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1 Introduction
In a three-dimensional exterior domainΩ in R3, the
classical Oseen problem [9] describes the velocity vec-
toru and the associated pressurep by a linearized ver-
sion of the incompressible Navier-Stokes equations as
a perturbation ofv∞ the velocity at infinity;v∞ is
generally assumed to be constant in a fixed direction,
say the first axis,v∞ = |v∞| e1. In the next we de-
note|v∞| by k, and we will write the Oseen operator
k ∂1v. On the other hand it is known that for vari-
ous flows past a rotating obstacle, the Oseen operator
appears in the form(a · ∇)v with some concrete non-
constant coefficient functions, e.g.a = ω × x, where
ω is an angular velocity. So, we investigate the fol-
lowing problem, so-called stationary rotating Oseen
model,

−ν∆u + k∂1u + (ω × x) · ∇u (1)

−ω × u +∇p = f in Ω

div u = 0 in Ω (2)

u = 0 on ∂Ω (3)

u → 0 as |x| → ∞ (4)

where ν and k are some positive constants,ω =
(λ, 0, 0) is a constant vector. The vector func-
tion u = u (x) describes an infinite incompressible

fluid which is at rest at infinity, and the forcing term
f = f(x) is given.

Let us begin with some comment and relevant pro-
cess of analysis of the problem (1)– (4). The govern-
ing fluid motion is essentially linear, but we are con-
cerned with an exterior domainΩ, and the convective
operators,k ∂1 and(ω × x) · ∇, cannot be treated as
perturbations of lower order of the Laplacian, this is
well known.

A common approach to study the asymptotic prop-
erties of the solutions to the Dirichlet problem of the
classical steady Oseen flow is to use convolutions with
Oseen fundamental tensor and its first and second
gradients for the velocity (or with the fundamental
solution of Laplace equation for the pressure):Lq

estimates in anisotropically weighted Sobolev spaces
can be derived, see [6]. The fundamental solution to
rotating Oseen problem in the time dependent case is
known, see [10], but, unfortunately, the respective sta-
tionary kernel is not seem to be of Calderon-Zygmund
type. The Littlewood-Paley theory offer another ap-
proach for anLq-analysis: Thus,Lq estimates in non-
weighted spaces were derived for the rotating Stokes
problem by T. Hishida [4], and for the rotating Os-
een problem inR3 by R. Farwig [2]. Looking for
estimates in anisotropically weighted spaces, this ap-
proach generates increased technical difficulties. So,
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let us prefer a variational approach.
The same variational viewpoint has been already

applied in [7] by S. Kracmar and P. Penel to solve the
following generic scalar model of equation (1) with a
given non-constant vector functiona,

−ν ∆u + k ∂1u + a · ∇u = f in Ω (5)

together with boundary conditionsu = 0 on∂Ω and
u → 0 as |x| → ∞.

Introducing the chosen weight functions, to reflect
the decay properties near the infinity, yields

w(x) = ηα
β (x) = ηα

β (x; δ, ε) = (1 + δr)α (1 + εs)β ,

for x = [x1, x2, x3] ∈ R3, ε, δ > 0, α, β ∈ R,

r = |x| = (x2
1 + x2

2 + x2
3)

1/2, s = s (x) = r − x1,

where δ and ε are useful to rescale separately the
isotropic and anisotropic parts.

Discussing the range of the exponentsα and β,
the corresponding weighted spacesLp

(
R3; w

)
give

the appropriate framework to test the solutions of both
problems (5) and (1) –(4). Let us recall thatηα

β belongs
to the Muckenhoupt classA2 of weights inR3 if −1 <
β < 1 and−3 < α + β < 3.

In this paper we extend the results of [7] to the
stationary rotating Oseen model (1), (2) and (4) on the
whole spaceR3; we are concerned withp = 2.

Our main result is

Theorem 1 (Existence and uniqueness)
Let 0 < β ≤ 1, 0 ≤ α < y1 · β, f ∈ L2

α+1,β;
y1 will be speci�ed in Lemma 6.

Then there exists a unique weak solution {u, p}
of the problem (1), (2), (4) in the whole space R3,
such that u ∈ Vα,β, p ∈ L2

α,β−1, ∇p ∈ L2
α+1,β and

‖u‖2
2,α−1,β + ‖∇u‖2

2,α,β + ‖p‖2
2,α,β−1

+ ‖∇p‖2
2,α+1,β ≤ C ‖f‖2

2,α+1,β .

