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Abstract: - The aim of this paper is to present a brief overview about a special kind of two-parametric (or
co-dimension two) bifurcations in piecewise-smooth dynamical systems. The characteristic property of these
bifurcations is, that at the bifurcation point in a 2D parameter space an infinite number of bifurcation curves
intersect. Several types of these bifurcations are discussed. Additionally, a new type of three parametric (or
co-dimension three) bifurcations is reported.
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1 Introduction

Piecewise—smooth dynamical systems are in the
meanwhile well-known to be important both from
the theoretical as well as from the applications’
point of view [1, 2]. Investigating 1D parame-
ter spaces of these systems, one observes often
bifurcation scenarios, which are very difficult to
explain [3]. It turns out, that in many cases
these scenarios represent 1D traces or sections
of multi-parametric bifurcations, which can be
adequately described only by investigating the
coresponding high-dimensional parameter spaces.
Until now there are many open questions related to
multi-parametric bifurcations in piecewise—smooth
systems [4]. In this work we present an overview
about a special kind of two-parametric bifurcations
and introduce a new type of three-parametric
bifurcations, which can be observed in these sys-
tems. In this work, we use scalar piecewise—smooth
maps, because they are more simple to investigate
and allow much more analytical calculations to
unearth the basic principles and mechanisms of
the occurring bifurcation phenomena. However,
these bifurcation phenomena, are observed also
in many other dynamical systems, especially in
high-dimensional ones and in dynamical systems
continuous in time.

2 Basic definitions

Let us firstly summarize the basic definitions and
notions we use in the following. According to
standard definitions, a bifurcation is a qualitative
change of the asymptotic dynamics of a system, in-

duced by an infinitesimal variation of the system
parameters. Many bifurcations (usually denoted
as local) can be described using the linear stability
analysis, whereas for other bifurcations (usually de-
noted as global) this is not possible. A special kind
of global bifurcations, which occurs in piecewise—
smooth dynamical systems, are border—collision bi-
furcations (see for instance [5, 6, 7, 8]. For an actual
overview see [4] and references therein). We denote
as the domain of a bifurcation the set of parame-
ter values, for which this bifurcation occurs. Typi-
cally, a bifurcation’s domain represents an (n — 1)-
dimensional subspace of the n-dimensional param-
eter space. In this case, the bifurcation is called
one-parametric often denoted also as codimension
one bifurcation [9]. Especially, in one-dimensional
parameter spaces, the domains of one-parametric
bifurcations are points (usually denoted as bifur-
cation points). Obviously, in this case there are
exactly two different asymptotic dynamics in in
the vicinity of the bifurcation point. In two-
dimensional parameter spaces the domains of one-
dimensional bifurcations are represented by curves,
in three-dimensional parameter spaces by surfaces,
etc.. In the case, that the dimension of the bifur-
cation’s domain is less than n — 1, the bifurcation
is denoted as multi-parametric. More precisely, if
the domain of a bifurcation has the dimension m,
then the bifurcation is (n — m)-parametric or has
the codimension (n —m). Obviously, such bifurca-
tions can be observed only by investigation of n-
dimensional parameter spaces with n > 2. A typ-
ical property of these bifurcations is, that in their
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vicinity may exist more than two different asymp-
totic dynamics. However, this condition is neither
necessary nor sufficient for multi-parametric bifur-
cations.

Until now, the most of known results are related
to the case n = 2. In this case the domain of
a two-parametric bifurcation is given by a point,
where some number of one-parametric bifurcation
curves intersect each other. An example for this
phenomenon is the Hopf-Hopf bifurcation, which
represents the intersection of two Hopf bifurcation
curves. One can say, that the Hopf-Hopf bifurca-
tion is induced by two Hopf bifurcation occurring
at the same point in the parameter space. Several
other two-parametric bifurcations, induced by local
bifurcations, are known for instance, the cusps, in-
duced by two saddle-node bifurcations or the Hopf-
pitchfork bifurcation. In piecewise—smooth dynam-
ical systems multi-parametric bifurcations can be
induced by border—collision bifurcations as well.

A special type of two-parametric bifurcations, de-
noted as big bang bifurcation, is given by the case,
that at some point in the parameter space an in-
finite number of bifurcation curves intersect [10].
These bifurcations can be induced by both local
as well as global bifurcations. The big bang bifur-
cations occurring in piecewise-smooth dynamical
systems, are typically induced by border—collision
bifurcations.
where a big bang bifurcation is induced by simple
local bifurcations.

Remarkably, the used definition of the big
bang bifurcation does not specify, which kind
of asymptotic dynamics can be observed in the
vicinity of the bifurcation point. A more precise
classification of big bang bifurcations can be ob-
tained according to the one-parametric bifurcation
scenario taking place along the border of an infi-
nite small convex open vicinity of the bifurcation
point. Until now, we have found some dynami-
cal systems, which show along this border such
bifurcation scenarios, as period doubling, period
increment and period adding [11]. According to
these scenarios, we denote the corresponding two-
parametric bifurcations as period doubling, period
increment and period adding big bang bifurcations.

