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Abstract: - The temporal behavior of buoyancy-driven convection in an initially quiescent, horizontal fluid layer
cooled from above with a fixed surface temperature is investigated theoretically. In the present system, the
conduction temperature profile develops with time and it becomes an important question to predict the onset time
of thermal convection. Here the Boussinesg equation is solved numerically by using the finite volume method. The
temporal growth rates of the mean temperature and its fluctuations are examined. In the present study, based on the
numerical results, the characteristic times to represent the temporal behavior of thermal convection areillustrated.
They are compared and discussed in comparison with existing experimental data. The new concept to decide the

onset conditions of intrinsic instability is suggested here.
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1 Introduction

When a horizontal fluid layer is heated from below or
cooled from above, natural convection can set in due
to buoyancy forces. In rapidly cooled or heated
systems, nonlinear temperature profiles develop with
time and the prediction of the critical time to mark the
onset of convective instability becomes an important
guestion. The related instability problem has been
anayzed by using the frozen-time modd [1],
propagation theory [2], amplification theory [3],
stochastic model [4], and maximum-Rayleigh number
criterion [5]. But this problem still remains unresolved
because of its inherent complexity. The first two
models based on linear theory yield the characteristic
times to represent the onset of a fastest growing
instability. The last three models deal with the onset of
manifest convection, which isusually described as the
deviation of the base temperature field from its
conduction solution. But it is known that the
convective motion is detected before the manifestation
of thermal convection. Thethird and fourth modelsare
dependent upon the initial conditions at time t=0 and
require the measure to ensure initiated manifest
convection.

For the specific case of the system cooled from
above, Spangenberg and Rowland [6] and Foster [7]
conducted the related experiments with the
evaporative cooling method. Foster [3], Kaviany [8],
Tan and Thorpe [5], and Choi et a. [9] analyzed the

related stability problems. The boundary conditionsin
their studies are constant-heat-flux or time-dependent
temperature. Plevan and Quinn [10], Blair and Quinn
[11], and Tan and Thorpe [12] adopted the gas
absorption systems. When a horizontal liquid layer
experiences sudden density change by gas absorption
into a liquid, buoyancy- driven convection can set in.
The initiated motion is similar to convection in the
system cooled isothermally from above. They
observed the onset of convection with schlieren
photography. In this case the upper boundary usually
has the free-surface condition.

In the present study, the onset of convective
instability in a horizontal fluid layer subjected to
isothermal cooling from above is analyzed. In this
time-dependent system it is important to predict the
characteristic times to represent the transient behavior
of convectiveinstability. Here the critical timeto mark
the onset of convectiveinstability, t., isfirst suggested.
For t>t;, instability can grow until the manifest
convection is observed at t=tp. At t=t, the minimum
Nusselt number is exhibited in the plot of the Nusselt
number versus time. The previous models do not
illustrate the difference among the above characteristic
times. Accordingly, we will employ the finite volume
method (FVM) to examine the transient behavior of
convective instability and the resulting characteristic
times will be discussed in comparison with available
experimental data.



2 Governing Equation

The system considered here is a horizontal fluid layer
of thickness H, as shown in Fig. 1. For t > O, the fluid
layer with an initia temperature T; is cooled from above
with alower temperature T, a the vertical distance Z=0.
The bottom temperature is kept congtant a T=T;. For a
high AT (=Ti—T,), the nonlinear developing temperature
profiles are formed and the buoyancy-driven convection
setsin at a certain time. The governing equations of the
flow and temperature fields can be expressed in
dimensionless form with the Boussi nesqg approximation:

V-u=0 Q)
(6/07 +u-V)u=-Vp+Prv?u+PrRadk 2
(6/07 +u-V)p=V?0 €)

with the boundary conditions,

ou/dz=ov/oz=w=0°w/ez? =0, f=1 a z=0 (4ab)
u=v=w=o0w/oz=0,0=0a z=1 (5a, b)

where 0 (=(T-T)/(T,=T), p (FPH(pc?), 7 (=at/H?),
and u (=iu+jv+kw) denote the dimensionless forms of
the temperature T, the pressure P, the time t, and the
velocity vector U (=(au/H)), respectively. Here o, 5, ¢
and p, respectively, represent the thermal diffusivity,
the thermal expansion coefficient, the gravitational
acceleration constant, and the fluid density at T=T..
The Cartesian coordinates (x, Y, z) have the scale of H,
k isthe vertical unit vector, and (i, j) are the horizontal
ones. The important parameters describing the present
system, the Prandtl number Pr and the Rayleigh
number Ra, are defined as

Pr = i , Ra= W (6)
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H
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Fig. 1. Schematic diagram of the system considered
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where v is the kinematic viscosity. It is well-known
that in the present system natural convection exists for
Ra>1101.

