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Abstract: - This paper is about the model analysis of one of the degrees of freedom of an industrial
flexible manipulator, pneumatically operated by means of a cushion type air cylinder. Pneumatic
modelling is made upon the thermodynamic principles of mass and energy conservation, and the actuator
hybrid state nature analyzed. The flexible arm model is made using constrained generalized coordinates,
and the assumed modes method. Vibration modes contribution to the response is compared with
experimental data. The manipulator structural controllability and observability are considered by means
of its structure graph.
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1 Introduction

Some particular systems, such as light industrial
manipulators and the large space structures re-
quire lightweight elements. Weight reduction how-
ever, results in lack of sensing, vibration, and inca-
pability of precise positioning because of the flexi-
bility of the system, and difficulty to obtain accu-
rate model.

Additionally pneumatic actuators have advan-
tages such as low cost, clean operation and high
power to weight ratio that favor their potential
use in robotic systems to achieve slender, light,
simple and economic manipulators. In the other
hand pneumatic actuators control is problematic
because of their highly nonlinear characteristics.

Flexible manipulator modelling, has been done
for many years to describe its dynamic behavior
and improving it. Several methods have been pro-
posed to consider the effect of elasticity. One is
the assumed modes method [1], [2], [3]. Another is
the finite element method [4], [5]. A third method
commonly adopted by many researchers, is the
lumped parameter method [6], [7].

The development of digital control has pro-
moted the research of pneumatic servo systems [8]
and as an alternative the pulse-width modulated
control (PWM) [9]

Since modelling of flexible manipulators is very
complex, many researches consider as a first step
only one link as flexible [7], [5]. Nevertheless pow-
erful computers have enabled to consider several

links to be flexible [1], [2], [3], [4], [6].
Pneumatic servo systems development require

the modelling and simulation tools for their de-
sign and for the components evaluation and se-
lection [10]. Anglani et al [11] have developed
the simulation enviroment for actuators under the
PWM scheme.

This work is about the model analysis of one of
the degrees of freedom, for an industrial type flexi-
ble manipulator, operated by a pneumatic cylinder
equipped with break cushions. The elasticity of
the arm is modelled using constrained generalized
coordinates and the assumed modes method. The
description of the dynamics of the control valve
and the linear actuator is presented, and its hy-
brid state nature analyzed by means of state tran-
sition graphs. Vibration modes contribution to the
response is considered and compared with experi-
mental data. Controllability and observability are
considered from structural notions [13] and for this
purpose the manipulator structure graph is pre-
sented.

This work is part of the development on
an industrial dielectric manipulator, designed for
the cleaning maintenance of insulators in electric
power lines, [12].

2 System Description
The system is actuated by a single-rod double ac-
tion pneumatic cylinder 64mm in diameter and
102mm stroke, equipped with brake cushions to



limit the speed of the piston, that could damage
itself when it bumps the cylinder extremities.

Details of the manipulator arm construction are
shown in figure 1. It is driven, by means of a kine-
matic chain formed by the pneumatic cylinder, as
a slider-crank mechanism pinned to a rigid four bar
mechanism. The arm structure consists of a rigid
base and a 27mm PVC pipe, 1.5m long, which ac-
tually is a two link chain operating in the vertical
plane.

The air flow is regulated by two free return nee-
dle valves and the air direction is controlled with a
three position, closed center directional valve, the
timed opening and closing sequence of this valve is
preprogrammed in LabVIEW, where several key
variables are also recorded.

The instrumentation considered to measure the
prototype response is as follows: pressure sensors
for each of the two cylinder ports, a load cell at-
tached to the piston rod, and a potentiometer to
record the flexible arm base position. The arm
vibration is measured with eight strain gage half
bridges glued along the arm.

Fig. 1 Experimental arrangement of the flexible
manipulator.

