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.ukAbstra
t: - Dire
t numeri
al simulations at a range of Reynolds numbers are performed to investigateme
hanism of vortex breakdown in swirling jets. Both axisymmetri
 and fully three-dimensional simlationsare 
ondu
ted using high-order numeri
al methods in 
ylindri
al 
oordinates. Our results 
learly indi
atevortex breakdown as a wave phenomenon. Our analyses show how the bifur
ation diagram found at highReynolds numbers 
orrelate with the �ow �eld 
omputed and how the behaviour 
hanges at low Reynoldsnumbers.Key-Words:- Swirling �ows, vortex breakdown, bifur
ation diagram1 Introdu
tionA 
ommonly a

epted de�nition of vortex break-down is the abrupt and drasti
 
hange of stru
-ture whi
h may o

ur in the vortex 
ore of aswirling �ow, when the swirl ratio ex
eeds a thresh-old value. In one of the �rst experimental works onthe topi
, Harvey [3℄ des
ribes the phenomenon asthe formation of a well 
on�ned region of reversed�ow with a shape of a body of revolution lo
atedon the axis, imposing the approa
hing �ow to movearound it.Several te
hni
al appli
ations employ swirl, butthe main reason of interest in vortex breakdownarises be
ause of its foundamental me
hanism,whi
h seems to be similar to other �uid dynami
phenomena like sho
k waves and the hydrauli
jump. In a swirling �ow, even if the stability of thebasi
 �ow is guaranteed, the restoring e�e
t of theCoriolis for
e generates longitudinal inertial waves,the so 
alled Kelvin waves [11℄. In the absen
e ofaxial velo
ity, these waves 
an propagate upstreammarginally, with the velo
ity be
oming higher asthe swirl is in
reased. When the axial velo
ity isnot zero, but bigger than the speed of waves prop-agating upstream, any perturbation is 
onve
teddownstream by the main �ow. For a �xed axial ve-lo
ity, there exists a 
riti
al level of swirl for whi
han in�nitesimal axisymmetri
 standing wave 
anbe sustained from the base �ow [1℄. Below the 
riti-
al level the �ow is super
riti
al and waves 
an onlypropagate downstream; upstream propagation ofenergy be
omes possible above the 
riti
al level,when the �ow is said to be sub
riti
al.

The 
riti
al state is de�ned for a swirling �owwhi
h is assumed to be 
olumnar, extending to in-�nity both upstream and downstream. In real sit-uations the �ow is never uniform, but, due to ge-ometri
al 
ontraints and vis
ous di�usion, it has
onditions slowly evolving whi
h may lead an ini-tial super
riti
al �ow towards 
riti
ality. Whereasif a 
riti
al 
ondition is rea
hed, perturbationsspreading from the subsequent sub
riti
al regionwill a

umulate and amplify to large value result-ing in a possible breakdown. Leibovi
h [6℄, usinga weakly non-linear analysis derives the evolutionof waves of �nite amplitude in a vortex 
ore. Thewave amplitude is governed by a Korteweg-de Vriesequation, whose solutions are the well known soli-tons, waves of permanent form arising from thenon-linear intera
tion of dispersive waves. The re-sulting �nite wave presents a dependen
e of thevelo
ity on the amplitude: as it grows it be
omesfaster and therefore 
an penetrate the super
riti-
al region, una

essible for small perturbations. Inthis s
enario, a steady 
on�guration be
omes pos-sible only if a me
hanism extra
ting energy fromthe big wave arises. Experimental works [12℄ haverevealed a very weak sensitivity to vis
osity forhigh Reynolds numbers. Leibovi
h and Kribus [7℄suggest non-axisymmetri
 feautures, rather thanvis
osity, as the most dissipative e�e
t helping tostabilize the wave.This me
hanism would provide some insightsinto the histereti
al behaviour that unsteady ax-isymmetri
 simulations reveal for large Reynoldsnumbers (Re�300) [4℄,[8℄: some quantities, like theminimum axial velo
ity, when represented as fun
-1
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tion of the swirl level, show multiple steady solu-tions. Figure (1) illustrates a s
hemati
 representa-tion of the minimum axial velo
ity W obtained fordi�erent values of the swirl. Here we remark thatW� 0 indi
ates breakdown. Starting from a 
on-dition with low swirl the solution moves along thebran
h (I), 
orresponding to a quasi-
olumnar 
on-�guration until the �rst folding point S1 is rea
hed.For S>S1 solution evolves towards bran
h (II) anda stagnation point appears. At this stage, a su

