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Abstract: - In this paper, the local fuzzy fractal dimension (LFFD) is proposed to represent the feature of local 
image complexity. The definition of LFFD is an extension of the box-counting dimension of discrete sets by 
incorporating the fuzzy set. The relationship between LFFD and local intensity changing is investigated by 
experiments, which proves that LFFD is an important feature of edges and is insensitive to noises. Multi-feature 
edge detection is implemented with the LFFD and the Sobel operator. The experimental results show that the 
incorporation of LFFD in edge detection improves the quality of edge detection results. 
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1 Introduction 
Edge detection is an important basis of further 
image processing. It provides essential information 
for image analysis, pattern recognition, image 
compression, etc. [1,2,3].  Traditional edge detectors 
focus on the intensity discontinuity in images, such 
as the Roberts operator, the Laplacian operator, the 
Sobel operator, etc. [4]. Because noise in images 
usually has sudden change of intensity, traditional 
gradient-based operators are sensitive to noises. 
Therefore, it is far from sufficiency to identify edge 
points only by the gradient feature. 

Edge detection can be regarded as a problem of 
classification, which differentiates edge points from 
the other image points. The performance of the 
classification is related to the dimension of the 
feature space. If more features are available, more 
accurate the classification might be. Images have 
multiple features besides intensity change, such as 
texture, complexity, etc. Multi-feature methods have 
been applied in image processing applications and 
got promising results, such as corner detection, 
straight line extraction, boundary finding, etc. 
[5,6,7]. Therefore, multi-feature edge detection 
becomes a promising way that considers multiple 
image features to get better performance of edge 
detection.   

Fractal dimension can reflect the complexity of 
fractal sets, which has been used in texture analysis, 
object modeling and image classification, etc. [8,9]. 

The concept of fractal dimension in fractal geometry 
is defined for fractal geometric figures. In many 
applications, the data sets do not strictly follow the 
definition of fractal, but only follow the strict 
definition within a certain range of scales [10]. 
Moreover, the definition of the fractal dimension is 
for conventional sets. It is not applicable to fuzzy set 
that is widely used in the domain of artificial 
intelligence. In this paper, the computation of fractal 
dimensions for n-dimensional discrete sets is 
proposed based on the box-counting dimension and 
the pixel-covering method. The fuzzy concept is 
introduced and the fractal dimension of fuzzy sets 
with discrete elements is proposed for the 
measurement of their complexity. Then the local 
fuzzy fractal dimension (LFFD) of gray-scale 
images is proposed to extract the local feature of 
image complexity. 

The fractal dimension is useful to quantify the 
complexity of details. In this paper, the relationship 
between the LFFD and local intensity changing in 
gray-scale images is investigated by experiments, 
which shows LFFD is an important feature of edges. 
The LFFD shows good quality in edge detection 
with noise and between different textures. A method 
of multi-feature edge detection is proposed based on 
the LFFD and intensity discontinuities. In the 
experiments, it is shown that the LFFD greatly 
improves the performance of edge detection. 
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2 The Local Fuzzy Fractal Dimension 
(LFFD) 
The fractal geometry was established by Benoit B. 
Mandelbrot. It is useful in profound description of 
irregular and random phenomenon in nature [10,11]. 
The fractal dimension (FD) is the basic concept in 
the fractal geometry and serves as an important 
feature of images. Hausdorff dimension is the 
fundamental definition of the fractal dimension in 
the fractal geometry theory. However, it is hard to 
calculate Hausdorff dimension in most cases [11]. 
Box-counting dimension is easy to compute and 
widely used. It can be estimated for 2D 
monochrome images by the pixel-covering method 
[11]. In this paper, the pixel-covering method is 
extended to an n-dimensional discrete set, based on 
which the fuzzy set is incorporated and the LFFD is 
proposed. 
 
