μ-1/2  of  second  order   i.e. Sμ = Mμ Nμ, where Mμ and Nμ   are  defined  in  section  5.3 ,  Zemanian [4] .  The  notation  and  terminology  of  the  work  will  follow  that  of  Zemanian  [4]. 

2 Testing   Function  Space LKa,b  

           Let a and b denote real numbers and μ will be either the number zero or a complex  no. satisfying Reμ>0.Also h(t,x) will be continuous on –((t(( and  0( x((   defined  by 

                        log  x     0( x( e-1
h(t,x)    =    

                                  – 1         e-1( x( (
         We define functional  ρa,b,l,k where l,k=0,1,2, ---on certain smooth function φ(t,x) by

 ρμ a,b,l,k φ(t,x)  =  sup (eat+bx  xμ-1/2  Dtl Sμk φ(t,x) ( ( (   Re μ >0

                                         ((t((       

                                          0(x((
ρ0a,b,l,k φ(t,x)  =   sup (eat+bx  x-1/2  [h(t,x)] –1 Dtl Sμk  φ(t,x) (  (  (   

                           ((t((      

                                        0(x((       

    If  we  set   jμ(t,x)  equal  to  xμ-1/2   when  Re μ >0  and  equal  to  [x1/2 h(t,x)] –1  when  μ = 0  then  the  two  proceeding  equations  can  be  written  simultaneously  as

ρμ a,b,l,k φ(t,x)  =     sup    (eat+bx   jμ(t,x) Dtl   Sμk  φ(t,x) (      (  (     

                                            ( (t((       

                                             0(x((
            Lka,b is  defined as the linear space of all complex valued smooth functions φ(t,x)   on –( (t(( and  0(x((  for  which ρμ a,b,l,k  exists   for every l,k = 0,1,2,-----  .

        The  topology of thespace LKa,b is the space generated  by  the countable  multinorm 

                                                  (
                      S =  ( { ρμ a,b,l,k }

                                                                          l,k=0

With  this  topology LKa,b is a countably multinorm  space .A sequence{φv}is said  to  converge  in LKa,b to φ if for each non–negative integer l,k ρμ a,b,l,k(φv–φ)(0,as v(( . 

Now  we  define  the distributional  generalized  LK  transform of  any  function  f  in  dual  space    LKa,b  i.e.  LKa,b* by      
   LK{f(t,x)}= F(s,y) = <f(t,x) , e-st (xy)1/2 Kμ(xy) >, for complex parameters s and y .       

The rhs has  sense  for f (LKa,b* and e-st (xy)1/2 Kμ(xy)  ( LKa,b .

3   The  Analyticity  Theorems 

As in the classical sense , generalized  LK transform   is  an  analytic  function  at  least  within  its  strip  of  definition .

Theorem 3.1 –    For  s , y  ( Ωf  ,  F(s,y) is  analytic  on  Ωf   and 

DsDy F(s,y)  =   (  f(t,x

) , DsDy e-st (xy)1/2 Kμ(xy) (
Proof –  Let s, y  be  an  arbitrary  but  fixed  points  in

Ωf  =  { (s,y) : (1 ( Re s ((2   and  (1’ ( Re y ( (2’  }

Select  the  real  positive  numbers   a , a’ , b , b’ , r  and  r’  such  that

i)   (1 (  a  (  Re s  –  r  (  Re s  +  r  (  b  (  (2  

ii)  (1’ (  a’ (  Re y  –  r’  (  Re y  +  r’ (  b (  (2’
 iii) ((s( ( r ,  where  ((s(  is  a  complex  increment

iv) ((y( ( r’ ,  where  ((y(  is  a  complex  increment 

Consider

      DsDy F(s,y) – ( f(t,x) , DsDy e-st (xy)1/2 Kμ(xy) ( = ( f(t,x) , (∆s∆y(t,x) ( ,

where ,       (∆s∆y(t,x)  =   (∆s∆y)–1[e-(s+∆s)t–e-st] [xy+x∆y)1/2 Kμ(xy+x∆y)–(xy)1/2 Kμ(xy)]          – DsDy e-st (xy)1/2Kμ(xy)

To prove (∆s∆y(t,x)(LKa,b,we shall show that as ((s( → 0 and  ((y( → 0, (∆s∆y(t,x) converges  in LKa,b  to  zero . Since

              Dtl   Sμk e-st (xy)1/2 Kμ(xy) = (–s)l y2k e-st (xy)1/2 Kμ(xy)   and

              Dtl   Sμk Dq e-st (xy)1/2 Kμ(xy) = Dq (–s)l y2k e-st (xy)1/2 Kμ(xy)

where q=(s,y) 

Let  C  denotes  the  circle  with  centre  at  s  and  radius r1  and  C’   denotes   the   circle   with   centre   at   y  and   radius r1’   satisfying  respective  condition

i) 0 ( r ( r1 ( min (Re s – a ,  b –  Re s  )  and  

ii) 0 ( r’ ( r1’ ( min (Re y – a ,  b  –  Re y  ) 

 By using  Cauchy’s  Integral  formula  , by  using  conditions satisfying circles C  and  C’ , and  as  (   and  (   are   arbitrary   points  in  circles  C  and  C’  respectively  i.e.

i)((–s(= r1, ii)((–y(= r1’ ,iii)((–s–∆s((r1(r(( and iv) ((–y–∆y((r1’(r’( ( . 

and by assuming Reμ>0 ,(eat+bx (l e-(t ((x)μ Kμ ((x)( ≤ M  for –((t(( and 0(x(( , where  M  is  a  constant  independent  of   ( , ( x and x ,  we  may  write.