es-sive redu
tion of swirl below the 
riti
al value S1 isunable to restore the initial quasi-
olumnar 
on�g-uration until a se
ond folding point S2 is rea
hed.This behaviour is 
onne
ted to bifur
ating solu-tions of the steady Navier-Stokes equations. Wangand Rusak [14℄ apply a global variational approa
hto the invis
id Rankine vortex in a pipe, and derivea bifur
ation diagram whi
h resembles the vis
ousresults found by numeri
al 
omputations. In par-ti
ular they prove the existen
e of the two limitpoints S1 and S2 su
h that for S1<S<S2 three solu-tions exist: solutions on bran
h (I) representing a
olumnar �ow; solutions on bran
h (II) represent-ing a well lo
alized region of separated �ow; thereexists a third bran
h (III), 
onne
ting the two fold-ing points, whi
h des
ribes waves developing in themain �ow. This bran
h is unstable and 
annot beobtained as steady solution of a time mar
hing 
al-
ulation, but 
ould be found using a steady state
ase in 
ombination with 
ontinuation te
hniques[2℄.The numeri
al 
omputations of Beran [2℄, Lopez[8℄ and Herrada et al. [4℄ are seen as a vis
ous 
or-re
tion of the these results. S1 is the 
riti
al pointfor in�nitesimal disturban
e, while S2 is believedto be a 
riti
al state for �nite amplitude waves[14℄. When the Reynolds number is high enough,the �ow be
omes lo
ally 
riti
al, non-linear wavesintera
t and propagate upstream; in the invis
idlimit the only me
hanism whi
h may trap the largewave is due to the boundary 
onditions �xed at theinlet. For moderate Reynolds numbers the dissipa-tive e�e
t of vis
osity is no longer negligible, andthe large wave 
an 
ome to rest before approa
hingthe inlet. The 
orresponding bifur
ation diagramis modi�ed and the third bran
h be
omes shorterup to disappear.In this work, we have 
arried out a fairlyextensive numeri
al investigation of 
ompressibleswirling �ows in open domains. The main obje
tof the study was to determine numeri
ally the bi-fur
ation diagram and see how it 
orrelates withthe �ow �eld 
omputed. We have analyzed therelation between the existen
e of bran
h (II) andthe ex
ursion of the vortex bubble. Furthermore,
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Figure 1: Typi
al bifur
ation diagrama fully three-dimensional 
ase is presented to high-light how non-axisymmetri
 features 
an develop.2 Problem formulationIn the present investigation we study the evolutionof a vortex whose non-dimensional 
omponents in
ylindri
al 
oordinates (r; �; z) areV� = � Sr(2� r2) 0 � r � 1S=r r � 1Vz = 1 (1)Vr = 0where the vortex 
ore radius L and the uniformaxial velo
ity Vz have been used as referen
e di-mensional quantities. The swirl number S is theratio between the azimuthal velo
ity at the vortexradius and the axial velo
ity. These velo
ity pro-�les have been re
ently investigated by Ruith etal. [10℄ for in
ompressible �ows. The thermody-nami
 initial 
onditions are the following: densityis assumed 
onstant in all the domain and pressureis �xed to satisfy the radial momentum equation.The referen
e density is the 
onstant free-streamdensity, the referen
e pressure is twi
e the dynami
pressure at the in�ow and the referen
e tempera-ture is the temperature on the axis at the in�ow,thus we obtain: � = 1T = 
M21p (2)�p�r = V 2�rwhere M1 is the Ma
h number on the axis at theinlet. The 
omputational domain has the dimen-sions R=8 and Z=16. To re�e
t the physi
al situ-ation of a jet in an open domain, density and ve-lo
ity are kept 
onstant at the in�ow boundary a
-
ording to (1) and (2); non-re�e
tive 
onditions are2
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Figure 2: Re=400 
ase. (a): Evolution of istantaneous streamlines at S = 0:9. (b): Streamlines for steady solutionsfound on bran
h (II).applied at the open sides and, in the axisymmetri

al
ulations, a symmetri
 boundary is imposed onthe axis.3 Numeri
al methodA �nite di�eren
e method has been used to solvethe unsteady, 
ompressible Navier-Stokes equa-tions in 
ylindri
al 
oordinates. The spatial dis-
retization is performed using the sixth order Lele's
ompa
t s
heme [5℄ for the axial and radial dire
-tion, while, in the three-dimensional 
al
ulations,derivatives in the periodi
al dire
tion are obtainedwith a spe
tral method employing a FFT algo-rithm. In order to obtain a better representationof the higher wave numbers and to improve thenumeri
al stability, all the vis
ous terms requir-ing evaluation of su

essive derivatives, for exam-ple the terms ��r ���Vr�r �have been expanded and evaluated like:���r �Vr�r + ��2Vr�r2Equations are expli
itly integrated in time by a

