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Abstract:- Given a differentiable family of matrices A € Dif(M, My, xn(C)), defined over a
manifold of parameters M, we study the existence of a differentiable family of matrices X €
Dif(M, Mypxm(C)) such that for all ¢t € M, X(t) is a generalized inverse of A(t).
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1 Preliminaries

Given a complex matrix A we denote by
A* the conjugate transpose of A.

It is well know that the generalized in-
verse of a matrix A € M, x,(C) is a matrix
X € Myym(C) verifying

AXA=A
XAX =X

The unique matrix X verifying in addition,

(XA)* = XA
(AX)* = AX

is called the Moore-Penrose inverse, in this
case we will note it by A*.

Now we are going to give characterizations
of differentiable families of subspaces.

Let M be a differentiable manifold, a dif-
ferentiable family of subspaces parametrized
on M is a differentiable map £ : M — G7y,p,
from M in the Grassmann manifold Gry,, of
all k-dimensional subspaces of K™. We will
write by £ € Dif(M,Gry,p), the set of all dif-
ferentiable families.

Analogously, we will write Dif (M, Gl(n; C)),
Dif(M, Mysm(C)), Dif(M,C"), etc., for
the set of differentiable families of invert-
ible matrices, of matrices, of vectors, etc.,
parametrized on M.

Theorem 1 ([5]) Let M be a differentiable
manifold and L : M — Gry, a family of
subspaces parametrized on M. Then, the fol-
lowing conditions are equivalent

i) L€ Dif(M,Griy).

it) For everyty € M there is an open neigh-
borhood Wy, of to in M, with k maps
v; € Dif(Wy,, K™), 1 < i < k, such
that {v1(t),...,vk(t)} is a basis of L(t)
for allt € Wy,.

i11) For everyty € M there is an open neigh-
borhood Wy, of to in M, together with
a map S, € Dif(Wyy, Gl(n; K)), such
that L(t) = S (t)L(ty), forall t €
Wi,

In the above conditions, we say that



vi,...,v, € D(M,K") is a differentiable lo-
cal basis of the family L.
As an application:

Proposition 1 Let £; € Dif(M,Gry, ),
1 <i <2, be two families of subspaces such
that L£1(t) C Lo(t) for allt € M. Then, there
exists a family L € Dif(M,Gri,—g,n) such
that

Lo=Ly(t) L L(1) for all te M.

Example 1

) If £ € Dif(M,Gry,), then Lt €
DZf(M, Grn—k,n)‘

2) If A € Dif(M,Mpxm(K)) such that
rank A(t) = k for all t € M, then locally
one can choose k columns of A(t) such
that form a basis of Im A(t). Hence,
ImA € Dif(M,Gryp).

3) In the above conditions, since ker A(t) =
(ImA(t)*)*, we have kerA €
Dif(M,Grn—k)m)-

4) From the above examples, it fol-
lows that if £; € Dif(M,Grin),
Ly € Dif(M,Gry,,) and dim(Lq(t) +
Lo(t)) = k for all t € M, then £; +
Lo € 'Dif(M,GTk,n) y L1 N Ly €
Dif(M,Gri, +ky—kn)-

In the following we assumes that M is a
contractible real manifold of class C". We
have the following fundamental result.

Proposition 2 ([5]) If M is a contractible
real manifold of class C", any C" principal
bundle over M is trivial.

Remark 1 For continuous principal bun-
dles, Husemoller [7], shows that they are triv-
ial over any contractible paracompact topolog-
ical space. Thus the following theorem holds
under these conditions.