(eat+bx xμ-1/2   Dtl   Sμk (∆s∆y(t,x) (≤   ( (  (r1(∆y((r1’(∆y(((∆s((∆y(M sup ((2k+1/2 (μ ( 

rhs  is  independent  of  t  and x and converges in LKa,b  to zero as ((s( → 0 and ((y( → 0 ,  which  proves  theorem .

Problem – Under  the hypothesis of above theorem we can  also  prove  the  general  case 

Dk F(s,y)=<f(t,x),Dk e-st(xy)1/2Kμ(xy)> where k=(k1,k2),k1 = 1,2,---- and   k2  =  1 , 2 , ----.

4   The  Representation Theorem 

           The section is devoted to an elaboration  of Representation  theorem  for  the  generalized  LK transformable generalized  functions .The method of proof  is analogous  to  the method employed in a structure theorem for Schwartz distribution.

4.1 Theorem : Let f(t,x) be an arbitrary element of LK*a,b (() and ((t,x) be an element of  D(( )  ,  the  space  of  infinitely  differentiable  functions  with  compact   support on ( .  Then  there  exist  bounded  measurable  functions  gm,n (t,x) defined  over  (  such  that

                             r+1  (+1                                                  

( f, (( = (  (  ( ((1)m+n eat+bx jμ(t,x) Dtm (Dx+Sμ)n gm,n (t,x) , ( (t,x) (
                             m=0  n=0
where r and (  are appropriate  non(negative  integers  satisfying  m( r+1  and  n( ( +1 . 

Proof  Proof is standard in view of boundednsee property of generalized function . 

5  Application  : We wish to find the conventional function (t,x,z) on the domain {(t,x,z)/ 0(t(( , 0( x((  ,0(z( a’}  which satisfies the eqn

                uxx + (-2μ+1)x(1 ux +βuzz = ηut  , where β, η are constants .

Upon setting u=xμ-1/2v(t,x,z)  ,above reduces to   Sμv+βvzz= η vt

Let V(s,y,z)denote the classical LK transform of v(t,x,z) .Then applying LK transform to above we get ,  y2 V+ β Vzz =- ηsV   , sothat     

          V=A(s,y) cos( (ηs+y2) β-1  +B(s,y) sin( (ηs+y2) β-1      if (ηs+y2) β-1is positive and        

         V=A(s,y) cosh( (ηs+y2) β-1 +B(s,y) sinh( (ηs+y2) β-1  if (ηs+y2) β-1is negative

Now by applying the inverse LK transform for each in D(Ω) , initial and boundary conditions (if any) we get required function .

Special case : If μ=0, β=1and  η =κ-1 , the above differential eqn reduces to diffusion eqn 

                                   uxx + x-1 ux +uzz = κ-1ut
which gives temperature distribution u(t,x,z) in a long circular cylinder of radius a and diffusivity κ with initial temp.zero,when for t>0 the surface is kept at unit temp. over a band of  width  2c  in  the middle of the cylinder and at zero outside this band ie 0≤x(a , (((z((,t(0 with the boundary condition as z→0+, u(t,x,z)→0, as z→( ,  x-1/2u(t,x,z)→ g(t,x)( ,t>0 and initial condition u(t,x,z)→0, when t=0.

For we get , V=A(s,y) cos( (ηs+y2) z  + B(s,y) sin( (ηs+y2) z 

In view of first boundary condition we get A(s,y) = 0 and second boundary condition suggests that B(s,y) = < g(t,x) , e-st(ay)1/2 Kμ(ay)>sin-1( (ηs+y2) (  which gives

   V=  < g(t,x) , e-st(ay)1/2 Kμ(ay)>sin-1( (ηs+y2) ( sin( (ηs+y2) z 

     = F(s,y) sin-1( (ηs+y2) ( sin( (ηs+y2) z

by applying the inverse LK transform for each in D(Ω) ,we get

                                                 (+ir  (’+iν
v(t,x,z) = lim   –л-2   (     (   F(s,y) sin-1( (ηs+y2) ( sin( (ηs+y2) z est (xy)1/2 Iμ(xy)dyds 

              r,ν → (              (-ir   (’-iν

which satisfies all the requirement of given problem from which diffusion function u(t,x,z) can be obtained where η =κ-1 .
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