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Abstract: In this paper, we study the order of convergence of the linear positive Beta operators by means
of the Peetre-K functional and of the functions from Lipschitz class. Furthermore we introduce a
generalization of r-th order of these operators and also investigate approximation properties of them.
Finaly we give an applications to differential equations.
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1. Introduction
The operators

L gt (1 _ t)n(l—x)—l

B”(f;x): B(nx.n(1-x))

f(t)dt (1)

0

are known as Beta operators, where
neN={2,.}, xe[0,1] and f e C[0,1] and
B(.,.) denotes the familiar Beta function. It is

clear that Beta operators are linear and positive.
From the well-known theorem of Korovkin [5], it
is easily verified that

B, (f;x)=f(x) o >0 as n—oo (2)

The order of convergence of Beta operators by
means of modulus of continuity was investigated
by Khan [3]. Some approximation properties of
Beta operators may be viewed in [3], [1] and
references therein.

In this paper we first investigate the order of
convergence of Beta operators, defined by (1), by
means of the Peetre-K functional and of the
functions from Lipschitz class. Next we give a
generalization of I —th order of these operators,
and study their approximation properties. Finally
we give an application to differential equations.

2. Rates of convergence

In the following, we first give the definition of the
Peetre-K functional which we shall use.

Let C° [0,1] denote the space of those
functions f for which f,f’, f"e C[O,l], then the
Peetre-K functional is defined as follows (see[2]):

K(f 2 ) B geicgﬁ),l] | F- g”C[O»l] 0, ”g”Cz[O’l]}’

where f e C[O,l], 0, 20 and the norm in the space
C2[0,1] is defined by

! 14
g

Ny
for g € C2[0,1].

In this section we give the rates of
convergence of (2) by means of the Peetre-K
functional and elements of Lipschitz class.

We note that Khan proved the rate of
convergence of (2) using modulus of continuity as
follows (see[3]): For f e C[0,1],

clo]?

9 c?[o,1] =9 clo,1] +
N

|Bn(f;x)— f(x)| <1+ x(1-x)w(f,s,),
1

where O, = ,n>1,and W(f,d,) is the

modulus of centinuity of f .

Taking maximum over [0,1] on each side of the last
inequality we obtain that
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[B,(£:3)= () s%w(f,&n ) 3)

1
where 6, =——=,neN.

Jn+1

Now we have the following.

Theorem 2.1. Let f € C[0,1], then we have

B, (f3%)= f(x)|.p, < 2K(f.5,).
where :m and K(f,5,) is the

Peetre-K functional.

Proof. By the definition of the Peetre-K
functional, we first take g € C° [0,1]. Applying
the operators B, to the Taylor expansion of g(s)
at the neighborhood of X we then get that

B, (g:%)=g(x)+ B, ((s = x):x)g'(x)
+2B, (5 x:X)g"()

From the last equation, it follows that

B, (0:)- 0(x) < 5 B, (s - s xo ().~ ()

Easy calculations show that

n((S—X)z;X]

(s%:%)- X*|+2x8B, (s:%)- X

M

n+1

Taking (4) and the last inequality into account,
then it can be deduced that

1
||Bn (gax)_ g(xmc[o,l] < 8(n +1) c?o,1]’ (5)

Using the linearity of B, we have the following.

B, (f;x)- f(x)
<|B, (f —gsx)+|f(x)- g(x)+[B,(g: %) g(x).

Taking maximum of each side of the last inequality
over [0,1] and using the fact that B, (1; X) =1, then

we arrive at

”Bn(f;x)_ f(XMC[O,l]
32||f _g”c[m] +||B 9, X Xm cloa]’

Considering (5) in the last inequality, it then follows
that

”Bn (f ) X)_ f (X]|C[0,l]

<201 -l * g ©

Taking infimum over g € C* [0,1] from each side of

(6) and by choosing o, = , theorem

16(n+1)

follows.

Recall that the well-known Lipschitz class
of orderer, Lip, (@), 0 <a <1, M >0, is defined

as follows: For t,x €[0,1],
Lipy (@) =1{f :|f(1)- f(x) <Mt—x" |

The following theorem gives the rate of convergence
of the linear positive operator B, by means of the

Lipschitz class.

Theorem 2.2. Let
f eLip,, (), then we have

1B (f55)= f (g < =50

where 0, = which is the same as in (3).

