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Abstract: Ultrasonic motors have many excellent performance features such as high-holding torque, high 
driving torque at low speed, silent operation, compactness, and no electromagnetic interferences. Due to such 
characteristics these motors have a potential for many applications such as automation, and robotics. The 
performance estimation of the ultrasonic motor is a function of operating conditions such as stiffness, number of 
piezoelectric segments, motor diameter, etc. Such performance is modeled using the accurate parameters of the 
motor. In this paper, the derivation of a mathematical model for traveling wave ultrasonic motors and its 
experimental validation is presented. The different components of the motor have been modeled individually. 
The resulting submodels are then assembled together to give the model of the complete motor. In order to 
validate the model, it is simulated with properly parameters and compared with experimental results obtained 
from an actual traveling wave ultrasonic motor "Shinsei USR60".  Good agreement is obtained between 
simulated and experimental results.  
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1. Introduction 
Recently, ultrasonic motors (USMs) have attracted 
considerable attention as a new type of actuator in 
servo-systems. They have many features such as 
high driving torque at low rotational speed, high 
holding torque without applied electric power, 
extremely low noise in operation, simple mechanical 
design and fast response. There are many types of 
the ultrasonic motor such as inchworm, inertial 
stepping, traveling wave, standing wave, mode 
conversion, and multi-mode conversion motors. 
Traveling wave ultrasonic motor (TWUM) is 
considered the most popular types of ultrasonic 
motors because of its improved efficiency, and life 
cycle over the other types. 

Ultrasonic motors are piezoelectric-based 
motors. The principle of operation of such a type of 
motors is based on the utilizing the reverse 
piezoelectric effect for converting electrical power 
into mechanical vibrations. The conversion from 
electrical to mechanical energy of these motor takes 
place in two stages. The first stage deals with 

converting the electrical power into a high frequency 
mechanical vibration to induce traveling or standing 
waves at the stator surface with frequencies in the 
ultrasonic range, this is called as electromechanical 
energy conversion. The second stage deals with 
converting such mechanical vibration into a 
frictional force between the rotor and the stator 
which causes the   rotor to move, this is called the 
mechanical energy conversion.  

During the last decade, the efforts of many 
researchers have been directed towards developing 
valid models of ultrasonic motors. Due to the 
popularity of the rotary traveling wave ultrasonic 
motors and their various applications, most of the 
developed models were concerned with such a type 
of ultrasonic motors. There are three approaches, 
namely: The Equivalent Circuit, the Finite Element, 
and the mathematical "mechanical". The Equivalent 
Circuit model is simpler than two models but such 
technique can not be give the exact performance 
characteristics of the ultrasonic motor because some 
parameters are neglected. Also, the finite element 
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model is much more complicated and time 
consuming. Several motors have been simulated 
using this method[5], however the results were not 
satisfactory because the given models is not the 
complete one. In this paper the mathematical model 
of the traveling wave ultrasonic motor is derived in 
details. Mathematical description of all components 
of the model was represented in Matlab-Simulink 
simulation environment. Also, the experimental 
results are presented and compared to the results of 
the simulation. 
 

2. Basic Operation of TWUM 
The rotary TWUM is shown in Fig. 1. Such a motor 
consists of the stator and the rotor parts.  The stator 
has only one thin piezoelectric ceramic ring adhered 
to the opposite face of elastic body. Such 
piezoelectric ring is divided into two halves, namely, 
sections A and B. Each section consisting of 8-
sectors polarized oppositely in the direction of 
thickness. Each sector corresponds to half 
wavelength of the bending wave as shown in Fig. 2. 
The rotor consists of a moving body, bearing, and a 
pressing spring [1, 2]. 

 

 
Fig. 1:  Cutaway view of the Shinsei USR60 traveling wave ultrasonic motor 

When a two phase high frequency  sinusoidal 
voltages with 90o phase difference are applied to 
each of the orthogonal halves of the stator, the 
ceramic sectors of the piezoelectric ring of the stator 
are expanding and contracting periodically according 
to the direction of poling. This causes a bending 
oscillation at the surface of the elastic body, which 
produces two orthogonal standing waves. The final 
produced traveling wave is simply the superposition 
of such a two standing waves. The elliptical motion 
of the stator surface points is generated by a 
traveling wave in the stator.  
Then the rotor is driven by the tangential force at the 
stator/rotor contact region resulting from the 
elliptical motion at each of wave crest. The rotation 
direction of the rotor is opposite to the direction of 
the traveling wave propagation [3-5]. The 
propagation direction of the traveling wave, and thus 
the rotation direction of the rotor, may be reversed 

by changing the sign of only one of the driving 
signals of either piezoelectric half section [6]. 

