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1   Introduction 
In the neutrons transport literature, many authors paid 
attention to the numerical solutions obtained by the 
methods of Ritz and Galerkin, the method of least 
squares, [1],[5],[6],[8],[11], the method of finite 
elements and Nyström method [12]. 
 In this paper we present an algorithm inspired 
by the variational form of the integral identity method, 
[5], applied to a diffusion equation. In the general 
case, this method is hard to use, but for any symmetry 
of the source function, it leads to an algorithm more 
flexible and computationally more efficient than the 
methods remind before. The numerical examples 
prove that the errors, which correspond to the 
approximate solutions, are minimum. 
  
2   Problem formulation 
In the stationary case, we consider a transport equation 
of the form 
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The boundary conditions are 
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Here ϕ is the density of neutrons, which migrate in a 
direction defined by the angle α against Ox axis and 
we denote µ = cosα. Let us consider the radioactive 
source  f as an even function with respect to  µ.  
Using the notations: 
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and substituting µ′′ = - µ′, we get 
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Then the conditions (2) become 
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and the equation (1) can be written in the form 
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Adding and subtracting the equations (5) and 
introducing the notations: 
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we obtain the following system 
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The boundary conditions become 
 
                    u + v = 0    for   x = 0, 
                               (8) 
                    u - v = 0    for   x = H. 
 
Now, we find v from the second equation of (7) and 
using the first equation, we rewrite the problem (7)-(8) 
in the following form 
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In order to get a solution of the problem (9)-(10), we 
consider two points systems on the x axis: 
- a principal system: {xk } = 1∆′ , k∈{0, 1,….,N },   
       with x0 = 0, xN = H and  h = xk+1 – xk; 

-      a secondary system,  { } ,12/1 ∆ ′′=+kx  
       { }1,....,2,1,0 −∈ Nk , which verifies the 
        inequalities: 2/12/1 +− << kkk xxx , where 
 
                    2/)( 12/1 ++ += kkk xxx                  
and 

       Hxxxx NN =<<<<= − 2/12/10 ....0 . 
 
Besides this, let { } { }Lll ,...,1,0,2 ∈=∆ µ be a 
partition of the interval 2D ′′  = [0,1] and 

,1 ll µµτ −= +  
{ }1,...,1,0 −∈ Ll . 

Further on, we consider H =1. For every value µl ∈∆2, 
the problem (9)-(10) becomes: 
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Here we assume u ∈L2 ([0, 1]), the Hilbert space with 
the scalar product defined by formula  
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Now (11)-(12) is a boundary problem for a one-
dimensional diffusion equation (11). Integrating (11) 
with respect to x on the intervals: (xk -1/2, xk +1/2), we 
obtain 
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We find Jk  - 1/2  integrating (11) on the interval (xk -1/2, 
x). We get 
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Then, dividing (15) by µ 2 and integrating on (xk – 1, xk ) 
we have 
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Finally, we get    
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In a similar manner, we obtain Jk  + 1/2 replacing k by 
k+1.  Consequently, the equality (14) becomes: 
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Now we shall denote 
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Appling the method of integration by parts we obtain   
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Analogously, if we denote 
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the equation (18) is now of the form 
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It should be observed that the integral from the left-
hand side of (18) was decomposed in the intervals: 
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where  

                            
h
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Then, using the scalar product, the equations (18) can 
be rewritten in the form 
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On the other hand, we observe that 
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Hence, the identity (18) is replaced by the relations 
(26). This allows us to consider the integral identity 
method as a variational method and the equations (26) 
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may be used for determining the approximate solutions 
using a sequence of coordinate functions. It should be 
noted that the equations (26) coincide with the 
relations obtained by Galerkin method, where Qk(x) 
are the coordinate functions. Then, the solution of the 
system (24) can be defined in the following way 
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We shall now determine the coefficients βk from the 
condition that (27) be a solution of the system (24). 
Also, the boundary conditions must be satisfied. 
Since the functions u are linear with respect to x, we 
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Thus, we arrive at the following system: 
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The formula (31) can be written as a matrix equation 
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• B is a column matrix: 
 
                 [ ]TN 121 −βββ L  
 
• Γ is a column matrix: 
 

    [ ]TN 121 −γγγ L . 
 

