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Abstract: -

In this paper an approach for robust anti-windup compensation design for PID controllers

based on the characterization of Ha and Ho, norms as Linear Matrix Inequalities (LMI) is presented. The
robustness is considered by assuring the closed loop performance, spite of unknown changes on the actuator
saturation limits. The stability and performance margins are evaluated from Hy and Ho, norms of the
controller output with respect to the actuator output transfer function, which are LMI restrictions. The
design of the robust compensation gain is assured by means of a parameter-dependent Lyapunov function
obtained from a convex optimization procedure with LMIs, which can be solved in polynomial time by

specialized algorithms.
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1 Introduction

In general, the controlled industrial processes present
actuator saturation problems. In control theory that
restriction is denominated the bounded control prob-
lem, which leads to consider methods and technics
that allow the practical installation of control sys-
tems.

On the other hand, the control systems can oper-
ate in multiple environments and with multiple ob-
jectives. Each specific situation defines the operation
mode, which can require a controllercommutation.
The modes commutation is the substitution in the
plant inputs, considering that the controller output
is replaced by another.

As a result of substitutions and limitations, the
plant inputs will be different to the controller’s out-
put. When this happens, the controller outputs don’t
drive the plant appropriately and the controller’s
states will be strongly updated, [8, 9]. This effect
is called Wind-Up. In global terms, the wind-up is
one inconsistency among the control input given to
the process and the internal states of the controller.
The adverse effect of the wind-up is a significant per-
formance deterioration, overshoots and even inesta-

bility, [9, 3].
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The wind-up problem can be handled by means of
compensation where, in a first stage, it is designed
the control system without taking into account the
restrictions; and in a second stage, some compensa-
tion scheme is found, with the purpose of minimizing
the limitations and commutations effect. The last
outlined focus has been denominated the anti-windup
bumpless transfer problem (AWBT), [8].

A general framework for the AWBT problem has
been presented in [8]. The development is based on
the paradigm of designing a linear controller, which
ignores the non linear inputs and incorporate AWBT
compensation in order to minimize those adverse ef-
fects due to any non linearity in the control input.

The main advantage of this design methodology
is that no restrictions are placed on the original lin-
ear controller design. The main disadvantage is that
although the linear controller and anti-windup com-
pensator both affect the closed-loop performance; so,
the effect of the linear controller on the performance
under saturation is completely ignored. In addition,
the possible changes of the saturation limits is not
considered, which can result very inconvenient.

In all solution cases for the AWBT problem by
compensation, it is required of one residual signal
obtained between the controller’s output and the ac-
tuator’s nonlinear output, [1, 3, 7, 8, 9, 11].



2 Problem formulation

In order to introduce the robustness problem for the
anti-windup compensation design; let us consider the
following benchmark model [4, 5]:

z1(t) = —0.1z1(t) + 0.50(u1) + 0.40(usz)
Zo(t) = —0.1xo(t) + 0.40(u1) + 0.30(us2),
yit) = i,
Y2(t) = o,

where the non-linear function o (o) denotes the actu-
ator saturation, which is defined by

g, if u(t) <wu,,,,
olu) =< u®) if w,, <ul)<u,;,,,

WUirnan if U(t) > Uiy i = 1327"'ap

(1)

In this example, the bounded controls u; € [—3, 3]
and up € [—10,10] are considered. For satisfying
control objectives, a PID controller with anti-windup
compensation is designed, which is given by

G@) = -z +enlo(ur) —u
+eqafo(uz) — us]

C(t) = ry—xo+enfo(ur) — uil
+ezalo(uz) — ug] (2)

ui(t) = 10(ry — 1) + (1,

uz(t) = —10(r2 — x2) — (o,

. e e
where 11, 9 are the set-points, and E., = 1z
€21 €22

is the compensation gain. According to [5], the cal-
culated gain corresponds to

1.5 04
Ee = (0.2 1.3) ’
which satisfies the compensation requirements, just
as is shown in Figure 1, where, for ;1 = 0.6 and
ro = 0.4, the system outputs reach their references
in spite of the actuator saturation.