 

Fig. 2:  Piezoelectric ring sectors of the USR60 
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3. Modeling of the TWUM  
The total system for the two-phase rotary 

TWUM can be divided into its functional modules, 
as shown in Fig. 3, which are, resonant inverter, 
piezoelectric thin ring, elastic body, stator/rotor 
contact, and rotor with load. The complete 
mathematical model of each functional module of 
the total system will be derived below. 

 
3.1 Modeling of the Resonant Inverter 
The applied voltage to the traveling-wave ultrasonic 
motor is high frequency sinusoidal waveforms. Fig. 
4 shows one phase circuit diagram of a two phase 
resonant inverter. The main function of resonant 
inverter is to generate two phase high frequency 
sinusoidal voltages with the ability to control the 
amplitude, frequency, and phase shift between them.   
The inductor Ls is inserted in a series with 
piezoelectric ceramic elements for each phase of the 
inverter. 
This is to resonant with the inherent parasitic 
capacitance Cd of the ultrasonic motor to achieve a 
sinusoidal wave form and improve the power factor 

since the ultrasonic motor has capacitive input 
impedance.  
The equivalent circuit of each  phase of the resonant 
inverter is shown in Fig. 5 with the primary side 
quantities are refered to the secondary side[7-12]. 
Where inverters MOSFETs losses are equal to 
2RDson, the transformer parameters are Rcu, Ll, and 
Lmg. The losses in series inductor Ls of the resonant 
circuit are represented by a series resistance RLs. So, 
the values Rs =Rcu+RLs , sls LLL +=' , and the 

primary side parameters become as: invTinv vnv ='  , 

invTinv ini /1' = , DSonTinv RnR 22' =    
 

The output voltage vcp of such a circuit, shown in 
Fig. 5, is applied to the mechanical part of the 
ultrasonic motor. The transfer function which 
describes the previous circuit, Fig. 5,  is given by: 
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Fig. 3:  Block diagram of the total ultrasonic drive system 

 
 

 
Fig. 4: One phase of resonant inverter 

 
 
 

 
Fig. 5: Model of one of the  resonant inverter 
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as shown in Fig. 6. Such models represent the two 
sections of the stator and driven by the resonant 
inverter, that generates sine and cosine voltages vcp1 
and vcp2, Fig. 2.  

The amplitudes of such mechanical vibration 
modes are w1,t and w2,t. The parameter m describes 
the model mass of the elastic body of stator and 
ceramic. The parameters ds1 and ds2 reflect the structural 
damping of section A and section B respectively. 

The parameters Cs1 and Cs2 represent the 
equivalent mechanical stiffness of section A and 
section B respectively which are the summation the 
stiffness of the elastic body and stiffness of the 
piezoelectric ceramic. The cross-couplings between 
the two modes are represented by symmetry 
disturbances ε1, ε2.The output quantities of the 
resonant inverter vcp1 and vcp2 excite the mechanical 
model of the stator. The parameters A1 and A2 
represent the electromechanical coupling coefficient.   

The motion equations of the mechanical model 
in Fig. 6 are described as the following state 
equations [11, 13-15].  

Where, the effect of the stator/rotor-contact to the 
above motion equations is represented by the two 
nonlinear friction forces Fd1 and Fd2.  

 

 
Fig. 6: the two-mode mechanical model of the stator 
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3.3 Stator/Rotor Contact Modeling  
Stator-rotor contact model is the most complex part 
of the whole model of the ultrasonic motor. Stator is 
assumed to be rigid, which means that the vibration 
profile is unchanged after the contact with the rotor, 
whereas rotor has an elastic contact layer. 
An unsymmetrical contact mechanism for an 
arbitrary "wave crest" is depicted in Fig. 7. The 
stator is assumed to be rigid while the elastic contact 
layer of the rotor is modeled as a linear spring with 
equivalent stiffness CN in axial direction, and rigid in 
tangential direction [16, 17]. The equivalent stiffness 
CN of the contact layer is given by, 

 

rN hEbC /=                                                     (3) 

Where: 
E: is Young’s modulus of the contact layer, 
hr: is the thickness of the contact layer,  
b : is the contact width in radial direction. 

It is assumed that only two mechanical modes can be 
excited within the piezoelectric plate. So, two 
standing waves will be generated. Traveling wave 
can be generated by superimposing two standing 

waves. The standing wave equation for the section A 
and section B can be written as follows    

∼∼

= xkwtxw t sin.),( ,11                                          (4) 

∼∼

= xkwtxw t cos.),( ,22                                         (5)  

where,  

tww t ωsin1,1

∧

=       

tt tww ωcos2,2

∧
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The equations of the traveling wave  and the 
tangential velocity  can be expressed in general form 
as follows: 
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To simplify the above equations (6) and (7), a linear 
transformation of the original fixed coordinate 
system may be performed. The new origin x=0 is 
located at the top of wave crest and moves with same 
velocity of the traveling wave. The transformation 
equation between a fixed coordinate system and a 
moving coordinate system is given as: 

t

t

w
w

k
xx

,2

,1arctan1
−=

∼

                                     (8)   