 
2.1 The box-counting dimension and the 
pixel-covering method 
The definition of the box-counting dimension is as 
follows [11]: 
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where F is a non-empty bounded set in Rn. )(FNδ is 
the minimum number of the sets covering F with 
their radii no larger than δ . To estimate the box-
counting dimension, a group of data 
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ii δδ−  is obtained by changing the 

value of δ . The slope of the line derived from the 
data is estimated as the box-counting dimension by 
the least-squares linear regression. Fig. 1 shows the 
estimation of  dim FB . 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. The estimation of  dim FB  by the least-squares 
linear regression 

 
In signal processing with computers, data is 

usually discretized. The pixel-covering method is 
proposed based on the box-counting dimension to 

estimate the FD of fractal geometric figures, which 
are binarized images where the points of the fractal 
objects are represented by 1 and the background 0 
[11]. The image is divided into squares with the 
width of δ . )(FNδ is the number of the squares 
containing at least one object point. The FD is 
estimated as the same way of the box-counting 
dimension by the least-squares linear regression. 

 
 

2.2 The estimation of box-counting 
dimension for n-dimensional discrete sets 
The pixel-covering method can only estimate the 
FD of discrete binarized images. Because in many 
applications the data to be processed is not limited 
to 2D images, it is necessary to generalize the pixel-
covering method for discrete sets in Rn. The box-
counting dimension of a bounded discrete set C in 
Rn is proposed as follows: 
(1) For a discrete scaleδ , divide the region that just 

contains C into n-dimensional boxes of width δ . 
(2) For any n-dimensional box δ

iC , its 

characteristic value )( δ
iCF  is defined as follows: 
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In Equation (2), f(p) indicates whether the 
element p belongs to C. f(p) is defined as follows: 
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In Equation (2), the operator 
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 is defined as 
follows: 
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(3) For the discrete scale δ , the number of boxes 
that C occupies, i.e. the characteristic value of C 
on scaleδ , is defined as: 

∑
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where M is the number of boxes in the region 
that just contains C. 
According to the above three steps, a series of 

data ( δlog− , )(log CNδ ) can be obtained by 
changing the value of δ . The FD of C can be 
estimated by the least-squares linear regression 
according to the data. It is obvious that the pixel-
covering method is a special case for the FD of n-
dimensional sets when n=2. 
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2.3 The local fuzzy fractal dimension 
The estimation of FD for n-dimensional discrete set 
is only for binarized sets. In binarized sets, the 
characteristic values of elements can only be 1 or 0, 
where the value 1 indicates the element belongs to 
the set and 0 the opposite. However, in many 
applications the characteristic values of the elements 
are not limited as only 0 and 1. Such sets can be 
regarded as the sets with multiple characteristic 
values, which can be described by fuzzy sets. For 
instance, the pixels in the images of 256 gray-scale 
levels have more values than just black and white. 
For the pixel-covering method, gray-scales images 
must be binarized before the FD can be estimated. 
The binarization will cause much loss of detailed 
information, which is not preferable to image 
feature extraction. 

In this paper, the n-dimensional set C is 
generalized to a fuzzy set A with finite elements. By 
defining the element’s characteristic value as the 
membership function, the fuzzy fractal dimension 
(FFD) is proposed for n-dimensional sets with 
multiple characteristic values. In the estimation of 
FFD, the characteristic value of an element p is the 
value of its membership function, which indicates to 
what degree p belongs to A. Therefore, f ’(p) is the 
membership function of A and ]1 , 0[)(' ∈pf . The 
estimation of FFD is as follows: 
(1) For a discrete scaleδ , divide the region that just 

contains the elements of A into n-dimensional 
boxes of width δ ; 

(2)  For any n-dimensional box δ
iC , its 

characteristic value is defined as follows: 
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where f’(p) is the membership function. The 
operator ∨  is defined as follows: 
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(3) For the discrete scaleδ , the characteristic value 

of A on scaleδ  is defined as: 
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where M is the number of the boxes. Therefore, a 
series of data ( δlog− , )('log AN δ ) can be 
obtained by changing the value of δ . The FFD 
of A is estimated by the least-squares linear 
regression. 
The FD indicates the global feature of 

complexity for a set. For images, besides global 
features there are also local features that are 
important, such as edges, local textures, etc. To 
represent local image complexity, the local fuzzy 
fractal dimension (LFFD) at an image point is 

defined as the FFD of a small neighboring area 
around the point. Since the FD indicates the 
complexity of the geometric structure, the LFFD 
indicates structure features of the local areas in 
images. 
 
 
3 The LFFD as an Important Local 
Feature of Images 
3.1 The LFFD of local image areas 
For images of 256 gray-scale levels, the 
membership function of image points is defined as 
the quotient of dividing their gray-scale values by 
255. In another word, the membership function 
value of an image point indicates to what degree the 
point belongs to a white one. 