1
Jn+1

Proof. Let f eLip,, (e). Since B, are

n

linear and monotone, then we have
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1B, (f;x)— f(x)<B,(f(t)-f(x);x)

1
<M [lt-x"y,, t)t,
0

by the definition of Lip,, (¢t), where

! (1 . t)n(l—x)—l
B(nx,n(1-x))

Wax (D)= (7

Applying Holder’s inequality to the last integral, it
readily follows that

1

%
B, (f5x)— f(x) < M{I( _X)an,x(t)dt}

0

%
sm[Mj L ®

n-1

where /(1) is the function given by (7).

Taking maximum over [0,1] from each side of (8),
we arrive at

M .,
B, (f;x)- f(x)||c[0’1] gz—a5n :

where 0, which proves the theorem.

1
_Vn+f

3. A generalization of r-th order of
B, -

Let C'[01] r=0,1,2,...,
times continuously differentiable functions defined

on [0,1]. We introduce the following
generalization, in the sense of Kirov (see[4]), of

the linear positive operators B., ne N .

denote the space of I -

n»s

k
I(f;x) :j Zf —)wnx(t)dt 9)

0
where (1) is the function given by (7),
feC'[01] r=012,.

named as [ —thorder generalization of the
operators B, . Clearly Br[f)] =B,,neN.

. The operators BrEr] are

The subject of this section is to investigate
approximation properties of the operators BrEr],
r=0,1,2,...., ne N . For this purpose we first give
the following.

Theorem 3.1. Let felip,(a) and

f € C"[0,1], then we have

r[‘r](f ; X) - f (XX‘C[O,I]

M a
Mo g
(r=1)a+r (e.r

-

a+r
2

where B(a, r) is the usual Beta function and

r=0.12,..,neN.

clo,1]

Proof. From (9) we obtain the following.
f(x)-B}(f:x)
I r Y
f - £ o0 o o
0

where /(1) is the function given by (7). Using

the integral from of the remainder term in (11) it
follows that (see[4])

Since f " eLip,, (), then we have

‘fmﬁ+zQ—¢»—fm&]§Mfﬁ—xr.03

From the well-known property of the Beta function
it follows that

B(a,r) (14)

1
(1-t)"t*dt = B(1 =
'([ B(1+a,r) "

Substituting (13) and (14) into (12), we arrive at



Proceedings of the 8th WSEAS International Conference on APPLIED MATHEMATICS, Tenerife, Spain, December 16-18, 2005 (pp215-219)

r+a

IA

B(er, 1)t - x

5)

(r=1)a+r

Using (11) and (15) we reach to (10). Hence
theorem follows.

Now let us define the function g € C[O,l]
by g(S) = |S - X|0(+r . Since g(X) =0, then it can
be easly seen from (2) that

1Ba (95X}, >0 @ n—>oo.

From Theorem 3.1 it readily follows that

for f e Cr[O,l] such that f ) e Lipy, (a).

BII(f;x)- f(xj‘c[m] —0 as n— o

As aresult, taking the formula (3), Theorem
2.1 and Theorem 2.2 into account we can reach to

the following respective results from Theorem 3.1.

Corollary 3.2. Let f € C'[0,1] such that
f ) eLip,, (), then we have

BI(f;x)- f(x)”c[o’l]
M a

<
T (r=1a+r

B(a, r)%w(g;é)
by (3).

Corollary 3.3. Let f € C'[0,1] such that
f ) eLip,, (), then we have

[B(F:0- 7 (0],

M
(r=1)a+r

< B(a,r)2K(g;6),

where 5n is the same as in Theorem 2.1 and K is
the functional of Peetre.

Corollary 3.4. Let f € C"[0,1] such that
) eLip,, (), then we have

BI(f;x)- f(xj‘

clo,1]

where O, is the same as in (3) and we take

ge Lipl(a) in Theorem 2.2.

4. An application to differential

equations
In this section we obtain a differential equation that
the linear positive operators B, satisfy. One can find

many differential equations that B, satisfy.
t
Theorem 4.1. Let g(t):lnﬁ ,te(0,1). For

each x €[0,1] and f e C[0,1], B, (f;x) satisfy the

following functional differential equation

d
—B,(f;
s, (1:x)

- -B,(f; x)%ln[B(nX, n(1-x))]

+nB, (fg; x)

Proof. Since f € C[O,l] and the integral in

(1) is convergent for each N, then differentiating
each side of (1) we get the following.

a B(nx,n(1 - x))

i v)_ _ dx )
de”(f’X)_ B(nx,n(1 - x)) B, (15%)
n l t -
[ fOm——t™ (1=t gt
’ B(nx,n(l—x))! ()nl—t (-1)

t
Using the assumption g(t) = lnﬁ in the last

equation, the proof is reached.
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