Then, the vertical displacement is therefore  

)cos().(),( kxtwtxw
∧

=                                (9) 
where  

2

,2

2

,1

^

tt www +=  

 

 
Fig. 7: unsymmetrical contact mechanism. 

a) Overlap between stator and elastic contact layer  
b) Distribution of stator velocity and rotor velocity 

c) Distribution of tangential stresses 
 
Also, The horizontal velocity of the stator surface 
points becomes as follows: 
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Where ckx is the phase shift between the vertical 

displacement ),( txw and the stator 

velocity ),( txvh . The amplitude )(tw
∧

 of the 
traveling wave, the maximum of horizontal 

velocity )(tvh

∧

, and also the phase shift (t)ckx  are 
varying with time. It is clear that in such a case the 
points with maximum horizontal velocity are not in 
the peaks of the traveling wave as shown in Fig. (7).  

For the ideal conditions case, amplitudes of both 
standing waves are equal and the phase shift between 
the two modal displacements is 90 degrees. In such a 

case 
∧

w , hv
∧

 are constants and do not vary with time 
but ckx is equal to zero as shown in symmetrical 
contact mechanism shown in Fig. (8). in this case, 
the vertical displacement and the horizontal velocity 
become as follows: 

)cos()( kxwxw
∧

=                                         (13) 

)cos(.)( kxvxv hh

∧

=                                        (14) 
From equations (13) and (14), it is clear that the peak 
of the horizontal velocity occurs at the peak of the 
vertical displacement because phase shift is equal 
zero.  Also, the points at the peaks of traveling wave 
move with the highest horizontal velocity.  

The overlap w∆  between the rotor and the stator 
is given by, 

)cos(cos 0kxkxww −=∆
∧

                           (15) 

The penetration of stator into the contact layer of the 
rotor causes the creation of normal contact pressure 
p(x) along the contact zone. Such a contact pressure 
is distributed along the contact region 00 xxx ≤≤−  
as follows: 
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According to Coulomb’s friction law, the tangential 
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)(.µ).)(sgn()( xpvxvx Rh −=τ                (17) 

Where vR is tangential velocity of the rotor. The 
tangential stress is in the circumferential direction, 
but the sign of the tangential stress )(xτ  is related to 
the velocity vh of the stator and to the tangential 
velocity of the rotor vR at radius (r=Rw). The driving 
force FR is given by the following equation, 

xdxpvxvnF
x

x
RhR ∫

−

−=
0

0

)(.))(sgn(µ        (18) 

Using the contact pressure p(x) in equation (16) then, 
∧

= w
k

nF R
NC

µ2 φr(x)                               (19) 

Where, 
φr(x) 0cossin kxkxkx −=                              (20) 

 
Fig. 8: Ideal Stator/rotor contact mechanism. 

a) Overlap between the stator and elastic contact layer  
b) Distribution of stator velocity and rotor velocity 

c) Distribution of tangential stresses 
 

In order to complete the simulation model of the 
ultrasonic motor system, the feedback effect of the 
stator/rotor-contact on the stator’s vibration should 
be included. The contact forces Fdn and Fdt can be 
obtained from the effect of the contact pressure p(x) 
in the normal direction, and the tangential stress in 
the tangential direction respectively [16, 18]. Then, 

the equation of Fdn and Fdt can be written as 
following,  
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Where  



=Φ

∼∼

∼ xkxk
x

cossin  

The final equations of the nonlinear forcing vectors 
are given by  
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The tangential forcing vector and the driving force 
equations in general form are given as follows: 
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The generated torque TR of the ultrasonic motor with 
radius Rw is given as follows: 

 

RwR FRT =                                              (28) 
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3.4 Rotor Modeling
     The rotor has two degrees of freedom. The first is the 

rotation of the rotor and the second is the vertical 
motion in z-direction [19-21]. Fig. (9) shows the 
mechanical equivalent of the vertical motion of 

rotor. The dynamic equation of the vertical motion of 
the rotor is obtained through the force equilibrium in 
z-direction as follows: 
  

Nor
N

x

x
N

NZRZRZRR

Fxw
k

CnFdxxpn

FFwcwdwm

−=−=

−=+++

∫
−

)(2)(                                                     
^

...

0

0

φ
                               (29) 

where  
mR   : is the rotor mass, 

Zd  : is the equivalent vertical damping  
Cz    : is the equivalent stiffness,  

NF : is the axial applied force to the rotor by 
the rotor’s disk spring.  

The rotational motion equation of the rotor is given 
by: 

LRR TTJ −=
.
ω                                      (30) 

 
The rotor velocity vR  is given by: 

 

wRR Rv ω=                                              (31) 

Where 
Rω  : is the rotational rotor speed (rad/s),  

LT : is the applied load torque, 
J : is the rotor inertia. 