Re nz nr n�200 201 161 64400 251 161 -1000 351 251 -Table 1: Grid resolution for di�erent Reynolds numbersfourth order low-storage Runge-Kutta method [15℄.Boundary 
onditions are treated with the NSCBCformulation of Poinsot and Lele [9℄ with vis
ous
orre
tions. We didn't use any stret
hing of thegrid in order to preserve the overall high a

ura
yof the s
heme. For the three-dimensional simu-lations, the grid is staggered to avoid the singu-larity on the axis and in order to alleviate theCFL time step restri
tion, azimuthal normal modestaken for the spe
tral derivatives are dropped whenapproa
hing the axis. Table 1 reports the grid reso-lution requirements at di�erent Reynolds numbersto obtain a reasonable good grid 
onvergen
e.4 Results and dis
ussionWe dis
uss results from three di�erent Reynoldsnumbers, namely Re=200, 400 and 1000. The Ma
hnumber is M1 = 0:5. For ea
h 
ase treated, bran
h3
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Figure 3: Re=1000 
ase. (a): Evolution of istantaneous streamlines at S = 1. (b): Streamlines for steady solutions foundon bran
h (II).
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Figure 4: Computed bifur
ation diagram at Re=1000(squares), Re=400 (triangles) and Re=200 (
ir
les)(I) of the bifur
ation diagram is obtained by in-
reasing the swirl number until a stagnation pointappears. Bran
h (II) is then derived assuming thesteady state solution at S=S1 as initial 
onditionfor a new run with a slightly smaller value of S. Thepro
ess is then iterated until the quasi-
olumnar
on�guration is established again. The 
omputedbifur
ation diagram is presented in �gure 4. ForRe=400 the quasi-
olumnar 
on�guration is lost atS=0.9. When this level of swirl is rea
hed, the �owevolves as shown in �gure 2-a. Here the istanta-neous streamlines on a meridian plane are plot-