On the other hand, if the saturation limits for the
actuator change (for example, if uq € [—1,1]) then
the closed loop system performance is not appropri-
ate, just as is shown in Figure 2.

Thus, it can’t be found robustness with respect
to saturation limits changes, which is typical in an
industrial processes control environment where the
actuator elements: control valves, hydraulic actua-
tors, etc., can be deteriorated for the intensive use,
parts obsolescence, construction materials degrada-
tion, among other aspects. Therefore, it is neces-
sary to design compensation mechanisms, in order
to guarantee some robustness characteristics, which
should consider changes in the actuator devices per-
formance.
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Figure 1: controlled Output using PI with compen-
sation.
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Figure 2: controlled system Output using PI with
compensation and changed limits.

In this order of ideas, let us consider the linear
system defined by

z(t) = Az(t)+ Bo(u)
y(t) = Cu(t), (3)

where z € R™ are the states, u € RP are the controls
and y € R? are the outputs. The matrices A, B, C
have appropriate dimensions.

The AWBT compensation problem is formulated
from Figure 3, where, due to the limitations and/or
substitutions, a non linearity appears among the con-
troller’s output and the effective process input.

o PID u(y Yo

Figure 3: Control System with Actuators Saturation.

The effective control input o(w) is a non-linear
function of the controller’s output u(t).



In order to satisfy the control requirements, a PID
controller with compensation is considered, which is
given by

o
—
~
~—

e(t) + Eclo(u) —u]
Ki¢(t) + Kpe(t), (4)

I~
—~
~
~

|

where e(t) = r(t) — y(t), Ky corresponds to the inte-
gral action gain, while Kp denotes the proportional
action gain. E, as it has already been mentioned,
represents the compensation gain.

Thus, the system in closed loop is given by

= Ax(t) + BO’(U)

= —Cz(t) +r(t) + Eclo(u) —u]  (5)
= Cux(t),

= —KpCux(t) + Ki((t) + Kpr(t),

which is equivalent to

(A— BKpC)x(t) + BK;( + BKpr(t)
]

4Bl -

Ct) = —Cz@t)+r@t)+Eco(u) -y (6)
y(t) = Cuz(?),

u(t) = —KpCx(t)+ K((t) + Kpr(t).

As it is well known, the gains Kp and K are de-
signed without considering the actuator saturation,
while the effect of the saturation on the performance
in closed loop is minimized by means of the selection
of the gain E.. The compensation have effect when
the signal ¥ = o(u) — u is not null, and the addi-
tional feedback, see the Figure 4, is incorporated in
order to make that signal be null, again, through the
upgrade of the control signal u, which will be inside
of the actuator saturation limits. When the signal
¥ is different to zero, its effect on the performance
of the closed loop system can be studied from the
perspective of analysis of the subjected systems to
external disturbances. In this case, the disturbance
signal is, in fact, the presence of the actuator satura-
tion. Such analysis corresponds to the minimization,
in some sense, the effect of the disturbance signal on
the control signal u. So, let us consider the transfer
function of the controller output « with respect to
the residual signal, or perturbation signal, 9. This is,

if O(t) = (?Eg) then

CONTROLLER
Figure 4: Control System with Saturation of Actua-
tors.

0(t) = AI(t)+BY
u(t Co(t) + Dy, (7)
where
_ (A-BKpC BK; (B
ae (VI ) = (s)
C=(-KpC K;), D=0

Therefore, the transfer function H,y(s) is given by

Hy9(s) = {%‘ﬁ] =C(sI—A)"'B+D.