2 Notations and Function Spaces
Let us outline our notations:

BR =
{
x ∈ R3; |x| ≤ R

}
,

BR =
{
x ∈ R3, |x| ≥ R

}
.

Let, for 1 ≤ q < ∞,

Dm,q (Ω) =
{

u ∈ L1
loc (Ω) : Dlu ∈ Lq (Ω) |l| ≤ m

}

with |u|m,q =
(∑

|l|=m

∫
Ω

∣∣Dlu
∣∣q)1/q

as a semi-

norm. It is known thatDm,q (Ω) is a Banach space
(and if q = 2 a Hilbert space), provided we identify
two functionsu1, u2 whenever|u1 − u2|m,q = 0, i.
e. u1, u2 differs (at most) on a polynomial function
of the degreem− 1.

Let
(
L2
(
R3; w

))3
be the set of measurable vector

functionsf onR3 such that

‖f‖2,R3; w =
(∫

R3

|f |2 w dx
)1/2

< ∞.

We will use L2
α,β instead of

(
L2
(
R3; ηα

β

))3

and ‖ · ‖2,α,β instead of ‖ · ‖2,R3;ηα
β

. Because(
ηα

β

)−1
is locally integrable, then, by Hölder’s in-

equality, it follows thatL2
α,β ⊂

(
L1

loc

(
R3
))3

. It thus
makes sense to talk about weak derivatives of func-
tions in L2

α,β. Let us define the weighted Sobolev

spaceH1
(
R3; ηα0

β0
, ηα1

β1

)
as the set of functionsu ∈

L2
α0,β0

with the weak derivatives∂iu ∈ L2
α1,β1

. The

norm ofu ∈ H1
(
R3; ηα0

β0
, ηα1

β1

)
is given by

‖u‖2

H1
“

R3; η
α0
β0

,η
α1
β1

” = ‖u‖2
2,α0,β0

+ ‖∇u‖2
2,α1,β1

.

As usual,H
◦ 1
(
R3; ηα0

β0
, ηα1

β1

)
will be the closure of

(C∞
0 )3 in H1

(
R3; ηα0

β0
, ηα1

β1

)
. For simplicity, we

shall use the following abbreviations:

H
◦ 1

α,β instead of H
◦ 1
(
R3; ηα−1

β−1 , ηα
β

)
Vα,β instead of H

◦ 1
(
R3; ηα−1

β , ηα
β

)
In fact we shall only use these last two Hilbert spaces
for α ≥ 0, β > 0, α + β < 3, andH

◦ 1 without
indices when it is the usual Sobolev space on bounded
domain, e.g.BR.

3 Some Auxiliary Results
The weighted estimates of the solution to the sta-

tionary classical Oseen problem were firstly obtained
by R. Finn [3] in 1959, and then improved by R. Far-
wig [2] in 1992. See [7] for other comments and
references.

The case of equation (1) with the rotation effect
is worth thinking over: Let us assume for a moment
that pressurep is known. In solving the problem (1)
(4) with respect tou by means of a pure variational
approach, we shall deal with the following equation:
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ν

∫
R3

|∇u|2 w dx + ν

∫
R3

(∇w · ∇)u · u dx

−1
2

∫
R3

|u|2 [k∂1w + div (w [ω × x])] dx (6)

=
∫

R3

f · uw dx−
∫

R3

∇p · uw dx

as we get integrating formally the product of (1) and
uw with w an appropriate weight function. It is
not difficult to observe that forw = ηα

β we have
div (w [ω × x]) = 0. The left hand side in (6) can
be estimated from below by

ν

2

∫
R3

|∇u|2 w dx (7)

+
1
2

∫
R3

|u|2
(
−ν

|∇w|2

w
− k∂1w

)
dx

and it can be proved the existence ofs0 > 0 such

that−ν |∇w|2
w − k∂1w ≥ 0 for w = ηα

β ands ≥ s0,
(see [7, Appendix A] ). Moreover, because this term is
known explicitly, we have the possibility to evaluate it
from below by a “small” negative quantity in the form
−C(α, β, δ, ε) ηα−1

β−1 without any constraint ins(·), see
Lemma 2 hereafter.

Another useful preliminary remark is that of a gen-
eralized Friedrichs-Poincaré type inequality inH

◦ 1
α,β .

This leads to the Lemma 3 which is the first main
technical result of this paper. The obtained inequality
allows us to compensate by the viscous Dirichlet in-
tegral the “small” negative contribution coming from
the second integral of (7). Therefore the existence of a
weak solution to problem (1), (2), and (4) inVα,β can
be proven essentially by the Lax-Milgram theorem.