Here one property of approximation (27) should be 
noted. The functions Qk – 1 and Qk + 1 are orthogonal, 
since at such places where one of these is nonzero, the 
other is equal to zero. Thus, the basis introduced is 
“almost orthogonal”. This is the reason behind the 
appearance of band in the matrix A. 
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 Solving the system of equations (33) we can 
find the values of coefficients βk, i.e. we can construct 
by (27) the solution  u of (11)-(12).  
Let us now consider 
 

 xk = y0 < y1 <…< ym = xk+1  
 
for every interval (xk, xk + 1), k = 0, 1,…, N – 1. Using 
the Qk(x), we can find the values of jku ,

~ ,  
k∈{1,2,…,N-1}, j ∈{1,2,…,m}. In order to get v, we 
use jku ,

~ and the numerical derivative for equation 
(7b): 
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 According to the continuity of function u we get 
 
           { }Nkuu kmk ,...,2,1,~~

0,,1 ∈=− .                  (36) 
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3  Numerical examples 
Let us consider the stationary transport equation 
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In this case, the matrices of equation (33) are of the 
form 
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000014.84.1514.8
0000014.84.15

, 

 
Γ = [ ]T021073.017.027.017.0074.021.0 −−−−  
 
Solving (33), we obtain B, the matrix of coefficients βk  
 
      B = [ ]T052.0123.02.022.02.0123.0052.0 . 
 
In the following, each interval, [xk, xk+1]  is divided into 
subintervals [yj, yj+1], where 

,143210 +=<<<<= kk xyyyyyx { },7,...,2,1∈k   
{ }3,2,1,0,4/1 ∈=−+ jhyy jj , m = 4 and 
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{ }8,...,2,4,10, ∈= − kuu kk . Table 1 shows the values 
uk,j, which were calculated with the help of the formula 
(35) : 

       
 
 

Table 1  
    j 
k 

 
0 

 
1 

 
2 

 
3 

 
4 

0 0 0 0 0 0 
1 0 0.018 0.036 0.055 0.073 
2 0.073 0.098 0.124 0.149 0.175 
3 0.175 0.2 0.223 0.247 0.271 
4 0.271 0.281 0.291 0.3 0.311 
5 0.311 0.3 0.291 0.281 0.272 
6 0.272 0.247 0.223 0.2 0.175 
7 0.175 0.149 0.124 0.099 0.073 
8 0.073 0.055 0.037 0.018 0. 

 
 
                   Table 2 

    j 
k 

 
0 

 
1 

 
2 

 
3 

 
4 

0 0 0 0 0 0 
1 0 -0.29 -0.29 -0.29 -0.35 
2 -0.35 -0.41 -0.41 -0.41 -0.4 
3 -0.4 -0.39 -0.39 -0.39 -0.27 
4 -0.27 -0.16 -0.16 -0.16 0 
5 0 0.16 0.16 0.16 0.27 
6 0.27 0.39 0.39 0.39 0.4 
7 0.4 0.41 0.41 0.41 0.35 
8 0.35 0.29 0.29 0.29 0. 

 

Table 2 shown the values of v, calculated with the help 
of the relations (34). 
 Approximate values of the solution of equation (11), 
where g is definite by (38), were compared with these 
obtained by exact solution:  
 
           )(sin),( 22 xxue ll πµµ = .      (42) 
 
Finally, the solution ϕk,j of the boundary problem  
(38) - (40) for µl = 1/2 was computed from (37).  
Hence 
      jkjkjk vu ,,,

~~ +=ϕ        
 

{ } { }4,3,2,1,0,7,...,2,1 ∈∈ jk . 
Table 3 shows the values of  ),(~),,(~

lklk xvxu µµ  
ϕ+(xk, µl ), k∈{1,2,..,8} for different values of µ.. 
The numerical solution u of the boundary problem 
(11)-(12) has been compared with the exact solution 
ue and an estimation of the correspond 
approximations:  
 

ε = u - ue 
 

 have been given. 