The main condition to be satisfied is the closed
loop stability, even under the saturation situation.
It is guaranteed by means of the global stability of
the bounded input system, that which, in case that
this problem concerns, is guaranteed by means of the
compensation gain design. This way, the synthesis
problem consists in designing E. that guarantees the
effectiveness of the compensation under some robust
stability condition in perturbed systems. Therefore,
the compensation gain design problem can be focused
starting from the norms Hs y Heo-

Problem: Given the dynamic system (3), to design
the compensation gain E. for the controller (4), such
that:

1. The closed loop system (7) be asymptotically sta-
ble.

2. The effect of signal ¥ on the control signal u be
minimum, in some sense.

The closed loop stability is satisfied, in first place,
for the appropriate selection of the PID controller
gains. The second condition, lied to the bounded
input systems stability, will allow the compensation
under global stability. In this case, it is necessary to
design the compensation gain in order to guarantee
the closed loop stability and to minimize the effect of
the disturbance signal ¥ on the control signal « when
the saturation becomes present.

2.1 A framework in H,

In this case, we should design E such that ||H,y||3 <
w, for all > 0. The following lemma is a well known
result, which completely characterizes the Ho norm
constraint through LMI [2, 10].

Lemma 2.1 The inequality ||Hys||3 < p holds if,
and only if, D = 0 and there exists symmetric matri-
ces X >0, and W such that

[Ax(l-)igAT EJ 0. {(E?T (CXX] >0, 5
tr(W) < p.

is feasible.



Proposition 2.1 Consider the system defined by (3)
and the PID controller with compensation given by
(4). The controlled system is asymptotically stable
with robust compensation, because ||Hu9||3 < wp if,
and only if, there exist symmetrical matrices X > 0
and W > 0, and the matriz Q, such that the following
LMIs are satisfied:

AX +XAT M B+ M>Q W CX
T < 07
(0) -1 (
tr(W) < p;

(9)
where My = <g> and My = (g), have appropriate
dimensions.

The compensation gain matrix Ec s given by
E.=Q. (10)

Proof
The proof is direct. The first inequality in (8) is re-

written starting from the design variable E., using
the variables change Q = E.. |

This formulation guarantees the stability in the
case of saturation with a minimum effect on the con-
troller’s output signal.

2.1.1 Extended Hy

Proposition 2.2 Consider the system defined by (3)
and the PID controller with compensation given by
(4). The controlled system is asymptotically stable
with robust compensation, because ||Hyug||3 < p if,
and only if, there exist symmetrical matrices X > 0
and W > 0, and the matrices F, G, and Q, satisfy
the following LMIs are satisfied:

AF +FTAT X-FT + AGT M;B+ M>Q
()T —(G'+G) 0 <0,
()" ()" -1
W CG
|:(O)T GT + G — X:| > 0> tT’(W) < W5

(11)
I 0 .
where My, = 0 and My = 1) have appropriate

dimensions.
The compensation gain matrixz E¢ is given by

E.=Q. (12)

Proof

Consider Q = E.. As B = M1 B + M>Q, then the
first inequality in (8) is obtained multiplying the first
inequality in (11) on the left by G, and on the right

by GT, where
I A 0
G:= (O 0 ]I) ’

O)T X:| >Oa

On the other hand, assume that the inequalities
(11) are feasible. Therefore GT +G > X > 0. Hence,
this implies that G is non-singular. Since X is positive
definite the inequality (X—G)TX~1(X—G) > 0 holds.
Then, G'X"'G > G + G — X can be established,
which yields
{(f;]T GngGlG] (13)
Recalling that G is non-singular, then multiplying the
inequality (13) on the right by M := diag[l, G~'X]
and on the left by M” the second inequality in (8)
is hold. |

2.2 A framework in H.,

In this environment, we want to design E. such that
[|Husl|oo < 7, for all v > 0. It is well known that the
‘Hoo norm has a characterization as LMI constraints
according to the Bounded Real Lemma [2, 10]:

Lemma 2.2 The inequality ||Hyglloo < v holds if,
and only if, there exist a symmetric matriz X, such

that
ATX+XA XB CT

(o) -1 DT | <o.
@7 (T I

Starting from 2.2, it is possible to extend that char-
acterization of the co-norm for systems by means of
using parameters dependent Lyapunov’s functions.
This formulation has the advantage that is less con-
servative [6].