For a local area D in the image, the LFFD is 
estimated by the method proposed in Section 2.3 
The logarithm of )(' DN δ  is calculated as follows: 
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where G(p) is the gray-scale of p. δ
iD  is the i-th box 

of width δ  and M is the number of such boxes in D. 
Therefore, 
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The value log255 is a constant and it does not affect 
the slope of the line derived from the data. 
Therefore, when estimating the LFFD of a local area 
in the image, G(p) can substitute for f’(p) in 
calculating the characteristic value )(' δ

iDF . The 
flowchart of the LFFD calculation is shown in Fig. 2. 
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Fig. 2.  The flowchart of LFFD estimation for local area 

D in the image 
 
 
3.2 The LFFD as a feature of intensity 
discontinuity 
Edges are usually defined as the borders where the 
intensity changes violently. Since neighboring areas 
of edge points usually have larger image entropy 
values than the other areas [12,13], the edge areas 
have higher degree of complexity than the other 
areas in a sense. On the other hand, fractal 
dimension is a measurement of complexity and the 
LFFD values reflect the complexity of local areas in 
images. Therefore, the LFFD and edges are 
interrelated. 

In this paper, LFFD is proved to be an important 
feature of edges. The relationship between LFFD 
and local intensity changing is investigated by 
calculating the LFFD value of a test image. The test 
image is a 6× 6 gray-scale image. In the test image, 
the pixels of the same column have the same gray-
scale value, while the gray-scale values increase 
from left to right evenly. The degree of intensity 
changing is represented by ∆ , which is the gray-
scale difference between the adjacent columns. 

In the experiment, the value of ∆  is increased 
from 0 to 50. For different values of ∆ , the 
corresponding LFFD values are calculated. For the 
6× 6 test image, maxδ  is 3. Therefore, δ  is assigned 
the value 1, 2 and 3 successively in LFFD 
estimation of the test image. The average gray-scale 
value of the image is kept as 128 for all the different 
values of ∆ . The test image series with increasing 
values of ∆  is shown in Fig. 3. 
 
 
 
 
 

Fig. 3. The image series with increasing values of ∆  
(The images are 10 times of original size for a clear view) 
 

According to the data obtained in the experiment, 
the relationship between the LFFD values and 
different ∆  values is shown as Fig. 4, where the x 
coordinate represents the values of ∆  and the y 
coordinate represents the corresponding LFFD 
values. Fig. 4 indicates that with a constant average 
gray-scale of 128, the LFFD value has a linear 
relationship with the degree of intensity changing. 
Since edge areas have steep change of intensity, the 
experiment proves that LFFD is an important 
feature of edges. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. The relationship between LFFD and the degree of 

intensity changing 
 

Fig. 5 and Fig. 6 show the result of edge area 
detection for a test image. At each point, the LFFD 
value is estimated within a 66 ×  neighboring area 
surrounding it. Fig. 5 is the test image. In Fig. 6 the 
black areas are the areas where the LFFD values are 
larger than zero. Fig. 6 shows that the black areas 
are the edge areas of the test image. 
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Fig. 5. The original image 
 
 
 
 
 

Fig. 6. The edge areas segmented with LFFD 
 
 

3.3 The LFFD as a noise-insensitive feature 
of edge areas 
Images acquired in the real world applications 
usually contain noise due to on-chip electronic noise 
of image capture devices, quantization noise, etc 
[14,15]. The noise usually has discrete and random 
properties. The gradient-based edge detectors are 
sensitive to such noise [16]. The LFFD values are 
calculated based on the gray-scale of all the image 
points within a local area. Therefore, it has a filter-
like effect, which makes it insensitive to noise. 

Experiments have been done to investigate the 
noise-insensitive property of LFFD. Fig. 7 is the 
original image. Fig. 8 is the result of adding salt and 
pepper noise to Fig. 7. Fig. 9 shows the LFFD 
distribution of Fig. 8. In Fig. 9, the image points of 
larger gray-scale values have higher LFFD values. 
Fig.  10 shows the edge areas detected by a 
threshold of the LFFD value. Fig. 11 shows the edge 
detection result with a Gaussian filter and a Sobel 
operator. The experimental results show that the 
LFFD is insensitive to noise compared with the 
Sobel operator. 
 