If M is contractible real manifold, the local
properties can be globalized:

Theorem 2 Let M be a contractible real
C"-manifold, and L € C"(M,Gryy,), then:
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i) There exist k mapsv; € C"(M,C"), 1 <
1 < k, such that

{v1(t),...,v(t)} s a basis of L(t) for
everyt € M.

it) There exists a map S € C" (M, Gl(n;C))
and a k-subspace L € Gry,,, such that

L(t) =S(t)L,

In particular, L(t) = S(t)S(to) *L(to),
for allt,tg € M.

for every te M

2 Differentiable families of
Moore-Penrose inverses

Given a family A € Dif(M, Mpyxn(C))
matrices, we will call generalized inverse of
this family to the family X : M — M, %, (C)
such that, for each t € M the matrix X (t) is
a generalized inverse of A(t). If, in addition,
for each ¢ € M the matrix X (¢) is the Moore-
Penrose inverse A" (t) de A(t), we will say that
the family X : M — M, 5, (C) is the Moore-
Penrose inverse of the family A, and we will
note by AT,

We are going to present a local characteri-
zation of the differentiability of the AT family.
Also we we announce that these local proper-
ties can be extended to the parameter mani-
folds if they are contractible.

Theorem 3 Let M be a differentiable
manifold and A € Dif(M, Mpxn(C)) a dif-
ferentiable family of matrices having constant
rank, then

i) The Moore Penrose inverse family is dif-
ferentiable

ii) If the manifold M is real and con-
tractible, the family can be obtained from
A by means the following differentiable
matrixz operations:

0

o ()] )

where T € Dif(M,M,(C)), S €
Dif(M, M,(C)).
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Remark 2 Other local differentiable fam-
ilies of generalized inverses can be obtained in
the case the orthogonality of matrices .S and
T is not required and these inverses will be
global if the variety M is real and contractible.

Proof. Taking into account that
rank A(t) = k for each t € M, we have

Im A €Dif(M,Gr.m)
ker A €Dif(M,Gri,—)n)

so, Yty € M there exists a neighborhood W}
of tg in M such that

(@1(t), -+ 2nk(t))

is a differentiable basis for ker A(t) for all
t € Wi, and Yty € M there is a neighbor-
hood Wtzo of tg in M such that

(Y1 (), - yx(t))

is a differentiable basis of Im A(¢) for all ¢t €
WL .

Obviously, A* is a differentiable family of
matrices verifying rank A*(t) = k constant for
all t € M, then, as before, Yty € M there is a
neighborhood Wg) of tp in M such that

s Ym (1))

is a differentiable basis for ker A*(t) =
(Im A(t))* for all t € W}, and Vtg € M there
is a neighborhood Wfa of ty in M such that

Wkt (t), - -

(Tp—py1(t), ..., zp(t))

is a differentiable basis of ImA*(t) =
(ker A(t))* for all t € W

Let be now, the neighborhood W,, =
ﬂlewtio , of tg, we have that

(W1 (t), - .-

is a differentiable basis of C™.

Let T'(t) be the matrix whose columns are
the components of the vectors of this basis
with respect the canonical basis of C™.

In the neighborhood W,

ayk’(t)a yk+l(t)> s >ym(t))

(x1(t), .y Tk (t), Tp—gy1(t), ..., xn(t))

is a differentiable basis of C™.

Let S(t) be the matrix whose columns are
the components of the vectors of this basis
with respect the canonical basis of C".

The matrix of the map A(t) in these bases

(8 A%@)) — T AR S(®)

is

We observe that Ap(t) is the matrix
in the bases (xp—k11(t),...,2n(t)) and
(y1(2), - - -, yk(t)) of the map

(ker A)t — Im A

restriction of A(t). For each t € W, is invert-
ible and differentiable.
‘We consider the matrix

of the linear map
cm—cC"
yi(t) — Ay (y;(t) Vi=1,....k

yj(t) — 0 Vi=k+1,....m

in the bases

(1 (), e (t), Yura(t), -, ym(t))

and

(1(t), .y T (t), Tp—peg1(t), . . o, (1))

of C™ and C" respectively. In the canonical
bases of C™ and C" is

0 0\, 1,
50 (4 o) 70 = X0

The family X (¢) defined in this way, is dif-
ferentiable in W, and for each t € W, is a
generalized inverse of A(t):

A)X(t)A(t) =
=7(t) (§4940) s 080 (4580 0) T
() (3490 ) $71(t) =
(1) (§3) (§'%®) 570 =
= T(t) (g Ao(t>) S=1(t) = A(t)