However we show also an example,

3 Two-parametric bifurcations
3.1 Period doubling big bang bifurcation

One of the most well-known bifurcation scenarios
is the period doubling scenario, which represents
an infinite sequence of flip bifurcations, where
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Figure 1: Power law map (1): (a) Period doubling big bang
bifurcation at a = 1/2, b = 1. Bifurcation diagram (b) and
period diagram (c) of the period doubling scenario along the
circle around the bifurcation point marked in (a). Numbers
in (a) and in all following figures mark the areas in the 2D
parameter space leading to corresponding periods, ’ch’ marks
the area with chaotic behavior.
the period after the nth bifurcation is given by
Pn = po2™, n = 1,2,.... It turnes out, that there
exists a two-parametric bifurcation (which we
denote as a period—doubling big bang bifurcation),
that shows this scenario along the border of an in-
finite small convex open vicinity of the bifurcation
point. In order to demonstrate this, let us consider
the power low map, defined by

o1 = 2" ((1/2)° = |20 — 1/2]") (1)
on the interval [0,1]. Hereby the parameter a
determines the value of the system function at its
maximum for x = 1/2, whereas the parameter b
determines, whether the maximum is smooth
(for b > 1) or not (otherwise). In the special
case b = 2 the map (1) is identical with the logistic

map Tnt1 = dax, (1 — zy) (2)

and for b = 1 with the tent map
if z<1/2
Tn+l = { / (3)

if ©>1/2
The period—doubling big bang bifurcation occurs
in system (1) at the point a = 1/2, b = 1. In this
case the co-dimension two bifurcation is induced
by local bifurcations, namely a transcritical one
and an infinite number of flip bifurcations. Note,
that the horizontal line b = 2 in Fig. 1 corresponds
to the period—doubling scenario of the logistic
map. Decreasing the value of b and varying a, one
observes, how this scenario shrinks to one point

2ax
2a(1 — z)
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Figure 2: Piecewise-linear map (4): case b = 0: (a) Period
increment big bang bifurcation at a = 0, b = 0, ¢ = 0.
Bifurcation diagram (b) and period diagram (c) of the period
increment scenario along the circle around the bifurcation
point marked in (a).

at the line b = 1. We remark additionally, that
the big bang bifurcation occures in system (1) at
that value of the parameter b, where the system
function undergoes the transition from smooth to
non-smooth. This seems to be typical for these
bifurcations. As a practical example let us refer
to the impact oscillator described in [12], where
a big bang bifurcation occurs at the point, where
the system undergoes a transition from impactless
motion to the one with impacts.

3.2 Period increment big bang bifurcation

Another bifurcation scenario, which can be often
observed, especially when dealing with piecewise—
smooth dynamical systems, is the period increment
scenario. It represents an infinite sequence of bifur-
cations, where the period after the nth bifurcation
is given by p, = po + nAp, n = 1,2,.... Typi-
cally, the bifurcations leading to this scenario are
border—collision bifurcations. Remarkably, there
exists a two-parametric bifurcation (denoted as
period increment big bang bifurcation), which
shows such a scenario along the border of the
vicinity of the bifurcation point. One of the most
simple dynamical systems, demonstrating this
bifurcation, is the following piecewise—linear map:
if x<0

rvn = { N )
with a > 0, |b] < 1, ¢ > 0. The main advantage of
system (4) is, that the n-periodic limit cycles and
their stability areas can be calculated analytically
for arbitrary n. As shown in [13], in the case b =0
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Figure 3: Piecewise-linear map (4): case —1 < b < 0:
(a) Period increment big bang bifurcation with coexisting
attractors at a = 0, b = —0.1, ¢ = 0. Bifurcation diagram
(b) and period diagram (c) of the period increment scenario
along the curve around the bifurcation point marked in (a).

the structure of the [a x c|-plane is completely
determined by a single period adding big bang
bifurcation at a = 0, ¢ = 0. Additionally map (4)
clarifies, why the existence of an infinite number
of different asymptotic dynamics in the vicinity
of a point in parameter space is not sufficient for
a multi-parametric bifurcation. Namely, in any
vicinity of each point on the cumulation line a = 0
there is an infinite number of different limit cycles,
but only the point a = 0, ¢ = 0 represents a big
bang bifurcation.