3 Onset of Convective I nstability

3.1 Temporal growth rate

The velocity and temperature fields can be divided
into the mean quantities and their fluctuations as
follows:

u=(u)+u’ (7)
0=(0)+6" ®)

where (-) and ' represent the horizontal mean and their
fluctuations, respectively. The mean quantity is a
function of rand z, and it is known that (u)=0 for the
flow in form of regular even cells.

In the present system, thermal convection sets in
due to the buoyancy force and its magnitude Fg is
represented by

Fe = p9A[T -Ti| (9)

which is produced by temperature variations. The
buoyancy forces based on the mean temperature and
its fluctuations can be written as (Fgp, Fg1) = ((8),
60")p9 AT, where Fg =Fg o+ Fg 1. In order to examine
the temporal behavior of thermal instability the
following temporal growth rates are defined:

1 d(9)
- = rms 10
g, o o
1 dé!
—_— T 7ms 11
= g (11)

rms

where ror and ry1 are, respectively, the temporal
growth rates of the mean temperature and the
temperature fluctuations. The subscript ‘rms’ refersto
the root-mean-square quantity, i.e., (Jms =
[Iv()?dV/V]¥?, where V represents the volume of the
system considered. Also, we define the temporal
growth rate of velocity fluctuations as follows:

1 du;
ro = rms (_’]_2)
Woou o dr

rms



where u’_ = [Jy Ju'Fdv/V] Y2,
3.2 Temporal behavior of thermal instability
In the present time-dependent problem the sel ection of
the initial conditions is very important. According to
experimental observations fluctuations are assumed to
show periodic patterns as follows:

[0, u']= [A(2)6.(2), B(r)u. (z)|expliay)
for 0<7 <7, (13)

where i is the imaginary unit and a (= (a? +a2)"'?) is
the dimensionless wavenumber and. Here A and B are
the magnitudes of fluctuations and 7. denotes the

critical time to mark the onset of convective instability.

The functions 6 and u- represent the normalized
temperature and velocity fluctuations, respectively.
For ahorizontaly infinite layer, only y may be used as
the horizonta distance. The initial conditions at 7=0
for the two-dimensional fluctuations are constructed
as 0=A(0)&(z)cos(ay), v'=—B(0)((ow-(z)/oz)/a)sin(ay)
and w'=B(0)w-(z)cos(ay), where A(0) and B(0) arethe
initial magnitudes. Here it is assumed that 6(z) and
u«(z) would not change for O < 7 < . Therefore, the
unique disturbance patterns are decided with the
converged disturbance profiles by iterating the
caculationfor0< r< z.

The critical condition of instrinsic instability is
suggested here:
withr,, >0 a r=1, (14)

it =Tor v =
This means that the convective motion of a=a; to
satisfy Eq. (13) setsin at the earliest time .. For 7 <z,
fluctuations are so small in comparison with the
conduction temperature field and they may be called
noises. For = >z, buoyancy-driven instabilities can
grow with time until they are detected at acertain time.
Therefore, the system is assumed stable with ryr<rgt
but unstable with ry > rgx.

In the present study the Nusselt number Nu with the
characteristic length of H is defined as follows:

Nu = (-06/e2), ,dS /s (15)

where S is the surface area of the top plate. With
thermal convection, Nu deviates from its conduction
solution and has the minimum at z=7,. The undershoot
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time 7, is frequently used as the characteristic time to
ensure the manifestation of thermal convection.

4 Numerical Method

The governing equations and the boundary conditions
(D-(5) were solved numerically by using the FVM
introduced by Patankar [13]. Here two-dimensional
motion with horizontal periodicity was considered and
one convection cell with the proper side-boundary
conditions was chosen to describe the horizontally
infinite layer. The SIMPLE algorithm was applied to
solve the pressure equation and the hybrid scheme was
used to formulate the discretization equations. In order
to solve the present time-dependent problem the
implicit method was adopted and the first-order time
increment was used. The number of meshes was
42x60 and finer meshes were used near the top and
bottom boundaries to guarantee the physical validity.
Also, to ensure the numerical stability the time step of
Ar=10" was used. In the present problem, the
convergence was assumed when the changes of
velocities and temperature were smaller than 10° at
each time step.

With the proper magnitude of the initia
temperature and velocity fields, A(0) and B(0), the
present system was simulated numerically for a given
Ra and Pr. The proper A(0)-value was found to be 10°®
in comparsion with available experimental data. In the
present study, the numerical simulation was conducted
for Pr—oo and the z- and z,-values were obtained.