3 System Variables
The vector variables considered in the system
model are as follows:

3.1 State Vector
The state vector includes the pressure chambers as
described in figure 2, the position θ6 and velocity
θ̇6 of the arm base and the coordinates associated
with the arm vibration as described in figure 3:

p = [pa1 p1 p2 pa2 θ6 θ q1 q2 θ̇6 θ̇ q̇1 q̇2]T (1)

3.2 Input Vector
The input is comprised by the inlet and outlet
valve area openings:

u = [a1 a2 ao]T (2)

where a1 and a2 are the valve inlets for the piston
and rod sides of the cylinder respectively and ao is
the valve outlet.

3.3 Measured Output
The variables considered for the measured out-
put vector are those that were instrumented to be
sensed on the test prototype:

y = [pa1 pa2 Fv θ6 v]T (3)

where pa1 and pa2 are the pressures as measured
at the cylinder ports, Fv is the piston force, θ6

is the arm base position and v is flexible arm tip
vibration.

4 Model Equations
The manipulator model is comprised by the actu-
ator and the elastodynamic models of the flexible
arm.

4.1 Hybrid Approach
The pneumatic parts of the system exhibit dis-
crete behavior. Their dynamics are described by
equations that behave as discussed below. This
equations refer to a dedicated hybrid state only,
so they may change in different domains of the
state space.

4.1.1 Flow pattern through the control
valve

The valve modelling details can be found in [14].
The mass flow rate depends on the values of the
inlet valve pressure p0, and outlet valve pressure
p1:

ṁ = Cd γ

√
k

RT0
p0 At (4)



Fig. 2 Pneumatic actuator with cushion chambers.
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where k and R are the ratio of specific heats cp/cv,
and the gas constant respectively, T0 is the inlet
temperature, pt is the valve throat pressure, and
Cd is the discharge coefficient.
Depending on the pressure ratio, the flow regime
for air can be:

Subcritical Flow (0, 528 < p1

p0
≤ 1) The flow is

described by equations 4 and 5.

Critical and Supercritical Flow (p1

p0
≤ 0, 528)

When the flow reaches its critical regime, the
coefficient γ gets a steady value of 0.5787 that
will not change with further decrease of the
outlet pressure p1, therefore the flow state re-
mains constant.

4.1.2 Dynamic relationship within the ac-
tuator chambers

The pneumatic actuator is a double-acting linear
air cylinder as shown in figure 2.

Depending on the piston position, the rate of
change of pressure inside the cylinder chambers,
including the cushions as shown in figure 2, can
be calculated from the following equations:

If 0 ≤ X ≤ Lalp then

ṗa1 =
k R T0

Aap

(
X + ∆Ap

Aap

)

[
ṁ1a − ṁ1c − Aap

R T0
pa1Ẋ

]
(6)

ṗ1 =
k R T0

(Ap −Aap)X

[
ṁ1c − Ap −Aap

R T0
p1Ẋ

]
(7)

If Lalp < X ≤ L then

ṗa1 =
k R T0

Ap(X + ∆)

[
ṁ1a − Ap

R T0
pa1Ẋ

]
(8)

ṗ1 =
k R T0

Ap(X + ∆)

[
ṁ1c − Ap

R T0
p1Ẋ

]
(9)

If 0 ≤ X < (L− Lalv) then

ṗ2 =
k R T0

(Ap −Ar)(L−X + ∆)[
ṁ2c +

Ap −Ar

R T0
p2Ẋ

]
(10)

ṗa2 =
k R T0

(Ap −Ar)(L−X + ∆)[
ṁ2a +

Ap −Ar

R T0
pa2Ẋ

]
(11)

If (L− Lalv) ≤ X ≤ L then

ṗ2 =
k R T0

(Ap −Ar)(L−X)[
ṁ2c +

Ap −Ar

R T0
p2Ẋ

]
(12)

ṗa2 =
k R T0

L−X + ∆Ap

Aav−Av

[
ṁ2a − ṁ2c

Aav −Ar
+

pa2Ẋ

R T0

]
(13)

the development of this set of equations is given
in [14].