ted at di�erent times. The in�ow is on the leftside. The perturbation arises 
lose to the out�owboundary, then it moves upstream growing in am-plitude and leading to a region of separeted �owat approximately Time=300. A �nal quasi-steady
on�guration is rea
hed at Time=500 with the vor-tex bubble lo
ated in proximity of the inlet wherethe velo
ity is kept �xed and no wave motion ispossible. A similar pro
ess develops for Re=1000(�g. 3-a) . Here, as the �rst wave moves upstream,an other wave takes pla
e in the wake of it andthe �nal quasi-steady state presents a wave trainsuperimposed to the main �ow. In this 
ase theamount of swirl ne
essary to breakdown the vor-tex is mu
h higher. This is 
onsistent with the roleplayed by vis
ous di�usion, whi
h is the driving el-ement leading the initial super
riti
al �ow towardsa lo
al 
riti
ality. For the same reason, not only inthe two mentioned 
ases, but in all the simulations
arried on at moderate high Reynold numbers, wehave found that the perturbation leading to break-down always begins to develop 
lose to the outletboundary.This feauture 
eases to exist at low Reynoldsnumbers (Re � 200) for whi
h the whole pro
essapparently seems to lose the 
onnotations of wavephenomenon (see �g. 5); the perturbation buildsup far from the outlet boundary and no upstream4
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Figure 5: Re=200 
ase. Streamlines for steady solutions.The bubble is trapped where it develops.
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Figure 6: Time evolution of V� at � =0, r=0.1, z=8(solid line) and of maximum value of the fun
tion V�(r) atr=0.1, z=8 (dash line)migration exists.Now we investigate the �ow behaviour when theswirl number is sequentially de
reased below the
riti
al value. For the Re=400 
ase, (see �g. 2-b) the bubble be
omes smaller and moves slightlyupstream at S=0.88. The region of reversed �owdisappears at S=0.87, however a well pronoun
edswelling of the streamlines is still present, indi
at-ing that although there's no breakdown, a wave of�nite amplitude is still lo
alized. The wave be-
omes weaker as the swirl is de
reased and un-dergoes a small shift of its axial position beforedisappearing. The Re=1000 
ase (�g. 4-b) ismore interesting be
ause it 
learly shows the wave
onve
ted downstrem from the main �ow. Whenthe se
ond folding point S2=0.82 is rea
hed, a lightswelling is lo
ated exa
tly at the outlet, thus there-establishment of the 
olumnar 
on�guration isasso
iated to the expulsion of the wave from the
omputational domain. We believe this 
ase to be
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Figure 7: Iso-surfa
e of azimuthal vorti
ity 
omponent.Re=200, S=1.095quite well representative of the invis
id limit ana-lyzed theoreti
ally by Wang and Rusak [14℄. Whenthe swirl is de
reased below the 
riti
al value S1 themain �ow redu
es its 
apibility to sustain wavesand the vortex bubble is pushed away weakened.In a pro
ess where the dissipative e�e
ts of vis-
osity are negligible one expe
ts the wave result-ing from the downstream migration to be lo
atedwhere it was initially originited when the �rst pointS1 had been rea
hed. Vis
osity renders the pro
essunreversible: for intermediate Reynolds numbersthe bubble 
an rea
h the inlet at S=S1 but notthe outlet at S=S2 while at low Reynolds numbersthe vis
ous di�usion 
an be so high to trap thewave where it's formed. The existen
e of multiplesteady solutions seems therefore asso
iated to thedownstream ex
ursion of breakdown, and di�erentsolutions on bran
h (II) represent a standing wavepositioned at di�erent axial positions.The �ow behind the vortex bubble presents awake-like behaviour whi
h is expe
ted to undergoheli
al vortex shedding arising from linear insta-bility. Previous works of Tromp and Beran [13℄,Ruith et al. [10℄ show that the me
hanism leadingto breakdown is essentially axisymmetri
, howevervortex breakdown found in experimental works [12℄generally presents non axisymmetri
 forms, theso 
alled spiral and double spiral forms. In ourwork we have used axisymmetri
 steady solutionsobtained at Re=200 as initial 
onditions for fullythree-dimensional simulations. A random pertur-bation in the azimuthal 
omponent of velo
ity hasbeen introdu
ed at the in�ow for the only �rst iter-ation. Figure 6 illustrates the temporal evolutionof azimuthal velo
ity 
omponent at the lo
ation �=0, r=0.1, z=8 for the S=1.095 
ase. The signalexhibits a trend of the forme�t
os(!t�m�)5
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where the sele
ted mode m is found to be 1 fromthe spe
tral analysis of the fun
tion V� = V�(�) atTime=130. On the same �gure is also plotted themaximum azimuthal 
omponent for 0 � � � 2�at the same axial and radial station. This 
urve
oin
ides with the envelope of the V�(t) signal, in-di
ating that as the instability takes pla
e, thegrowing perturbation travels in the azimuthal di-re
tion with a period of approximately T=6. Theiso-surfa
e of the azimuthal vorti
ity 
omponent
on�rms the wave number sele
tion ofm=1 (�g. 7).We have found the �ow stable at Re=100 while thelinear growth rate found at Re=200 , with S=0.95and S=1.095 agrees well with the in
ompressible re-sults of Ruith [10℄, suggesting a small dependen
eon 
ompressibility. In parti
ular the 
ase Re=200S=1.095 is expe
ted to be a limit point above whi
hhigher modes 
an be sele
ted and the double-helixstru
ture of breakdown 
an develop. This point isunder investigation.5 Con
lusionsAs reported in [7℄, the main elements under-lying vortex breakdown phenomenon are: (a)large-amplitude axisymmetri
 waves, (b) three-dimensional instabilities of small amplitude. Boththe elements are revealed in our numeri
al 
om-putations. In parti
ular, we have tried to empha-size how the histereti
al behaviour found at highReynold numbers 
an be explained in terms of thevortex bubble motion.In summary, our results support the idea thatmultiple steady solutions exist when the vortexbubble is so "strong" to be able to migrate up-stream when the level of swirl is redu
ed under the
riti
al point S1. In this 
ase, solutions on bran
h(II) of the bifur
ation diagram represent standingwaves lo
alized at di�erent axial positions. The
riti
al point S2 represents always a small wave. Itwill be lo
ated in proximity of the outlet bound-ary if the Reynolds number is high enough, whileits axial position moves away from it as the dis-sipative e�e
t of vis
osity in
reases. The highestReynolds number in 
orresponden
e of whi
h thevortex bubble is unable to move downstream repre-sents the limit point when the bifur
ation diagramloses bran
h (II) and multiple solutions disappear.Referen
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