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Abstract: - In this paper the approximate analytical three dimensional solution for one element in periodical
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1 Introduction

Obtaining sufficient cooling for the components of
devices is a difficult challenge in modern industry. It
is related to refrigerators, radiators, engines and
modern electronics, etc.

Usually its mathematical modeling is realized by
one dimensional steady-state assumptions [1], [2],
[81,[9]. In our previous papers [3] — [6] we have
constructed two dimensional analytical approximate
[3] — [5] and exact [6] solutions. In this paper we
obtain approximate analytical three dimensional
solution by the original method of conservative
averaging and some its simplifications (special
cases).

2 Mathematical Formulation of 3-D

Problem

We will start with accurate three-dimensional
formulation of steady-state problem for one element
of periodical system with rectangular fin. This
mathematical formulation is similar to those which
are given in our papers [3]-[7] for 2-D case.

2.1 Description of Temperature Field in the
Wall
We will use following dimensionless arguments
and parameters [4]-[7]:
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where K(K,)- heat conductivity coefficient for the
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fin (wall), h(h,)- heat exchange coefficient for the

fin (wall), 2B — width (thickness) of the fin, L —
length of the fin , A - thickness of the wall, W —
width (length) of the wall, 2R — distance between
two fins (fin spacing).

The wall (base) is placed in the

{X IS [0,5], ye [0,1], ze[0,w] } and we describe

domain

the dimensionless temperature field V,(X,Y,Z) in

the wall with the equation:
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We add needed boundary conditions as follow:
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We assume the conjugations conditions on the
surface between the wall and the fin as ideal thermal
contact - there is no contact resistance:
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2.2 Description of Temperature Field in the
Fin
The rectangular fin of length | occupies the

{xe[s,6+1],ye[0,b],z&[0,w] }and
fulfills the

domain

the temperature field V(X,Y,2)

equation
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We have following boundary conditions for the fin:
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Let’s mention, that almost all of the authors
negligible the heat transfer trough flank
surface Z =W . We assume that this heat transfer is
proportional to the temperature excess between the
wall/fin and the surrounding medium and are given
by second boundary condition (5) and condition

(11).

3 Approximate Solution of 3-D

Problem
We will use the original method of conservative
averaging.

3.1 Reduction of the 3-D Problem to the 2-D
Problem

Similarly as in our previous papers [4],[5] we will

use our original method of conservative averaging

and approximate the 3-D temperature field

V(X,Y,2) for the fin in following form:

V(X’ Y, Z) = hO(X7 y) + (eo'Z - l)hl(X9 y)

14
+H1-e")h,(x,y), o =w" (9
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with unknown functions h.(X,y), i=0,1,2.For

this purpose we introduce the integral average value
of function V (X, Y, Z) in the Z - direction:

U(x.y)=o[V(x.y.2)dz. (15)
0

This equality together with two boundary conditions
(atz=0andz=wW) allow us to exclude all

unknown functions h,(X, y) from the representation

(13). The boundary condition (13) gives the
equality:

hz(xa y) = _hl(xa y) .
The substitution of representation (14) in (15) gives

expression:
U((x,y)-h,(X,
(xy) == P TuY)
2(sinh(1)—1)
and representation (14) takes form:

_cosh(oz)-1
Viy.2)= sinh(1) -1 Hxy)

sinh(l) —cosh(oz) h
sinh(l)—1
Finally, by the use of the boundary condition (11)
we can exclude N,(X,Y)from last expression and
represent the 3-D solution V (X, Y, 2) for the fin in

following form:

(16)

O(X’ y)

V(xy,2)=UXy)¥(2). (17)
It is easy to check that the function ¥(z) looks like
W(2)= sinh(1) + Sw[cosh(l) —cosh(cz)] (18)

sinh(1)+ AW cosh(1) —sinh(1)]
The second stage for the method of conservative
averaging is the transforming of the differential
equation (8) for the function V(X,Yy,Z)to the

differential equation for the functionU (X,y). To
realize this goal we integrate the main differential
equation (8) in the Z - direction:
2 ) =W
PUy) Uy V[T 19
OX oy 0z |,_,
Expressing from the boundary conditions (11) and
(13) the first derivatives of the function V (X, Y, Z)
atZ=0and Z =Wtrough the functionU (X,Yy)we

finally obtain following partial differential equation
for two-dimensional temperature fieldU (X, y) in the

fin:

azu (Xa y) azu (Xa y) —2
ot FUG=0. 0

Here 1° = fW "¥P(W).