Let us define a functionFα,β(s, r; ν) by the rela-
tion:

Fα,β (s, r; ν) · ηα−1
β−1 ≡ −ν

∣∣∣∇ηα
β

∣∣∣2
ηα

β

− k ∂1 ηα
β (8)

We now summarize the main auxiliary results:

Lemma 2 (From [7]) Let 0 ≤ α < β, κ > 1,

0 < ε ≤ 1
2κ ·

k
ν ·

β−α
β2 and δ, ν, k > 0. Then

Fα,β (s, r; ν)−
(

1− 1
κ

)
· k · δ · ε · (β − α) · s

≥ −α δ k
(
1 +

ν

k
α δ
)

for all r > 0 and s ∈ [0, 2r] .

Lemma 3 (Friedrichs-Poincaré type inequality)
Let α ≥ 0, β > 0, α + β < 3, κ > 1. Let δ
and ε be arbitrary positive constants, such that

(β − α) (2ε− δ) ≥ 0. Then for all u ∈H
◦ 1

α,β∫
R3

u2 ηα−1
β−1 dx

≤ (α δ + 2 β ε)2

(β β∗ δ ε)2

∫
BR0

|∇u|2 ηα
β dx

+
2 κ (α + β)2

(β β∗)2 δ ε

∫
BR0

|∇u|2 ηα
β dx,

where R0 ≥
∣∣1
δ −

1
2ε

∣∣ 1
(κ−1) . Moreover, if δ = 2ε

then

‖u‖2,α−1,β−1 ≤
(

α + β

β β∗ε

)
‖∇u‖2,α,β . (9)

For the proof see [8]. The same inequality holds in
H
◦ 1

α,β(Ω) for an exterior domainΩ. Its scalar variant
was given and proved in [7].

To prove uniqueness we will need also a classi-
cal result, the following auxiliary result about weakly
harmonic functions inD1,q (Rn) :

Lemma 4 Let n ≥ 2 and let v ∈ D1,q (Rn) with
1 ≤ q < ∞ such that∫

Rn

v 4 φdx = 0 for all φ ∈ C∞
0 (Rn) .

Then there is a constant C such that v (x) = C
a.e. in Rn.

4 Existence of Weak Solution in R3

For technical reasons, we now assume0 < β ≤ 1,
0 ≤ α < y1 · β, where the parametery1 will be the
same as in Lemma 6. Letf ∈ L2

α+1,β , we want to
sketch the proof of existence in Theorem 1.

Step1. If there exist distributionsu, p satisfying (1),
(2) then pressurep satisfies the equation

4p = div f (10)

because

div ((ω × x) · ∇u− ω × u) = (ω × x)·∇div u = 0

(and of course div(∆u + k ∂1u) = 0). Let E be the
fundamental solution of the Laplace equation, i.e.

E = − 1
4π

1
r
.
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Assuming firstlyf ∈ (C∞
0 )3 we havep = E ? div f

and ∇p = ∇E ? div f , and sop = ∇E ? f and
∇p = ∇2E ? f .

It is well known that both formulas can be extended
for f ∈ L2

α+1, β with 0 ≤ α < β < 1, the last
convolution∇p = ∇2E ? f due to the fact that∇2E
is a singular kernel of the Calderon-Zygmund type
and thatηα+1

β belongs to the Muckenhoupt class of
weightsA2: see [1, Thm. 3.2, Thm 5.5] and [6, Thm.
4.4,Thm 5.4], where the theorems are formulated for
the pressure partP of the fundamental solution of
the classical Oseen problem, soP = ∇E and∇P =
∇2E .

For f ∈ L2
α+1, β we get p ∈ L2

α, β−1 and ∇p ∈
L2

α+1, β and there are constantsC1, C2 > 0 such that
the following estimates are satisfied:

‖p‖2
2,α,β−1 ≤ C1 ‖f‖2

2,α+1,β

‖∇p‖2
2,α+1,β ≤ C2 ‖f‖2

2,α+1,β

Step2. We prove the existence of a weak solution
uR ∈H

◦ 1 (BR) to the following problem onBR:

−ν ·∆u + k · ∂1u + (ω × x) · ∇u

−ω × u = f −∇p in BR (11)

u = 0 on ∂BR (12)

the right hand sidef −∇p being known inL2
α+1, β .

