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Abstract: This paper links the non separable quincunx pyramid and the nonlinear discrete
cell-average Harten’s multiresolution framework. In order to obtain the stability of these representa-
tions, some modified multiresolution processing algorithms are introduced. A prescribed accuracy in
various discrete norms is ensured by these modified strategies. Explicit error bounds are presented.
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1 Introduction

Multi-scale representations, as Harten’s mul-
tiresolutions [12], are one of the most efficient
tools for image compression. In the mul-
tiresolution transforms a discrete sequence
f% which represent sampling of weighted-
averages of a function f(z) at the finest reso-
lution level L is encoded to produce a multi-
scale representation of its information con-
tents (f°,e!,e?,...,e"), where the fO corre-
sponds to the sampling at the coarsest res-
olution level and each sequence e* represent
the intermediate details which are necessary
to recover f¥ from f*~1. This representation
of the signal is well adapted to data compres-
sion procedures.

Thus, the multi-scale representation is pro-
cessed (truncation and/or quantization) and
the result of this step gives a modified multi-
scale representation (fo, el e’ ... ,éL) which
is close to the original one. After decoding
the processed representation, we obtain a dis-
crete set fL which is expected to be close to
the original discrete set fZ. In order for this
to be true, some form of stability is needed.

Harten’s framework was developed to use
nonlinear reconstruction processes. In image
examples [3],[4],[5],[7] we can see the nonlin-
ear process allows a better adapted treatment
of edges, in the sense that they do not gener-
ate so many large detail coefficients as in the
standard linear wavelet transforms. Several
nonlinear wavelets transforms can be found



in [8]-[10]-[14]-[16].

In the nonlinear case, stability can be en-
sured by modifying the encoding algorithm.
The idea of a modified-encoding to deal with
nonlinear multiresolution schemes is due to
Harten; one dimensional algorithms in sev-
eral settings can be found in [6], [11]. We
modify the direct transform in such a way
that the error accumulated in processing the
values of the originally multi-scale represen-
tation remains under a prescribed value. The
goal of this procedure is to keep track of the
accumulation error in processing the values
in the multi-scale representation.

The natural extension to the multiresolu-
tion analysis of images is based on the ten-
sor product of two 1-D multiresolutions. The
associated algorithm uses the separable pyra-
mid. However in many practical applications
much better results can be achieved by the
use of nonseparable extensions. One nonsepa-
rable decomposition having interesting prop-
erties is the quincunx pyramid. We refer
[9]-[13]-[15] for advances including nonlinear
techniques in the wavelet framework.

The aim of this paper is to present sta-
ble nonlinear two-dimensional cell-average
multiresolution algorithms based on the quin-
cunx pyramid. We generalize our previous
work in the point-values framework that is
not good adapted for image processing [4].

2 Harten’s framework

Harten’s framework is based on two funda-
mental tools: discretization D; and recon-
struction Rg. The discretization operator
obtains discrete information from a (non-
discrete) signal (f € F) at a particular resolu-
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tion level k. The reconstruction operator, on
the other hand, produces an approximation
to a signal from its discrete values. This re-
construction can be nonlinear, and then bet-
ter adapted to the considered problem.
Using these two operators we can connect
linear vector spaces, V¥, that represent in
some way the different resolution levels (k in-
creasing implies more resolution), i.e.,

k—1
Dk

k
Pk—l

Vk N Vk—l
Vk‘—l N Vk:

decimation,

prediction.

2.1 Cell-average MR analysis on
the Quincunx pyramid

In this subsection, we present how to define
a Harten’s multiresolution analysis in [0, 1] x
[0, 1] which admits a quincunx pyramid as a
decomposition algorithm.

The transform T'(x,y) = (z + y,x — y) de-
fines the sub-sampling grid of the quincunx
pyramid. Note that T2 = 2Id, which is the
basic sub-sampling of the dyadic algorithm.
Thus, in practice, the finest resolution level
L is considered even.

Let X1 = {le,y]L ;]j:o, vl = ihyp, yJL =
jhr, hy = 2_Lh0, Jr, = 2LJ0, Jp some inte-
ger, hg = Jio’ L even.

Since T? = 2Id, we obtain, for i,j =
0,..., ‘]—2L, ok = a:iL*2 and yQL] = ij72.

In this case we have

Dy, : L'([0,1] x [0,1]) — V*, (1)

= 1
fil?j = (Dif)i; = ‘QT| /Qk f(z,y)dydz,
i,j1 /%

(2)
where L1(]0,1] x [0,1]) is the space of abso-
lutely integrable functions in [0, 1] x [0, 1] and
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for k even

Qﬁ]:[ f LT ] [y] 17y]]

for k odd and j odd
Qf,j ={(z,y): 3/;'11 Sy < yﬁi

H—l + H_

y (y y]+1) < x < xz—&—l})
J+1 Jj—1

and finally for k£ odd and j + 1 even
QZHI = {(z,y) : yf—Q <y< y}“

ok
1
wf g <w<al+ it

THLT Ly gk o)),
yj _y_] 2

This analysis turns out to be appropriate
for data compression of discontinuous, piece-

wise smooth signals.

It is sufficient to consider weighted averages
?fj for1 <i,j < Jpforkevenand 1l <i < Jg
and 1 < j < 2J; for k odd since these contain
Thus,
V¥ is the space of sequences with J; x Jj
components for k even and Ji x 2J; for k

information on f over [0,1] x [0,1].

odd.
Moreover, for k even

rk—2 __
iy~ =

ij=1,2,..., Jy_o.

f - (f2j 1+f22])
]:1,2,...,Jk_2.