4.2 Flexible Arm Dynamics
The arm rigid base is pivoted in the origin of the
inertial frame XY as shown in Figure 3, the flexible
bar is fixed to the rigid base, and attached to a
moving reference frame xy.

The Lagrange approach is used to derive the
equations of motion for the arm dynamics and the
assumed modes method to obtain the discretized
form for the elastic displacement, their form can
be seen in [15].

4.2.1 The assumed modes
The use of a moving frame to describe the primary
motion of the manipulator, introduces the addi-
tional variable θ (see Figure 3), which requires an

Fig. 3 Arm deformation about inertial coordinates.



additional constraint equation to deal with. The
constraint determines the boundary conditions as-
sociated with the elastic movement. The adequate
selection of assumed modes guarantees the con-
straint to be satisfied, being equal to choose a set
of independent generalized coordinates.

Considering that the rigid base and the flexible
arm form an unarticulated unit, it would be nat-
ural to consider the zero slope constraint, there-
fore selecting assumed modes such that the elastic
movement has zero slope in the arm’s attachment
to the base, this allows to express the angular po-
sition θ of the moving frame in terms of the angu-
lar position θ6 of the rigid base, rendering simpler
equations of motion, unfortunately in this work it
was found in practice as [16] indicates, that this
constraint leads to an inaccurate model when ei-
ther one or both of θ̇ and the secondary motion
amplitudes q1, . . . , qn increase.

In the model proposed in [15] the rigid body
constraint is used, which forces the secondary mo-
tion to have no rigid body components. The con-
straint has the form:

1√
I0

∫ L

0
µx v(x, t) dx = 0 (14)

4.2.2 Differential-algebraic formulation
The model of the flexible manipulator as consid-
ered in the previous section represents a two link
pined chain, so we introduce a constraint equation
to express the perpendicularity between the rigid
base position, and the slope of the flexible arm’s
attachment:

f(q) =
[
∂rp

∂x

]

x=0

+
1

‖r0‖
∂r0

∂θ6
= 0 (15)

Gathering equations of motion together with the
constraint 15 becomes the differential-algebraic
system shown below:

q̇ = z (16)

M(q)ż = h(q, z)− F T (q)λ1 (17)
0 = f(q) (18)

where M(q) is the mass matrix, F (q) = ∂f/∂q,
q = {θ6, θ, q1, . . . , qn}T , z = {θ̇6, θ̇, q̇1, . . . , q̇n}T

and λ1 is the Lagrange multiplier.

5 Dynamic Model Analysis
The discrete behavior of the pneumatic compo-
nents described in equations 4 through 13 can be
adequately analyzed by means of a state transition
graph.

Fig. 4 State transitions diagram for the pneumatic
actuator.

5.1 Hybrid State Transitions
The pneumatic actuator model includes the prop-
erty that state functions are picewise defined de-
pending on pressure values and the relative po-
sition between the actuator cylinder and piston.
These hybrid states define smooth state functions
on the boundary of the corresponding hybrid do-
main in at least first order.

The pneumatic actuator state transitions are
shown in Figure 4. The properties of these hybrid
states can be summarized as follows:

• The initial CR labelled states refer to closed
control valve, return movement conditions.

• The initial CE labelled states refer to closed
control valve, extending movement condi-
tions.

• The initial 1 labelled states refer to pressure
P1 on the piston side actuator port.

• The initial 2 labelled states refer to pressure
P2 on the rod side actuator port.

• The AP refers to the piston cushion and NAP
to the rest of the stroke.

• The AV refers to the rod cushion and NAV to
the rest of the stroke.

• The V0 refers to the states where the piston
is in still position.

• The B refers to subsonic streaming property
in the related chamber.



