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Abstract: - The paper presents a numerical method, which allows us to replace a boundary problem for a integral-differential equation with a boundary problem for the diffusion equation. Using the variational-differential techniques we determine a functional, which has the minimum value for the solution of the new boundary problem. Using the results of numerical examples, we estimate the error in solutions obtained by this algorithm.

Key-Words: integral-differential equation, neutron transport equation, variational methods, Ritz method

1   Introduction

In a nuclear reactor, neutrons are produced by the fission of a nucleus and are called rapid neutrons. With the reactor in a stationary state, the atoms tend to migrate from a region with a high density to another with a lower density. This process is called diffusion. The main problem in the nuclear physics is to find the neutron density, which is the solution of the neutron transport equation.

Many authors treat this problem and its applications: [1], [2], [4], [5], [9]. The basic idea of the algorithm presented in this paper consists in the substitution the boundary problem for an integral-differential equation with the boundary problem for an equation of the form: 

 

            Lu = f 


 (1) 

We prove that the operator L is a positive definite, hence there is only one solution for this problem. Then, we determine the solution of (1) by minimizing of a functional. This variational problem will be solved by the Ritz method.

2   Problem formulation

Let us consider the integral-differential equation of transport theory for the stationary case:
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where g is the source function and u is the density of neutrons. These migrate towards a direction defined by the angle ( against Ox axis and we denote ( = cos(. We require that the functions, which appear in (2) should be continuous together with their first and second derivatives in the domain D. 


Let (1= ( x0, x1,…,xn) be a partition of the interval D1 into n subintervals of length h = xi+1 – xi, (i = 0, 1,…,n –1. Also, let (2 = ((0, (1,…,(m) be a partition of the interval D2 and ( = (l+1 – (l, (l = 0, 1,…,m –1.  In order to solve the problem (2) - (3), using variational method, we replace this problem with the partial derivative of (2) with respect to variable x:
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and using again (2) we obtain
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where
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For every value (l (D2, u(L2(D1), the Hilbert space with the scalar product defined by the formula:
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Now, we write (4) as an operator equation 


                    
    Lu = f
                           (7)

where
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In order to obtain a Ritz approximation, [5], for the solution of the problem defined by (7) and (8), we minimize the functional:



        
[image: image9.wmf])

,

(

2

)

,

(

)

(

f

u

u

Lu

u

J

-

=

           
 (9)

Applying the method of integration by parts, we get:
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where u is a function of x and ( = (l, for fixed 

(l((2. 


We shall prove that, if u minimizes the functional (10), then it is a solution of equation (7). Indeed, if u is an extreme for J(u), then u is a solution of the equation:
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which leads to (7).


Let us now prove that L is a positive definite operator and then (7) has only one solution,[13].

First, we show that L is a positive operator, namely




 (Lu, u) ( 0
                         (11)

According to (10), we obtain
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            (12)

Then, an operator is called positive definite, if the following inequality is satisfied
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We have
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Integrating both sides of (14) with respect to x between 0 and 1, we get the inequality
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which can be symbolically written in the following form
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It is found that the constant C, introduced by the formula (13) is equal to unity.

The approximate solution uh, which minimizes the functional (10) and verifies the boundary conditions (8) will be written now in the form
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where  uk and uk+1 are the nodal values of u(x,(l)
at the points xk and xk+1, respectively.

Hence, from (16) the Ritz approximation is a piecewise linear function, continuous on interval

[0, 1]. In accordance with (16), the functional (10) can be written in the form
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where
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The unknown values: u1,u2, …,un-1 are determined from the conditions of minimum:
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The unknown uk belongs of the sum Ik-1 +Ik and (18) leads to the following system of linear equations:
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where
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Using the boundary conditions for a given value of (l 



    u0 = un = 0

            (20)

the system (19) is of the form




    KU = F

            (21)

where, K  is a banded matrix
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The column matrices U and F are column matrices which have the elements: uk, respectively, Fk,.

Finally, we get:




     U = K-1 F

            (22)

For each segment  [xk, xk+1], the approximate solution uh will be defined by (16).

3   Numerical results

Let us consider the transport equation
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where 
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The exact solution is:  ue(x, () = ( sin(2(x) and this will be compared with the numerical solution of the problem (23) – (25).

For the domain D1 we use two partitions:
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 with n = 8, h = 1/8. 

Then, we break up the closed interval D2 into four segments: 
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In the first case, for ( = 3/4, the system of equations (21) becomes:
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and we find the nodal values of the function uh:
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With the help of uk values from above, now we can determine approximate solution on the subintervals, [xk, xk+1]:
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When h = 1/8 and
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Using the relations (27) for n =8, we get the approximate solution uh in this case.

In the Figs 1 - 2 we present the numerical solution and the exact solution of the problem (23)-(25) (with dotted line) for ( = -1/2,  ( = 1/2  and  n = 8
In Fig.3 are shown the two solutions for ( =3/4,

 n = 8 and in Fig.4, for ( =3/4, n = 4.
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4   Conclusions

An important feature of the variational method, which is used in this paper consists in the possibility of calculation a suitable approximate solution from piecewise linear functions.


As has been mentioned in [13] for an equation of 2m-th order with homogeneous boundary conditions, the numerical solution uh represented by an interpolation polynomial of p-degree and the exact solution verify together the following inequality:
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Hence, for our problem, where p =1, 2m = 2, we get
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From the numerical example, we find that M = 4, where ( is the step length of (2 defined over the set D2. Finally, the approximation of the solution with respect to step lengths, h and (  is now of the form 
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