X()AMD)X (1) =
8@ (agt o) THOT@ (§490) 571(1)
S(t) <A0_q(t) 8) T-Ht) =
=50 (89) (asio) T =
=50 (atp o) T7H®) = X ().
Then, locally, there exist differentiable fami-
lies of generalized inverses.
Applying Gram-schmidt to the bases
W1 @) (), Y1 (@) - -, Ym (1)) and
(x1(t)y ..y Tpr(t), Tp—gr1(t),...,xn(t)) of
C™ and C™ respectively, we obtain

(yl(t)v s 7yk(t)7yk+1(t)7 cee aym(t))

and

(Tl (t), ... ,fn_k(t),fn_]ﬁ_l (t), - ,fn(t))

where (Tp—g+1(t),...,Tn(t)) is a basis of
(ker (t)A)* and (7;(t),...,7,(t)) is a basis of
Im A(t), then we can repeat the above con-
struction but using these new bases, obtain-
ing a differentiable family of matrices X (¢),
such that for each t € Wy, X (¢) is the Moore-
Penrose inverse:

X (A1) = )

:(s@)(Asﬁﬂg)T—%oT@)(gA%ﬂ)s—%n) -
(50 (aztm0) (§40) s71®)

= (S (37)S71(1)" =

= (S_l(t))’;(gg (S =

= 5(t) (AJ%) N T ()T (L) (8 AOJ“) S=1(t) =

— X(t)A(t

0
= (T (30)T-1(1)" =

= (T )" (57) (T(1)* = 0 o

=T(t) (8 Aoo(t)) S=1(1)S(t) (Agl(t) 0) T-1(t) =
— A(DX(t).

Taking into account that for each ¢t € M
exists a unique Moore-Penrose inverse A™(t),
the family X = AT is differentiable and locally
can be obtained by means matrix operations,
for that it suffices to remark that

1
o) = |(Idy 0) T(t) P A@)S(t) <12k)]
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Suppose now, that the space M is real and
contractible, then the families of matrices S
and T are global, consequently all family can
be obtained by means matrix operations:

0 0
+ -1
AT=5 (Idy, 0)T‘1A5<0> o)

Idy
O

2 Differentiable families of
Drazin inverses

Given a matrix A € My,x,(C)), we will
call Drazin inverse of A to the matrix AP €

M« (C) such that,

AP AAP = AP
AAP = AP A
AR AD — Ak

where £ = ind A (index of A), is the small-
est nonnegative integer k such that rank A* =
rank AR,

Let A: M — M,xmn(C) a differentiable
family of matrices, we will call Drazin inverse
of this family to the family AP : M —
M, %m(C) such that, for each ¢t € M the ma-
trix AP (t) is the Drazin inverse of A(t).

As for the case of Moore-Penrose inverses,
we are going to present a local characteriza-
tion of the differentiability of the AP family.
Also we we announce that these local proper-
ties can be extended to the parameter mani-
folds if they are contractible.

Proposition 3 Let M be a simple
connected differentiable manifold and A €
Dif(M, Mp,xn(C)) a differentiable family of
matrices having the same Segre type (that is to
say, having the same discrete invariants vary-
ing at most in the value of eigenvalues) and
having constant index, then

i) The Drazin inverse family is differen-
tiable

ii) If the manifold M is real and con-
tractible, the family can be obtained from
A by means the following differentiable
matrix operations:



where P € Dif(M, M,(C)) is such that
_ J(t) 0 .
1
PA()P~ = < 0 N> and N is a

nilpotent matriz of index k.

Remark 3 Taking into account that for
all t € M A(t) have the same Segre type and
the same index, the Jordan part of A(T") cor-
responding to the zero eigenvalue is the same
for all ¢.

Proof. In these conditions there exists a
differentiable Jordan basis for A(t), (see [5]).
O

Conclusions

In this paper locally differentiable families
of generalized inverses are obtained and these
families are global if the parameter space is
real and contractible.

These families can be used to obtain solu-
tions for generalized linear systems depending
on parameters.

1]
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