The same procedure for the wall gives the
representation:

Here U (X, Y) again (similar with equality (15)) is
the integral average value of function V (X, Y, Z)in

the z - direction:
UO(Xa y) = JJ‘VO(Xa ya Z)dz .
0

Finally we obtain following partial differential
equation for two-dimensional temperature field

U, (X, y) for the wall:
82LJO(Xa y) + 82LJO(
ox’ oy

X 20,0y)=0. @)

3.2 Solution of the 2-D Problem

From here again we can use the conservative
averaging method for 2-D as in our previous papers
[4],[5], but with one distinction: in previous
subsection we have obtained Helmholtz equations
(20),(22) instead of Laplace equation. However this
difference doesn’t make additional difficulties for
the utilization of the conservative averaging method.
This is why we will briefly describe further steps of
solution of the equations (20),(22) together with
boundary  conditions  (2)-(4),(9),(10),(12) and
conjugations conditions (6),(7).

We will approximate the 2-D temperature field
U(X,y) in the fin in the form similar to the

representation (14):

U y)=f,()+E” -Df(x)+1-e"")f,(x),
p=b".

We introduce the second integral average value of
functionV (X, y,Z), but in the Y- direction now

(see (15)):
b

u() = p[U(x, y)dy. (23)
0

Repeating all steps as in subsection 3.1 we finally

obtain the solution for the fin in the form similar to

approximation (17):

U (X, y) =u(x)®(y) . (24)

Here the expression for the function @(Y)is similar

to expression (18) for the function ‘\¥'(2):

D(y) = sinh(l) + Bb[cosh(l) —cosh(py)] . (25)
sinh(1) + Bb[cosh(1) —sinh(1)]

It consequently follows from (17) and (24):

V(X,Y,2) =u(X)®(y)'¥(z). (26)
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Now we integrate the equation (20) in they -

direction (similar as in equation (19)) and use
following boundary conditions (see the boundary
condition (10) and second of boundary conditions

(12)):

ou oU
—+pU=0,y=b,— =0.

oy ),

Then we finally obtain that the function U(X) is the
solution of following ordinary differential equation:

%—%H=O,%=ﬂp®(b)+ﬁz-

The solution of this ordinary differential equation
for xe(0,0+1) together with the boundary

condition (corollary from the boundary condition (9)

after its integration in Yy and Z directions)
B 0| o
dX x=0+|
gives:
U(x) = C, (1 exp(frk) +exp(—£)) . (27)

Here C, is temporarily unknown constant and

KB
—ﬁ/d_ﬂe p(—2260 +1)).

We act almost equally for the wall and approximate
the 2-D temperature field U (X, y) for the wall in

X — direction:
U, 06Y) =0, (y)+[ed X -1]g (y)+
[1-ed=9]g,(y),d =61,

Now we introduce the integral average value of
functionU (X, y) in X direction:

H

(28)

S5
Uy(y) = d U, (x, y)dx. (29)
0

The equality (29) and boundary condition (2) allow
us to express ¢, (Y),= 1,2 in the form:

9i(¥) = (=D'[bu, () -a,go(y) +d;1.i=1.2. (30)
Herea = AK, ', b =BK;',d =DK",i=1.2,
K, =e'[2+ e~ 1DB-e)l,

A =e (1+5,5(e-2)), A, =e+f3)5,

B, =e'(1+4l5(e~1), B, =e +fis(e~1D),
D, :eflﬂgé‘, D, 2,385(6—2).

Therefore we can rewrite the expression (28) for
U,(X,y) in the form:



Uy (%, y)=[1+*“ -1 —(1-e'*")a, ]x
9o (Y)+[(1-e"*)b, — (€9 —D)by Ju, (¥)+
(e —1)d, —(1-e?*9)d,.

By the use of boundary condition (3) for the upper
part of the wall b<y<l we get the connection

between functions ¢,(y) andu,(y):
go(y) = bouo(y)_do- (32)

In expression (32):

b, = BoKo_ln d, = DoKo_la B, =B,-B,

D, =D, -D;, K, =A, - A +B,K,.

By integrating the differential equation (22) in the
y— direction and by using boundary conditions

€2))

(2),(3) and second of the conditions (4) we receive
the following equation:

d’u,
dy?

R3=252K[(B,+ B)Ssinh(1)

+28, 8962 (cosh(1) - )]+ 2,

0, =5"[(d,-ad,)(e-1)+(d,—a,d,)1-e™)].

The solution of the problem (33) is:

Uy (y) =C, cosh(Rfi —y))+U,,U, =k®0,.  (34)

Here C, is unknown constant again.

—RA,+0,=0,b<y<1,u(1)=0, (33)

For lower part O0<y<b of the wall we use

conditions (6),(7) and we finally get the following

equation:

9 _ g 1co,,—C h(py)+D, =

iy — A%, + 1®3,0_ 105, cosh(py)+D; =0.

Solution of this equation with boundary condition

du, (0)
dy

u,(y)=C,cosh(#9)+ (35)

C1(193’0 + 193’1 cosh(py))+d,.