5 Resultsand Discussion
The results of the numerical simulation by the FVM
with Pr—oo are reported here. Based on Egs. (10)-(12),
the stahility criteria to satisfy the condition (14) are
assumed to represent a fastest growing instability.
With Ra=10%and A(0)=10"3, the temporal behaviors
of fluctuations are shown in Fig. 2. This A(0)-value
was used by Choi et al. [14] and Chung et al. [15] for
the case of an isothermal heating, which agrees well
with the experimental data of high Rayleigh numbers
in the transient Rayleigh-Bénard convection. For
small 7, Wms and 8ms retain almost the same
magnitudes as their initial ones. But for 2x 10*< 7<2
x 10 they experience asudden increase. The temporal
growth rates given by Egs. (10)-(12) areillustrated in
Fig. 3. Theinstability criterion (14) yields 7.=2.0x10"
and a.=12 for Ra=10°. The maximum values of riT
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Fig. 2. Temporal behavior of fluctuations

and ryy appear at =z, 1 and =z, respectively. Here
the ry - and ryy-paths are the unique ones. The
ryt-path is almost independent of the initial velocity
condition for Pr—o. In the present problem of
buoyancy-driven convection, convective instability
occurs due to temperature variations. Therefore, rit
seems to play acritical role rather thanryy.

As shown in Fig. 4, the z-value is independent of
the A(0)-value for 10%<A(0)<10°® but the 7,7~ and
Tmy-values are dependent upon it. Therefore, it is
stated that the present z-value is the invariant and it
represents the onset time of intrinsic instability. The
developing behavior of the Nusselt number with time
is illustrated in Fig. 5. The present numerica
simulation yields the undershoot time 7,=1.8x10°
with A(0)=10° in the plot of Nu versus z. The
undershoot time represents the characteristic time for
the manifestation of convection. The z-value is aso
dependent upon the A(0)-value, as shown in Fig. 5.
Also, it is known that 7=z 1=mmy. The incipient
instability at 7=z, will grow with increasing r and the
convective motion will be detected at =7z5. The
detection time of motion is prior to the undershoot
time of the Nusselt number. The detection time of
convective motion may be closely connected with ryy
and the earliest-detection time zp would be located
between 7, and ;. Here the relation of 7. < 7p <7y
(=) issuggested.

Plevan and Quinn [10] and Tan and Thorpe [12]
observed the onset of buoyancy-driven convection in
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g

Fig. 3. Temporal growth rates for Ra=10°

the gas absortion system. For systems of gas absortion
into aqueous carboxy methyl celulose (CMC)
solutions, the onset time of convection was reported.
Their experimental data of CMC solutions agree well
with the present 7,-values with A(0)=107 for Pr—oo,
as shown in Fig. 6. Therefore, it is stated that the
present simulation represents the actual system well.
Here it is known that 7,=97. The growth period is
required from the onset of intrinsic instability to the
manifestation of convection. In connection with the
growth period Foster [16] suggested the amplification
factor to ensure manifest convection. He commented
that the onset time of manifest convection would be
four timeslarger than the onset time of instability. Tan
and Thorpe [12] suggested the onset time of
convection as 7,=37.0Ra??, where 7, is their critical
time. Thisis shown in Fig. 6. Their predicted critical
times are higher than experimental values. They [17]
suggested the same relation when the rigid bottom
surface is heated isothermally. It is not reasonabl e that
the cases of cooling the free surface and heating the
rigid surface yield the same critical times.

Blair and Quinn [11] conducted the experiment for
gas aborption systems using water instead of CMC
solutions. They showed that a upper free surface
behavesasif itisflexible and laterally rigid because of
the presence of minute traces of surface-active
contaminants. Their experimental data are compared
with the present numerical results in Fig. 7 and it is
known that they deviate much from the numerical
7,-values. We obtained the numerical results for the
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Fig. 4. Dependence of growth rates on the A(0)-value

rigid upper boundary considering their rigid-boundary
characteristics by replacing the boundary conditions
(44) with (5a). The onset time of convection for the
fluid layer between two rigid boundaries cooled from
above represents their experimental data to a certain
degree. But this peculiar phenomenon for the gas
absorption into wate require a futher justification.

6 Conclusion

For Pr—oo, the critical time to mark the onset of
convective instability in the horizontal fluid layer
cooled isothermally from above has been investigated
by using the FVM. In the present study the
characteristic times, . and 7, have been predicted.
We suggest that a fastest growing instability setsin at
=1, With ry 1 = ro1. Since z isthe invariant, which is
independent of the initial magnitude of temperature
fluctuations A(Q) in the numerical simulation, itishere
called the onset time of intrinsic instability.

With the assumed A(0)-val ue the undershoot time
was obtained in comparison with the existing
experimental data. The proper A(0)-value is found to
be 10 in the present system. The manifest convection
is surely observed at =7, Since convective motion
can be detected earlier at =7 (<7,), we suggest the
relation of 7. < < 7,

The present numerical simulation follows the actual
phenomena reasonably well for 7. < 7 < and aso
clarifies the meaning of the characteristic times z,
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