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Abstract: - In this paper, the modeling of two coupled non uniform transmissions lines (NUTLs) is considered.
Numerical solution of Hill’s equation leads to explicit expressions describing accurately the behavior of these

transmission structures.

This technique is applied to the simulation of various profiles and is proven to give good results.
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1 Introduction

The analysis and design of non uniform transmission
lines have been extremely investigated in the literature
[6], [7]. Various applications of the coupled transmission
lines have been of great importance for both microwaves
and power engineering.

Besides, non uniform coupled micro strip lines play an
important role in both analog and digital microwave
integrated circuits. They were successfully used to
design, for instance, wideband and tight coupling
couplers exploiting non uniform geometries and
inhomogeneous media.

To gain some insight into the relationship between the
complex geometry and the characteristics of non uniform
coupling structures, it is essential to derive exact and
explicit expressions describing the main properties of
coupled NUTLs in terms of impedance, loss and
coupling.

This paper details a robust and universal method, based
on Hill’s equation solution, to analyze the response of
coupled transmission lines excited by lumped sources.

2 Problem Statement

Let us consider an arbitrary non uniform coupled
transmission section of length d (fig.1). The TEM mode
model of such lossless coupled transmission lines can be
described by the following system of partial differential
equations:

Fig.1 Electric equivalent circuit of two coupled NUTLs.
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Where:

Vi(x) (i=1,2) are the voltages at point x along the NUTL.
Ii(x) (i=1,2) are the currents at point x along the NUTL.
Li(x) (i=1,2) are the self inductances at position x.

Ci(x) (i=1,2) are the self capacitances at position x.

Ln(x) and C,(x) are the mutual inductance and
capacitance, respectively.
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All primary parameters are real and per unit length
quantities. However, under lossy conditions some of
them may have complex values.

An exact solution of the above equations is achieved
following the below mentioned procedure:

a. Determination of coupled NUTLs parameters in both
even and odd modes.

b. Expression of corresponding scattering matrices in
terms of primary parameters.

c. Solution of Hill’s equation.

These steps are detailed in the next sections.

3 Scattering Matrices

Coupled transmission lines can be studied by
considering even and odd modes approach [2].

Their equivalent 4-ports circuit can be described by a
4x4 S-parameters matrix, S given by:

S Sy Sy S

S‘11 21 Sy Sy (5)
[S] — 221

N

Due to reciprocity of the passive device as well as

symmetry of the structure along the longitudinal plane,

this matrix can be written in a more convenient form as
follows:

S S (6)

sy o]

Where: s s s, S
[S4]= 11 21 and [SK]= 31 41
{Su Szj |:S41 }

Matrices S and Sg result from even and odd excitations.

In fact, for even mode, ports 1 and 3 are excited in phase
with the same amplitude whereas in odd mode their
identical inputs are out of phase.

Under these conditions, and writing reflected waves in
terms of incident waves, we obtain:
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Finally, S and Sg can be easily derived:
_[s.]+[s.]
[S”’]_T
(®)
[SE]= [S(];[SU]

Ay
e

Fig.2 Even and odd mode excitation of NUTLs.

The whole scattering matrix is then written, as follows:
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Afterwards, given the non uniformity profiles of width
w(x) and spacing s(x), one can derive systematically the
self and mutual inductances and capacitances namely,
Cin(x),Lin(x), Lo(x)=L;(x)=L,(x), and Cy(x)=C;(x)=C,(x).
This leads to the classical expressions of characteristic
impedances and propagation constants in both odd and even
modes.
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Substituting these quantities in (1)-(4), and after performing
elementary mathematical manipulations the telegraphers
equations can be identified to the common form of Hill’s
equation for both even and odd mode:
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(13)

where d is the coupled NUTL length.

Solving these equations for both even and odd modes
allows the extraction of S., S, and S matrices. This is
accomplished by numerical solution of Hill’s equation
subject of the following section.
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4 Solution of Hill’s equation

In  most propagation problems occurring in
inhomogeneous or non uniform structures, the
propagation equation can be put, handling basic
transformations, in the form of a traditional Hill’s
equation without a first derivative term [1].

d’U(¢) _
s +8(U(E) =0 (14)

Where:

U(&), represents a voltage or one component of
electric or magnetic filed.

g(&), describes the non uniformity profile.

& denotes the longitudinal coordinate.

According to the Floquet theorem [4], the general
solution U(¢) is a combination of two linearly
independent particular solutions U; (¢) and U, (&)
written as:

Ui (&) =e"“u; (&) (15)
U, (&) = é*.u, (&) (16)
U =A.U; (&) + B.U, (&) (17)

Where:

A and B are determined by the boundary conditions.

uy and - are the Floquet exponents.

u; (&), up (§) are m-periodical functions expressed by
infinite sums of this form:

WO-5C™ md nO=5 0,0 (18)

Where C, y and C, are the coefficients of Fourier series
expansion of u; (§) and u, (&), respectively.