Let us introduce a continuous bilinear formQ1 (·, ·)
on H

◦ 1 (BR)×H
◦ 1 (BR) with β0 ∈ (0, 1]:

Q1 (u,v) = ν

∫
BR

∇u · ∇
(
v · η0

β0

)
· dx

+ k

∫
BR

∂1u ·
(
v · η0

β0

)
· dx

+
∫

BR

(ω × x) · ∇u
(
v η0

β0

)
· dx

Using notation (8), we have:

Q1 (v,v) ≥ ν

2

∫
BR

|∇v|2 η0
β0

dx

+
1
2

∫
BR

v2 F0,β0 (s, r; ν) · η−1
β0−1dx

From Lemma 2 withα = 0 and the Lax-Milgram
theorem we get:

Lemma 5 Let 0 < β0 ≤ 1. Then, for all f ∈
L2

1,β0
(BR), ε0 < 1

2 ·
k
ν ·

1
β0
, ηα

β0
≡ ηα,ε0

β0,ε0
. There

exists uR ∈H
◦ 1(BR), the unique solution of

Q1 (uR,v) =
∫

BR

(f −∇p) · v η0
β0

dx (13)

for all v ∈H
◦ 1(BR) .

Step3. Our next aim is to get uniform estimates of
uR in Vα,β asR → +∞. Let y1 be the unique real
solution of the algebraic equation4y3+8y2+5y−1 =
0. It is easy to verify thaty1 ∈ (0, 1). The control of
α/β is necessary for the compatibility of all conditions
onα, β, δ, ε, κ, see [7].

Lemma 6 Let 0 < β ≤ 1, 0 ≤ α < y1 · β,
f − ∇p ∈ L2

α+1,β. Then, as R → +∞, the

weak solutions uR of (13) given by Lemma 5 are
uniformly bounded in Vα,β. There is a constant
C > 0, which does not depend on R such that∫

R3

ũ2
R · ηα−1

β · dx +
∫
R3

|∇ũR|2 · ηα
β · dx (14)

≤ C

∫
R3

(
|f |2 + |∇p|2

)
· ηα+1

β · dx

for all R greater than some R0 > 0, ũR being
extension by zero of uR on R3 \BR.

For the proof see [8]. The same ideas were used in the
proof of [7, Lemma 3.4]. First, we need an uniform
estimate of the expression∫

B
R1

ũ2
R · ηα−1

β · dx +
∫

BR1

|∇ũR|2 · ηα
β · dx

for some sufficiently large and fixedR1 > 0. Sec-
ondly, using the Friedrichs-Poincaré type inequality
from Lemma 3, we get (14).
Step4. Let {Rn}n∈N be a sequence of real num-
bers converging to+∞. Let uRn be the weak solu-
tion of (11), (12) onBRn . ExtendinguRn by zero
on R3 \ BRn to a function ũn ∈ Vα,β we get a
bounded sequence{ũn}n in Vα,β. Thus, there is a
subsequence{ũnk

}k with a weak limit u in Vα,β.
Obviously,{u, p} is a weak solution of (1) and we
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have

‖u‖2
2,α−1,β + ‖∇u‖2

2,α,β

≤ lim inf
k∈N

∫
R3

ũ2
nk

ηα−1
β dx +

∫
R3

|∇ũnk
|2 ηα

β dx


≤ C3

∫
R3

(
|f |2 + |∇p|2

)
· ηα+1

β · dx

≤ C4

∫
R3

|f |2 ηα+1
β dx,

hence the estimate from Theorem 1 is satisfied. To
complete the proof, it remains to check thatu solves
also the equation

div u = 0 a.e. inR3,

which we do in the last section because a similar idea
of proof states the uniqueness ofu.

5 Solenoidality and Uniqueness
of the Weak Solution

Let us mention that from the properties of the gra-
dient ofu follows divu ∈ L2

α, β, and thatu ∈ H2
loc

becausef − ∇p ∈ L2
α+1, β . So, applying weakly the

operator div on equation (1), we get

−ν ∆ (div u) + k∂1 (div u)
+ (ω × x) · ∇ (div u) (15)

= div f −4p = 0.

Lemma 7 Let u be the weak limit obtained in
Vα,β and p obtained in L2

α,β−1. Then:

(i) divu ∈ V0, β and the norm of divu in the space
V0, β is zero;
(ii) if f = 0, p = 0 and the norm of u in V0, β is
zero.

To prove this lemma, at first we observe that with
f = 0 we necessarily have4p = 0 in R3, then using
Lemma 4, we get thatp = 0. Therefore the same
(scalar or vectorial) equation

−ν ∆γ + k ∂1γ + (ω × x) · ∇γ = 0 (16)

can be used to describe inR3 either γ = div u or
γ = u.