3.3 Period increment big bang bifurca-
tion with coexistence of attractors

A typical phenomenon related to the period in-
crement scenario, is the coexistence of subsequent
limit cycles. As in the case of the usual period in-
crement scenario, there exists a sequence of limit
cycles with periods pg + nAp, n = 1,2,.... How-
ever, the bifurcation scenario represents in this case
a sequence of pairs of bifurcations. At the first bi-
furcation of the nth pair the limit cycle with period
po+nAp emerges, but the previous limit cycle with
period pg + (n — 1)Ap is not affected by this bifur-
cation. This limit cycle is destroyed at the second
bifurcation of the nth pair, and until the first bi-
furcation of the (n + 1)th pair the limit cycle with
period py + nAp represents the only attractor.

The big bang bifurcation showing the described
scenario occures in system (4) for —1 < b < 0. As
in the case b = 0 this bifurcation dominates the
complete parameter plane [a X c].
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Figure 4: Piecewise-linear map (4): case 0 < b < 1: (a)
Period adding big bang bifurcation at a =0, b = 0.5, ¢ = 0.
Bifurcation diagram (b) and period diagram (c) of the period
increment scenario along the curve around the bifurcation
point marked in (a).

3.4 Period adding big bang bifurcation

Another bifurcation scenario, which can be often
observed, in piecewise—smooth dynamical systems,
is the period adding. In this case there exists an in-
finite number of limit cycles with different periods,
whereby between the parameter intervals leading to
limit cycles with periods p; and po there exists a pa-
rameter interval leading to a limit cycle with period
p1+p2. The mechanism leading to this scenario and
its relationship to the well-known devil’s staircases
and Farey trees are described in [14]. Therein it is
also shown, that there exists an unified framework,
namely an infinite adding scheme, which allows
the calculation of all periods existing between p;
and pe. However, it is more important, that there
exists a two-parametric bifurcation showing such
a scanario along the border of the vicinity of the
bifurcation point. This period adding big bang bi-
furcation can be observed in system (4) for b > 0,
as shown in Fig 4.

Note, that the structures of the 2D parameter
spaces of the dynamical systems discussed so far
are relative simple. As a more complex example
one can consider the piecewise-quadratic map,
investigated in [14]:

LTn+1 = { ﬂxn(l a -I'n)

1—ax,(1—xp,)
The structure of the parameter space [ x (] =
[0,4])? is dominated here by an infinite number of

if 2, <1/2

it z,>12 O

2

Figure 5: Piecewise-quadratic map (5): Period adding big
bang bifurcation at &« = # = 2 and an infinite number of
further big bang bifurcations. In the middle of the figure
the area leading to period 2 can be observed. This area has
a characteristic shape consisting of a main body and two
longish bands. Within this area, at « = = 3, a cusp
occurs, and at the boundary, between the two longish bands
occurs the next period adding big bang bifurcation. The
areas leading to all other periods, have the same properties.

period adding big bang bifurcations and an infi-
nite number of cusp catastrophes. The interaction
between these two types of two-parametric bifurca-
tions lead to a striking self-similarity of the param-
eter space of map (5) (see Fig. 5).

4 Three-parametric bifurcations
Until now we have described some types of two-
parametric bifurcations, observed by the investiga-
tion of piecewise-smooth maps. In 2D parameter
spaces the domains of these bifurcations are rep-
resent singular points. Of course, in a 3D param-
eter space, these domains become curves. As one
can expect, at these curves some points may ex-
ist, where the corresponding bifurcation is three-
parametric.

In order to demonstrate this, let us consider the
complete 3D parameter space [a X b X ¢| of the
map (4), and revise the results discussed so far
from this more general perspective. A schematic
representation of an area in this space is shown in
Fig. 6. The subareas leading to stable limit cy-
cles with periods n» and n 4+ 1 are represented by
the polyeders A1A3A0000102 and A2A5A00003C4
respectively. As shown in Secs. 3.2, 3.3 and 3.4,
below the plane b = 0 these polyeders overlap,
and hence in the overlapping area AsA3AgByBs
the limit cycles with periods n and n + 1 coex-
ist. By varying parameter b from negative to pos-
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Figure 6: Piecewise-linear map (4): Schematic representa-
tion of the positions in the 3D parameter space corresponding
to the two characteristic areas leading to periods n and n+ 1
with respect to each other. The lines AoCy, BoB1, BoB2 and
By B3 represent domains of two-parametric bifurcations, the
point By represents the domain of a three-parametric one.

itive values (upwards in Fig. 6), the areas in the
plane [a x ¢], leading to these limit cycles, shrink,
and consequently also the overlapping area. It is
clearly shown, that the plane b = 0 bounds the
overlapping area from above, so that there are no
coexisting limit cycles for parameter values b > 0.
For increasing positive values of the parameter b,
the abovementioned areas continue to shrink, and
the area in between (represented in Fig. 6 by the
polyeder BsByCyC2C3) increases. As we already
know, the limit cycles with high periods, that can
be derived from periods n and n + 1 using the infi-
nite adding scheme, emerge in this area.