 
 
 
 
 
 

Fig. 7. The original image  
 
 
 
 
 
 
 

Fig. 8. The image with noises 
 

 
 
 
 
 
 
 
 

Fig. 9. The LFFD distribution of Fig. 8 
 
 
 
 
 
 
 
 
Fig. 10. The edge area detected by the LFFD distribution 
 
 
 
 
 
 
 
 
Fig. 11. The edges detected by the Gaussian filter and the 

Sobel operator 
 
 
3.4 The LFFD as a feature of textures 
The objects in the real world usually have various 
textures. The difference between textures is the 
different local spatial structure of gray-scale 
distribution [17]. The edges between different 
textures can not be well detected based on the 
intensity-discontinuity feature. Generally, in order 
to segment regions of different textures, texture 
features should first be extracted. Fractal dimension 
has been used in representing texture features 
[18,19]. Different textures usually have different 
complexity. Therefore, the LFFD values can 
represent local texture features. 

In this paper, preliminary experiments have been 
done to investigate the relationship between the 
LFFD values and image textures. In Fig. 12 there 
are two different kinds of textures. Fig. 14 and Fig. 
15 show the two different texture elements that 
make up the two different parts of Fig. 12, which are 
shown 16 times of original size for a clear view. Fig. 
13 shows the LFFD distribution of Fig. 12. In Fig. 
13, the image points of larger gray-scale correspond 
to higher LFFD values. Fig. 13 shows that the edge 
between the two areas of different textures can be 
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detected based on the LFFD distribution. Therefore, 
the LFFD can be taken as a feature of textures. 
 
 
 
 
 
 
 
 

Fig. 12. The texture image 
 
 
 
 
 
 
 

Fig. 13. The LFFD distribution of the texture image 
 
 
 
 
 
 
 

Fig. 14. One texture element 
 
 
 
 
 
 
 

Fig. 15. The other texture element 
 
 
4 Multi-Feature Edge Detection with 
LFFD and the Sobel Operator 
The discontinuity of intensity is a basic 
characteristic of the areas where edges exist. 
Besides the intensity discontinuities, there are other 
features that identify edges. Multi-feature image 
analysis can get more information from the image 
than a single feature. For example, a continuous 
surface of an object usually has consistent texture, 
while the texture feature varies between different 
objects in the image. In this paper, the Sobel 
operator is combined with the local fuzzy fractal 
dimension to detect edges. Since the LFFD is 
insensitive to noise and can reflect edges between 
different textures, the performance of edge detection 
is improved. There are three steps in the proposed 
method: 

Step1  The gradient feature is extracted by the Sobel 
operator. 

Step2 The local fuzzy fractal dimension is 
calculated to extract local feature of 
complexity. 

Step3  For each image point, if the gradient value 
and the LFFD value are larger than certain 
thresholds respectively, the point is 
identified as an edge point. 

The experimental results are shown in Fig. 16 to 
Fig. 19. Fig. 16 is the original images. Fig. 17 shows 
the LFFD distribution of Fig. 16, where the image 
points of lower gray-scale values correspond to 
larger LFFD values. Fig. 18 is the edge detection 
results of the Sobel operator. Fig. 19 is the result of 
the multi-feature edge detection. Fig. 19 shows that 
the multi-feature edge detection method can get 
more accurate results. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 16. The original image 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 17. The LFFD distribution of Fig. 16 
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Fig. 18. The edges detected by the Sobel operator 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 19. The edges detected by the multi-feature edge 
detection method 

 
 
5 Conclusion 
In this paper, the local fuzzy fractal dimension of 
gray-scale images is proposed as the feature of local 
image complexity. The estimation of LFFD is an 
extension of the FD of n-dimensional discrete sets 
by incorporating the fuzzy set. LFFD is proved to be 
an important feature of edges. Experimental results 
have also proved that LFFD is insensitive to noise 
and can be taken as a feature of textures. The multi-
feature edge detection method is proposed with the 
LFFD and the Sobel operator. Experimental results 
show that the incorporation of LFFD improves the 
performance of edge detection. Further research will 
investigate the application of LFFD in other image 
processing tasks besides edge detection. 
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