Finally, for ¢,5 =1,2,..., Jp_1,
- fzgifl,ijl + kai,Zj
fz 2j—1 — (f?i,?j—l 2 )7
and
-1 L,z Fij—1 + g
fiaj = §(f2i—1,2j 5 )-

1 - _ _ _
Z(f§i—1,2j—1+f§z‘—1,2j+f§i,2j—1+f§i,2j)

On the other hand, taking k even, since

k k
0— l(ek n €9i-12j—1+ e2z‘,2j)
2 21,275—1 92 )
k k
0= Lok €3i—1,2j—1 T €24 2;
= 5(62171,2]' + 5 )s

and
0_( 7,2] 1+612j)/2

. k k—1
we will keep €2i,2ja €3i—1,2j—1>€i2j—1 only.

A reconstruction operator for this dis-
cretization is any operator Ry satisfying

Ry : Vi — LY([0,1] x [0, 1)),

_ 1 _
(DiRif*)i; = IQ’“!/m (Rif*) (2, y)dzdy
2y @7

rk
= fij

That is, Ry f*(z,y) has to be a function in
LY([0,1] x [0,1]) whose mean value on the
(i, 4)-th cell coincides with ﬁ-’fj, Vi, j. Finally,
PF | :=DyRy_1.

A possibility to find the desired reconstruc-
tion is using the primitive function. In our
case, |QF| = \Qf3|, then we consider

i J
= 1951303 fim

=1 m=1

If we consider Ij((z,y); F*¥) an interpolatory
reconstruction of the primitive function then

reconstruction for the Orlglnal function.

3 Compression transforma-

tions using error control

Multiresolution representations lead natu-
rally to data-compression algorithms.



By applying the inverse multiresolution
transform to the compressed representation,
we obtain fL = M~1{f0 ¢! ,éL}, an ap-
proximation to the orlgmal 51gnal L. We
expect the information contents of f% to be
close to those of the original signal f¥, and in
order for this to be true, the stability of the
multiresolution scheme with respect to per-
turbations is essential.

Given a discrete sequence f¥ and a toler-
ance level e for accuracy, our task is to come
up with a compressed representation

{0, ... e
1{f07é17"°7

fEll< Ce

3)

such that if fL = M~ el}, we

have

Wi

for an appropriate norm.

As observed by Harten [11], one possible
way to accomplish this goal is to modify the
encoding procedure in such a way that the
modification allows us to keep track of the
cumulative error and truncate accordingly.

In what follows we present a quincunx cell-
average extension of the one dimensional al-
gorithms presented in [6], [11], the two dimen-
sional tensor product in [2] and the quincunx
point-values in [4].

The modified encoding procedure enables
us to specify the desired level of accuracy in
the decompressed signal. A modified encod-
ing procedure is designed keeping in mind the
particular decoding procedure to be used.

The modified algorithm for the cell-average
is similar to the point-values, changing the
details we process. In this case, for k even

(4)

et = pr(f = (B
_( k—2

e
R ) ROy

and

e = pr(ff -
—(ff =
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(P fFh).,
fik;.il% Ek’)

where pr denotes the process step (truncation

and/or quantization).

4 Stability and explicit error

bounds

We use the following norms:

17, = g
kaH1 - dzm(
|71,

where f* = {f] }
We denote for k even

el = pr(fit -
k-2
( 1,7
e = pr(ff -
k—1
_(fi,- _
and
~k ~k—1
ei,j(l) =621
~k <k
ei,j(3) = €3242j>
Ak k—1
ez,](l) = 612] 1 €
Ak k—1
ei,j(?’) = €225

Ak Ak
‘,j(Q) = €9i-12j—1>

£l
Z|f

- - fk |2
2 dim(Vk)(§;|f“J

(PE_ f572);,

z'l?j_2)7 6k—l)

(PE_ ")
filf-il)’ Ek)

k ~k
,](2) ‘= Coi— 1,25—1»
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Proposition 1 Given a discrete sequence éF(2))—2(e*(1)—e*(1))(e*(3) —éF(3)) + (e¥(2) —
fE, with the modified encoding algorithm for ek (2))(ek(3) — ek (3))).
the quincunx cell-average framework in 2-

d we obtain a multiresolution representation Tt is absolutely trivial then to prove the fol-
ML ={f0 ¢, ... e such that if we apply

lowing corollary.
the decoding algamthm we obtain fL satisfy-

mng: Corollary 1 Consider the error control mul-
. . 0 tiresolution scheme described in proposition
175 = e < 1= Fle 5 . oo
L , and a processing strategy for the scale co-
L 9 Z EEL G efficients such that for k even
k=2, k=k+2 ~k ~k
_ . . lle"(l) —e" (D], < e 1=1,2,3
IF5 =Pl < 11 = £l (7 ’
. p=o00,1, or2
3 sk
+ 3 Z l1e" = e[l (8) Then we have
k=2, k=k+2
I ) R - L
L 5 S ) =)l 1Y = e < =l +2 D e
8 k=2, k=k+2 k=2,k=k+2
FL _ FL)|2 70 70)|2 L
_ = — 9 - A A 7
I b I|.f J; |2 (9) IIfE = FEn < ||JFD_fOH1_,_1 Z €k
1 k=2,k=k+2
D S e ) o
I 1P =3 < 1P =Fl+5 >
7 _ R k=2k=k+2
+ 3 > W -l
k=2,k=k+2
L
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