Another view on the described phenomenon is
presented in Fig. 7. Here the parameters a and c are
varied along the curve marked in Figs. 2.(a), 3.(a)
and 4.(a), given by a part of a circle (a = Rsin(¢),
¢ = Rcos(¢) with R = 0.1 and ¢ = 0..7/2). Ad-
ditionally the parameter b is varied as well. Hence,
the bifurcation scenarios presented in Figs. 2.(b),
3.(b) and 4.(b) take place along the horizontal lines
marked in Fig. 7. As one can see, along the line b =
0, the map (4) shows an infinite sequence of period
adding big bang bifurcations. Note, that all these
period adding big bang bifurcation points represent
the intersections of the curve marked in Fig. 2.(a)
with the bifurcation lines originating from the pe-
riod increment big bang bifurcation point shown in
this figure. It can be shown analytically, that the
structure presented in Fig. 7 does not depend on
the radius R and hence, that for R — 0 all these
bifurcations collapse to the origin a = b =c = 0.

As a consequence, the point a = b= ¢ = 0 is the

.
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Figure 7: Piecewise-linear map (4): structure of the cylin-
dric surface around the b-axis of the 3D parameter space
[ax bx c]. The marked horizontal lines correspond to Figs. 2,
3 and 4. Along the line b = 0 an infinite sequence of period
adding big bang bifurcations can be observed.

most important point in the 3D parameter space,
because all the bifurcations domains originate here.
Recall, that each point on the b-axis represents a big
bang bifurcation point, whereby the type of this
bifurcations changes at the origin, i.e., at b = 0.
For this reason, the bifurcation occurring at the
origin is three-parametric. Recall further, that each
point on each of the infinite number of bifurcation
lines in the plane b = 0 represents also a big bang
bifurcation point. This follows directly from the
geometrical properties of the presented structure.
Three-parametric bifurcations of the described
type occur in several dynamical systems, therefore
they have to be investigated in more detail. We
state, that a bifurcation of this type has two char-
acteristic manifolds in the 3D parameter space, a
1D and a 2D one. Each point on the 1D char-
acteristic manifold except the three-parametric bi-
furcation point itself, represents a point of a two-
parametric bifurcation, which is a period adding big
bang on the one side of the 2D characteristic man-
ifold and a period increment big bang with coex-
isting attractors on the other side. Additionally, in
the 2D characteristic manifold the three-parametric
bifurcation represents a pure period increment big
bang bifurcation. Hereby, each of the infinite num-
ber of bifurcation curves, generated by this pure
period increment big bang bifurcation represents a
domain of period adding big bang bifurcations. In
the case of system (4), the 1D manifold is given by
the axis b and the 2D manifold by the plane b = 0.
Another example for the described three-
parametric bifurcations is demonstrated by the
ax + [

map
ra={ s ©)

equivalent to the one investigated in [3]. In the
cited work it is shown, that map (6) shows a broad
spectrum of dynamic behaviors, both chaotic as

if <0
if >0
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Figure 8: Piecewise-linear map (6): (a) Plane a = 0, rep-
resenting the common 2D manifold of the three-parametric
bifurcations at « =0, § = -1, py =0 and « =0, § = —1,
u — oo. In this plane both bifurcations are represented by
period increment big bang bifurcations. (b) Plane a = 0.1.
The first three-parametric bifurcation leads in the plane
a = 0.1 to the period adding big bang bifurcation at 3 = —1,
u = 0, whereas the second one leads in this plane to the pe-
riod increment big bang bifurcation with coexisting attrac-
tors at § = —1, u — oo.

well as periodic. The periodic behaviors of this map
can be explained easily, taking into account, that
the map undergoes at least two three-parametric
bifurcations of the type described above. The first

bifurcation occurs at « = 0, 8 = -1, p = 0,
and the second one at « = 0, 8 = —1, y — oo.
Remarkably, both bifurcations have the same 2D

characteristic manifold, given by the plane @ = 0
(shown in Fig. 8.(a)), but the “direction” of their
1D characteristic manifolds are different. There-
fore, for a > 0 the two-parametric bifurcation at
B = —1, u =0 is a period adding big bang bifur-
cation, and the one at § = —1, u — oo is a period
increment one (Fig. 8.(b)). For o < 0 the situation
is vice versa, i.e. the two-parametric bifurcation at
(8 = —1, u = 01is a period increment big bang bifur-
cation, and the one at § = —1, u — oo is a period
adding one.

5 Summary

In this paper we discussed special types of
two-parametric bifurcations occurring in piecewise-
smooth dynamical systems. These bifurcations
(big bang bifurcations) occur at the points in a
2D parameter space, where an infinite number of

bifurcation curves intersect. It is shown, that big
bang bifurcations can be induced by both local as
well as global bifurcations. Additionally, a special
type of three-parametric bifurcations is described.
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