Here the parameters are (C, is temporarily unknown

=0 for general case p # Alooks as follow:

constant again):

%:M+ﬁ2 D 2%

oK, T (e
®
0, =0,0,,i=0,1, d3:%, 193,0:%,
_ -1
®3:(A1€ Ae )(1+ﬂ1)_ﬂ0/&/1_ﬂ1),

5K, B
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8, =0, /(" = 2), @, = (sinh(1)(5b)
+cosh(1))®,, D, = (sinh(1)(Bb) ™" + cosh(1)

—sinh(1))™".

To complete the solving of this 3-D problem by the
method of conservative averaging we should
determine  the three  unknown  constants
C., 1=1,2,3 from the equations (27),(34) and (35).
For this purpose we formulate three natural
requirements [4],[5]. The first of them is the
continuity of temperatures in the certain point -
X=0,y=b - in the fin and upper part of the wall.

From equalities (27),(32) and (34) we receive:

C, (14 exp(f10) + exp(—16))D(b)

—C,b, cosh(Kfl —b)) =U b, —d,.

As the next two requirements we assume the

continuity of temperature and heat flux on the line
0 <X <0,y =Dbbetween the upper and lower parts

of the wall. We finally get from (34) and (35):
C, cosh(R@l—b))~C[8 , + % cosh()]

~C, cosh(M9)=d, -U,,
C,9, ,psinh(1) + C,K8inh(Kfl - b))
+C,A8inh( ) = 0.

One can easy prove that this system of three linear
algebraic equations has only one solution. Some
numerical results and their analysis for 2-D solution
were presented in paper [7].

3.3 Special Cases of the 3-D Solution

We will have the first special case, if we assume the
independence of 3-D solution according to third
variable - argument Z . Then equality (15) reduces to
trivial identity:

V(X,Y,2)=U(X,Y), similarly

VO(X5 y5 Z) = UO(X> y) .

Parameter u reduces in this case to the expression
/72 — ﬂW_l )

The next special case we will have, if we assume
the insulation of flank surfacez=w. In this
case we have zz° =0and 3-D solution reduces to
our previous 2-D solution [4],[5].

3.4 Classical 1-D Solution as the Simple Case
of the 3-D Solution

The well known 1-D statement for the periodical

system with rectangular fin from papers [8],[9]

looks as follow:



U, (x) =0, (36)
bU"(X)—AU(X)=0, Xxe(5,6+]), (37)
U,/ )+ 4 1-U,)=0, x=0, (38)
U'(xX)+pU =0, x=0+1, (39)
U0|x:5—0 :U|x=5+0’ (40)

,B{UO'(X)+ ﬂo(l—b)UoL_g

The well known solution of problem (36)-(41) can
be written in following form (see [8], [9]):

U,(x) = COx+C,U(x) = C, exp(ux) +
C, exp(—ux), u= B/b.

Here the four unknown constants can be easy
determined from the four boundary and conjugations
conditions (38)-(41).

This solution can be easy obtained as special case of
our 3-D solution by the integrating in the VY -

=AU (1)
0

(42)

direction, if we will
simplifications:

1) we assume independence of both temperatures
from two arguments - Y and Z , i.e., we suppose, that

V(x,y,2)=U(X), and Vy(X,Y,2) =U,(X);
2) we assume that parameter 2> = 0. It means that

we have made the assumption of insulation
condition instead of the heat exchange with the
surrounding medium on the surfacez =w.

We can easily propose a more advanced
solution (in comparison with “classical”
solution (42)) , if we presume the independence
of 3-D solution with respect to second and third
variables, however we will take in account heat
exchange with surrounding medium according
to boundary conditions (5) and (11) by the
method of conservative averaging. Finally, instead
of solution (42) we receive the solution in the
form of:

U,y () =C® exp(u %) +C¥ exp(—1Vx),

U (x) = Gfexp(uV%)+Gfexp(—uVx), *3)
1O = p/w, V= p/b+1/w).

This new and simple solution has a form which
permits to estimate easily the cases when it is

possible to use the solution (42) instead of solution
(43). These conditions are:

#(0)5 <<1l,b<<w.

make additionally two

Proceedings of the 3rd IASME/WSEAS Int. Conf. on HEAT TRANSFER, THERMAL ENGINEERING AND ENVIRONMENT, Corfu, Greece, August 20-22, 2005 (pp382-386)

4 Conclusion

We have constructed the approximate three
dimensional analytical solution for a periodical
system with rectangular fin for the case when the
wall and the fin consist of materials which have
different thermal properties.

We have shown that it is possible to get previously
acquired two dimensional and “classical” one
dimensional solution and some of its extendings
from general approximate 3-D solution, which is
obtained in this paper, after simplifying some of the
assumptions.
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