Let us define a convenient cut-off functionΦR :
If Φ = Φ(z) ∈ C∞

0 (〈0,+∞)) is a non-increasing
function such thatΦ(z) ≡ 1 for z < 1

2 ,Φ(z) ≡ 0 for

z > 1, and|Φ′| ≤ 3, we takeΦR (x) ≡ Φ
(
|x|
R

)
, then

we have|∇ΦR (x)| ≤ 3 · 1
R and|∂1ΦR| ≤ 3 · 1

R for
x ∈ Ω, R

2 ≤ |x| ≤ R.
Let {Rj}j be an increasing sequence of radii inR

with the limit +∞, and let us denoteγj ≡ γ · ΦRj

So,{γj}j is a sequence of functions either with limit

γ = div u in the spaceL2
α,β, or with limit γ = u in

the spaceH
◦ 1.

Using the test functionsγj · ΦRj · (1 + εs)β ∈H
◦ 1

(i.e. divu·Φ2
Rj
·(1+εs)β, or u·Φ2

Rj
·(1+εs)β ∈H

◦ 1)
in (16) we get:

ν

∫
R3

∇γ · ∇
(
γ · Φ2

Rj
· η0

β

)
· dx

+k

∫
R3

∂1γ · γ · Φ2
Rj
· η0

β · dx

+
∫
R3

(ω × x) · ∇γ · γ · Φ2
Rj
· η0

β · dx = 0.

Integrating by parts, we get after some rearrangements(
1− 1

κ

)
ν

2

∫
R3

|∇γj |2 · η0
β · dx

+
1
2

(
1− 1

κ

)
· k · ε2

0 · β0 ·
∫
R3

γ2
j · η−1

β−1 · s · dx

≤ C

∫
B

Rj/2

Rj

γ2 · η−1
β · dx,

hence∫
R3

|∇γ|2 · η0
β · dx +

∫
R3

γ2 · η−1
β−1 · s · dx ≤ 0,

and the solenoidality ofu is proved. Replacingγ byu
in the last inequality, we getu = 0 and the uniqueness
in V0,β ⊃ Vα,β.

6 Concluding Remarks: Extension to
Exterior Domain

For simplicity we have yet limited our study to the
whole space. The obtained results can be extended
also for the exterior domainD, see [8]. First, let us
mention that using the known
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Lemma 8 (Borchers and Sohr) Let g ∈
W k, p

0 (G) . Then there exists u0 ∈ Wk+1, p
0 (G)

such that divu0 =g.

one can generalize Theorem 1 to the case when (2) is
replaced by

div u = g in R3. (17)

We need only the casek = 0, p = 2 and G is a
bounded domain.

For the extension of Theorem 1 to the case of an
exterior domain we use the localization procedure, see
[5]. By use of cut-off functionΨ we decompose the
solution{u, p} of the problem (1)–(4) on the solution
of the problem inR3 and the solution of some problem
in a bounded domain:

u = U + V whereU = (1−Ψ)u, V = Ψu,

p = σ + τ where σ = (1−Ψ) p, τ = Ψp,

whereΨ ∈ C∞
0 , suppΨ ⊂⊂ Bρ1 such thatΨ ≡ 1

on Bρ0 , ρ > ρ1 > ρ0 > 0 so thatR3 \ D ⊂ Bρ0 . It
can be shown that{U, p} and{V, τ} are solutions of
problems (with modified right-hand sides) (1), (17),
(4) and the Stokes problem on a bounded domain,
respectively.

To solve the Stokes problem on the bounded domain
we use the following lemma, see [5]:

Lemma 9 (Cattabriga, Solonnikov, Kozono-
Sohr) Let G be a bounded domain with smooth
boundary ∂G and let 1 < q < ∞. Suppose that

f ∈ W−1,q (G) , g ∈ Lq (G) ,

∫
G
g dx = 0.

Then the problem

−4V +∇τ = f in G (18)

divV = g in G (19)

u = 0 on ∂G (20)

has a unique (up to additive constant for τ ) weak

solution {V, τ} ∈ W1,q
0 (G) × Lq (G) subject to

the estimate

‖∇V‖q, G+‖τ − τ‖q, G ≤ C
(
‖f‖−1, q, G + ‖g‖q, G

)
,

where τ = |G|−1 ∫
G τ dx.

Using now modified Theorem 1 for the problem (1),
(17), (4) and Lemma 9 we get the result for exterior
domains.
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