 

 
Fig. 9: Mechanical model of the rotor vertical 

motion 
The vertical displacement of the rotor wR(t) is equal 
to the vertical stator surface displacement at the edge 

of the contact region. So, the following equation will 
be considered to compute the value of x0 : 

 

)cos().()( 0kxtwtwR

∧

=                             (32) 
 

Then,  
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w

w
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x R
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To calculate the stick points slx and srx , at these 
points, the rotor velocity and horizontal velocity of 
the stator surface points must be equal. The 

slx and srx  equations are given as follows  
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v
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4. Simulation Results 
The models explained in the previous subsections are the 
complete description of the modeling of ultrasonic motor 
and driver circuit. The equations are simulated using the 
Matlab and Simulink program. The following simulation 
results are obtained for the Shinsei USR60 traveling wave 
ultrasonic motor assuming symmetrical structure ' ideal 
traveling wave'. The motor parameters used in 
simulation are taken from motor model USR60 
develop commercially by Shinsei and are listed in 
Appendix A. 
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Fig. 10:  input voltages vcp1 and vcp2 
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Fig. 11:  the stator modal amplitudes w1,t and w2,t 
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Fig. 12:  the amplitude of the traveling wave 
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Fig. 13: the rotor speed of ultrasonic motor 
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Fig. 14: the generated torque of ultrasonic motor 
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Fig. 15: the stator horizontal velocity vh  
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Fig. 16: the stator horizontal velocity vh  
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Fig. 17: the stick points xsl, xsr, and point x0 
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Fig. 11 shows the stator mechanical amplitudes w1,t 
and w2,t , At the first of the transient time, the 
mechanical amplitudes w1,t and w2,t of the are still 
small but the contact zone stretches over the whole 
wavelength of the traveling wave. As the transient 
time is increase, the mechanical amplitudes w1,t and 
w2,t of the stator increase and the contact zone 
becomes narrower  
Also, the motor provide high starting torque, which 
decreases approaches zero value in the steady state 
in the case of no load. Torque provided by the stator 
to the rotor is also shown in Fig. 14. The same 
phenomenon can also be observed from the Fig. 17 

which show the transient response of the no-slip 
points. At first, position of the no-slip points is far 
from the wave peak, which means that the driving 
zone prevails the contact zone. But later on, the no-
slip points approach a constant smaller value (i.e. 
driving zone shrinks), so that driving zone is in 
balance with braking zones. At the steady state, the 
torque approaches zero value. The model shows that 
the motor is characterized by very short transient 
time (about 1.7ms) which is important advantages of 
the ultrasonic traveling wave motors. This makes 
them useful in applications with fast response 
demands.  

 
Fig. 18:  PC-based Computer Control System for the Shinsei USR60 Drive 

5 Experimental Work 
Fig. 18 shows the block diagram of the PC-based 
control for driving the Shinsei USR60 motor. The 
speed of the motor can be controlling by adjusting 
the driving frequency f, the phase difference angle φ 
,and the voltage amplitude of two sinusoidal voltages 
applied to the motor terminals.  The experimental 
results of the rotary traveling wave are performed in 
open loop under the effect of the driving frequency 
and compared with the simulation results. Fig. 19 
shows the simulation and experimental response of 
the speed-frequency characteristic. Such 
characteristic indicate the similarities between the 
simulation and experimental result.  
6. Conclusions 

The complete model of the traveling wave 
ultrasonic motor is derived in details. The simulation 
results are compared with the experimental ones 
which give good agreement of the model. the 

mathematical model is quite efficient for modeling 
all parts of the motor. Moreover, such a 
mathematical model is quit general to handle any 
type of the traveling wave ultrasonic motors. 
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Fig. 21: the speed-frequency characteristic   
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Appendix A : Simulation Parameters of the Shinsei USR60 

Value Description items 
41-44khz Supply frequency f 

10.1e-3kg Stator mass m 

0.3093 Electromechanical coupling of section A A1 

0.3093 Electromechanical coupling of section B A2 

5.97e+8N/m Stiffness for sine- mode C1 

5.96e+8N/m Stiffness for cosine- mode C2 

50Ns/m Damping for sine- mode ds1 

50Ns/m Damping for cosine - mode ds21 

9 Number of nodal diameters n 

28.75mm Average radius of contact area Rw 

20.0713mm Wavelength of traveling wave λ 

530N/mm2 Young's modulus of contact layer E 

0.11 Coulomb's coefficient of friction µ 

2.5mm Surface distance a 

160N Axial applied force FN 

30e-3kg Rotor mass mr 

7.2e-6kgm2 Rotor inertia J 

10e3 Ns/m Rotor damping dz 

300e6 N/m Rotor stiffness Cz 

 