   µ = 1/4 Table 3
k 1 2 3 4 5 6 7 8 
u -0.0026 0.007 0.058 0.09 0.058 0.007 -0.0024 0 
v -0.007 -0.06 -0.083 0 0.083 0.06 0.007 0 
ϕ -0.01 -0.054 -0.024 0.09 0.14 0.068 0.005 0 
ue 0.009 0.031 0.053 0.062 0.053 0.031 0.009 0 
ε -0.012 -0.024 0.005 0.027 0.005 -0.024 -0.012 0 

    
                           µ = 1/2     Table 4  

k 1 2 3 4 5 6 7 8 
u 0.073 0.175 0.271 0.311 0.272 0.175 0.073 0 
v -0.35 -0.4 -0.27 0. 0.27 0.4 0.35 0 
ϕ -0.276 -0.222 -0.001 0.31 0.543 0.57 0.423 0 
ue 0.037 0.125 0.213 0.25 0.214 0.125 0.037 0 
ε 0.036 0.05 0.058 0.061 0.058 0.05 0.036 0 

 
      µ = 3/4 Table 5

k 1 2 3 4 5 6 7 8 

u 0.117 0.317 0.515 0.6 0.516 0.317 0.118 0 
v 0.95 -1.19 -0.845 -0.002 0.843 1.195 0.95 0 
ϕ -0.83 -0.878 -0.33 0.6 1.36 1.512 1.07 0 
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ue 0.082 0.28 0.48 0.56 0.48 0.28 0.083 0 
ε 0.035 0.035 0.036 0.036 0.035 0.035 0.035 0 

 
 

 µ = 1 Table 6
k 1 2 3 4 5 6 7 8 
u 0.205 0.56 0.91 1.06 0.912 0.56 0.206 0 
v -2.23 -2.82 -2 -0.004 2 2.82 2.24 0 
ϕ -2.026 -2.265 1.088 1.054 2.906 3.38 2.44 0 
ue 0.146 0.5 0.853 1 0.854 0.5 0.147 0 
ε 0.059 0.058 0.058 0.058 0.058 0.058 0.058 0 

  
4  Conclusions 
Analyzing the results of numerical examples, we  
find that the difference 
 

   hhuue µ206.0~ ≅≤−  
 
Let it be considered an interpolation polynomial of 
solution u(x, µl): 
 

        ∑
−

=
=

1

1
)(),(),(

N

k
klkl hxQxuxU µµ             (43) 

hence 
 

  U(xk,µl) = u(xk,µl), k∈{0,1,…,N}.                  (44) 
 
Further on, we noted for a fixed value µl :  
U(x) = U(x,µl) and u(x) = u(x,µl).  
To obtain an estimate of the error occurring as a 
result of replacing the function u(x) by U(x), we 
have computed for every x ∈[xk -1, xk], the 
difference:  
 

ξξ
ξ

d
d

udtdtd
h

tdt
dt
dut

dt
dutd

h

tdt
dt
du

h
tdtdt

dt
du

tdttUtu
dt
dxUxu
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x
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2

2

11

11

111

1

∫∫∫

∫∫

∫∫∫

∫

′

′′−−

−−

−−−

−

′′′=

=′⎥⎦
⎤

⎢⎣
⎡ ′′−′′′≤

=′′′′
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−′′=
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 (45) 

 
This leads to the inequality 
 

[ ]kk

x

x
xxxd

d
ud

h
hxUxu

k

k

,,)()( 12

22

1
−∈∀≤− ∫

−

ξ
ξ

 

hence 

=≤−
−−

h
d

udhxUxu
kkkk xxxx 2

2

],[],[ 11
max)()(max

ξ
 

          

],[1
2

],[
2

2
2

1
1

kk
kk

xxL
xxL

fhM
d

udh
−∞

−∞

≤=
ξ

. 

 

If   ,1 when ,]1,0[2

2
=∈ ∞ HL

dx
ud we also get 

 

        ≤≤−
∞ ]1,0[

2

2
2

]1,0[
L

C dx
udMhUu  

        ]1,0[1
2

∞
≤ LfMh . 

 
Thus, we have obtained that the approximation of u 
is of the order 2h . 
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