Table 1: Errors for the first four modes

Parameter φ1q1

2∑
i=1

φiqi

3∑
i=1

φiqi

4∑
i=1

φiqi

Epa1 0.0316 0.0218 0.0182 0.0162
Epa2 0.0299 0.0232 0.0212 0.0205
EFr 1.0875 0.5681 0.5043 0.4924
Eθ6 8.1354 8.1337 8.1334 8.1323
Ev 2.0990 2.0658 2.0604 2.1222
Etot 8.4720 8.4112 8.4055 8.4191

• The A refers to sonic streaming property in
the related chamber.

The state transition graph shows that the states
form a strongly connected components in them-
selves, therefore the system is reachable without
deadlocks, cyclic behavior or conflict situations.

5.2 Modes Contribution
For beams, the modes contribution to the response
is known to fall faster than for elements vibrating
in tension or torsion [17]. To investigate the modes
contribution, simulation results obtained with dif-
ferent number of modes is compared with the ex-
perimental data, using the following metrics:

E =

√∑n
i=1[(ds − de)/d̄ ]2

N
(19)

where ds and de are simulation and experimental
results respectively, d̄ is the mean of de and N
is the amount of data. Results for the first four
modes are shown in table 1. The global error Etot

is calculated from gathering the errors obtained for
each of the measured output variables:

Etot =
√
E2

pa1
+ E2

pa2
+ E2

Fr
+ E2

θ6
+ E2

v (20)

Table 1 shows a continuous diminishing of errors
with the increasing number of modes employed, for
all parameters but Ev and consequently Etot that
jump for the four modes model.This is due to the
fact that for each of the first three models there is a
slight vibration frequency difference between sim-
ulation and experiment that makes both responses
match for some periods diminishing the error, but
for the four modes model there is a steady phase
difference, resulting in a bigger error.

The results suggest that the most significant
error diminishment is accomplished considering a
two modes model.

5.3 Structural Controllability and Ob-
servability

The nonlinear local controllability in the neigh-
borhood of an operation point p0 is verified by

Fig. 5 Flexible manipulator structure graph.

means of the controllability distribution of the sys-
tem [18]. Considering the complexity of the state
matrix and its hybrid characteristics, controllabil-
ity is considered here by structural properties.

According with equations 1, 2 and 3, the struc-
ture indices of the system variables are:

p ∈ <12, y ∈ <5, u ∈ <3 (21)

therefore the dimension of structure matrices, for
the model linearization as defined by the above
structure indices are:

[A] ∈ <13×12, [C] ∈ <5×12, [B] ∈ <13×3 (22)

where 13 rows are considered for matrixes [A] and
[B] because of the addition of the restriction equa-
tion. The structure graph of the flexible manipu-
lator is constructed from the structure indices and
structure matrices and shown in figure 5.

If only the structure of the system is given, then
the notion of structural controllability or observ-
ability is used, according with the following [13]:

Theorem 1 A linear system with structure matri-
ces ([A],[B],[C])is structurally controllable or ob-
servable if

1. the matrix [A] is of full structural rank, and

2. the system structure graph S is input con-
nectable or output connectable.



The system structure graph describes the com-
plete interaction between the entries of the system
variables, therefore besides the full structural rank
property of the structure matrix [A], it is checked
in figure 5 for controllability, the existence of at
least one directed path from any of the input vari-
ables to each of the state variables, and for observ-
ability the existence of at least one directed path
form each of the state variables to one of the out-
put variables.

6 Conclusion
The hybrid nature of the pneumatic actuator, rep-
resented by its state transitions was studied found-
ing that the system is reachable without deadlocks,
cyclic behavior or conflict situations.

Comparison of simulation results and experi-
mental data shows that significant error diminish-
ing in the response occurs for the first two modes
for this particular model and operating range.

From model linearization, the system controlla-
bility and observability are considered on behalf of
the full structural rank of the state matrix and the
existence in the structure graph, of direct paths
from the input variables to the state variables for
controllability and from the state variables to the
output variables for observability.
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