The above equation (eq.14) can be solved in a systematic
fashion by:
a. First expanding g(§) in Fourier series :

g(&)=> 0,e"
- (19)

b. Second, truncating the infinite set of linear and
inhomogeneous equations to solve for Floquet’s
exponents.

c. Finally, writing the general solution in terms of
calculated coefficients and exponents as follows:
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For that, the g(&) expansion combined with a particular
solution (U; (&) or U, (£)) are inserted in equation (14)
to obtain the resulting infinite set of equations:

(y+j2n)2.q+pibw.cp:0 , neZ @D
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It is noteworthy that, Fourier coefficients 6, of g(&)
decay rapidly to zero, allowing hence the truncation of
this series to a finite and low number of harmonics
ensuring sufficient precision.

According to H. Pointcarré and of L. Ince investigations
[5], the determinant of the truncated system converges
and may be written in the closed-form expression:

(efw _ eﬂﬂl)(eﬁ/f _ e_”:ul)
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(22)

Floquet exponents, solutions of this equation, are found
iteratively by canceling the determinant A (u;2) = 0,
while the C; , are assumed different from zero.

5 Validation Results

Several coupled NUTLs having different profiles (linear,
parabolic, exponential...) have been analyzed
successfully using the abovementioned method.

Their behavior in terms of reflection and transmission
coefficients has been observed over a wide frequency
band.

The effects of geometrical shapes as well as dielectric
permittivity profiles have been assessed.

Results obtained for two coupled lines with a linear
profile of width w(x) and exponential variation of
spacing s(x) (Figure 3) are depicted in Figures 4,5.

6 Conclusion

A universal and systematic approach has been proposed
to analyze coupled non uniform transmission lines.

After evaluating primary parameters, based on geometry
and media considerations, characteristic impedances in
odd and even modes are determined.
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The solution of Hill’s equation is achieved using an
efficient iterative method based on Floquet exponents
determination.

Once voltages and currents are defined over each point x
along the transmission structure, S-parameters and other
pertinent features can be easily derived.

To illustrate the accuracy, efficiency and versatility of
the proposed method, various representative structures
have been simulated and showed good agreement with
measurements.

non uniform coupled line

w(x) = 0.03175%x + 0.63510°
s(x) = 0.508.10™**exp(344.597*x)
=12 mm

Substrat

&=10
h=0.635 mm

Fig.3 Two non uniform coupled lines.
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Fig.4 S|; of two non uniform coupled lines.

S14 (dB)

-10
11
12
13
14
-15
-16 --=-- HILL

17
-18
-19

S14 (dB)

Serenade

Freqlﬁncy (GHz) 7 9

Fig.5 S,4 of two non uniform coupled lines.
References

[1]J. DAVID "contribution a [’étude de la propagation
des ondes électromagnétiques dans les matériaux
inhomogenes et les structures non uniformes" thése
d’état, Toulouse, 1984.

[2] E. VATUS "contribution a !’analyse des lignesde
transmission non uniformes simples et couplées dans
le domaine fréquentiel " Thése de doctorat, Toulouse,
2003.

[3] G. W. HILL "One the share of motion of the lunar
perigee” Cambridge the USA, 1877, reprinted in acta
Mathematica, flight 8 pp 1-36, 1886.

[4] B ROSSETTO "Détermination des exposants de
Floquet del’équation de HILL d’ordre n" Thése
d’état, Toulon, 1983.

[5] H. Poincarré , ““ Sur les déterminants d’ordre infini,”
Bull. Soc. Math. Fr., 14,87,1986.

[6] Jen-Tsai Kuo, “ Riccati Matrix Differential Equation
Formulation for the Analysis of no uniform Multiple
Coupled Micro strip Lines,” IEEE Transactions on
Microwave Theory and Techniques, ~ vol. 44, No. 6,
June

[7] Te-Wen Pan and Ching-Wen Hsue, ,“ Modified
Transmission and Reflection Coefficients of no
uniform Transmission Lines and their Applications”
IEEE Transactions on Microwave Theory and
Techniques, vol. 46, No. 12, December 1998

[8] Qinwei Xu, Pinaki Mazumder “Accurate Modeling
of Lossy no uniform transmission Lines by Using
Differential Quadrature Methods,” IEEE
Transactions on Microwave Theory and Techniques,
Vol.50, No. 10, October 2002.



	(9)
	(10)


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