(14)

Lemma 2.3 The inequality ||Hyglleo < v holds if,
and only if, there exist symmetric positive Y, and
appropiate dimension matrices F and G such that

AF +FTAT Y - FT + AGT B FTCT
(0)T —(G+GT) 0 GC
(o)7 (o) 1 pT | <Y
(o)7 (0)7 ()7 Al
(15)

Proof

Consider Y = X1, The inequality (14) is re-written
using the congruent transformation 7 := diag[Y, I, I];
this is, the inequality is multiplied on the right by 7,
and on the left by 77. Thus, the obtained result is
equivalent to the one that is obtained of the multi-
plication, on the left, the inequality (15) by F, and
on the right by FT, where

I A 0O
F=10 0 I O
0 C 01



Proposition 2.3 Consider the system defined by (3)
and the PID controller with compensation given by
(4). The closed loop system is asymptotically stable
with robust compensation, because ||Hyg|loo < v if,
and only if, there exist a symmetrical matriz Y > 0,
and F, G, and Q matrices , such that the following
LMI is satisfied:

aF + FLAT v — T 4 46T MyB+ My  FLcT
)T — @ +cT) 0 GC
7 7T 1 pf | <0 (9
7T OR 7T -1

where My = (g) and My = (%) are matrices with

appropriate dimensions.
The compensation gain matriz E. is given by

E.=Q. (17)

Proof

The demonstration is direct. Consider Q = E.. Im-
mediately, the matrix B is expressed from its compo-
nents using the variables change. ]

The performance index based-on the H., norm cor-
responds to the Lo gain of the controller output signal
with respect to the actuator output signal.

3 Numerical Example

Let us consider the example presented in the first
part. We want to calculate the compensation gain
matrix, in both cases Hy and Hoo. At this time, we
use the LMI toolbox from Matlab® in order to formu-
late the LMIs and to obtain their numeric solution.

1. In the Hs case, the following results were ob-
tained: performance level p = 5.9560e(—008),

and
E, — (15.0000

40.0000
12.0000

30.0000

2. For the H. case, the results are: ~ =
1.3639¢(—005), and

E. — (15.0000

40.0000
12.0000

30.0000

For the time analysis, a simulation was made for
the Hoo case, where the u; € [—1,1] situation was
considered. Figure 5 shows the results in the differ-
ent cases: without saturation, with saturation and
without compensation, and with compensation.

Just as it can be observed, the compensation guar-
antees the system closed loop performance, in spite
of the change in the saturation limits. The tempo-
rary performance for the case without saturation and
with compensation are similar, varying only the time

response. On the other hand, the situation where
compensation is not given the design objectives are
not reached due to the saturation, such as is observed
in the figure (c) where the signal remains in the sat-
uration limit. This is the same situation that is pre-
sented for the case where doesn’t have robustness in
the synthesis of the compensation gain, as can be
seen in Figure 2. Thus, it is important to consider
some robustness characteristics for designing the gain
compensation matrix.

4 Conclusions

An approach for robust anti-windup compensation
design for PID controllers has been presented. The
technique is based on Hs and H,, norms charac-
terization as Linear Matrix Inequalities (LMI). The
robustness analysis is considered on the closed loop
transfer matrix, of the controlled output respect to
the difference between the actuator output and con-
troller output. The performance is assured in spite
of unknown changes on the actuator saturation lim-
its. The stability and performance margins are eval-
uated from Hy and Hs, norms of the transfer ma-
trix, which are LMI restrictions. The robust com-
pensation gain design is obtained by means of a
parameter-dependent Lyapunov function (less con-
servative), which allows to describe a convex opti-
mization problem. This problem is presented from
LMIs, which can be solved in polynomial time by
specialized algorithms.
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Figure 5. Actuator output and System output: (a)-(b) Without saturation. (c)-(d) With saturation and
without compensation. (e)-(f) With compensation.



