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Radiation in Numerical Compactons from Finite Element Methods
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The numerical simulation of the propagation of nonlinear waves may present numerically-

induced radiation. Compactons, solitary waves with compact support, are no exception. The numerical
radiation generated by compactons of the Rosenau-Hyman K(2,2) equation calculated by means of a
fourth-order finite element method is illustrated. Small-amplitude forward and backward radiation are
shown in the simulations, both having self-similar envelope profiles and high frequency carriers. The
amplitude and velocity of the envelope of both radiations are determined.
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1 Introduction

The numerical simulation of the propagation of
nonlinear waves presents several numerically in-
duced phenomena, such as spurious radiation, ar-
tificial dissipation, or errors in group velocity.
The numerical analysis of compactons [1], trav-
eling wave solutions with compact support re-
sulting from the balance of both nonlinearity and
nonlinear dispersion, are not free of these spu-
rious phenomena. In fact, the numerical solu-
tion of compacton equations is a very challenging
problem presenting several numerical difficulties
which have not been currently explained [2, 3].
For the numerical simulation of compactons,
pseudospectral, finite element, finite difference
and particle methods have been used in space.
Pseudospectral methods require the addition of
artificial dissipation (hyperviscosity) using high-
pass filters [1, 4] in order to obtain stable re-
sults. The main drawback of current (filtered)
pseudospectral methods is the inability to show
high-frequency phenomena [2, 5]. Particle meth-
ods based on the dispersive-velocity method have

Compactons, Numerical radiation, Finite element methods, Self-similarity

been proposed to cope with these features [4], but
their preservation of the positivity of the solutions
is another clear disadvantage. In finite element
methods both a Petrov-Galerkin method using
the product approximation developed by Sanz-
Serna and Christie [2], and a standard method
based on piecewise polynomials discontinuous at
the element interfaces [6] have been used. Second-
order finite difference methods [7], high-order
Padé methods [5], and the method of lines with
adaptive mesh refinement [3] have also been ap-
plied with success. Both finite difference and fi-
nite element methods require artificial dissipation
to simulate the generation of high-frequency phe-
nomena during compacton interactions, which
is usually incorporated by a linear fourth-order
derivative term.

The main drawback in the numerical simu-
lation of compacton propagation without high-
frequency filtering is the appearance of spuri-
ous radiation, even in one-compacton solutions.
Since this radiation is usually of very small am-
plitude, in fact, more than six orders of magni-
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tude smaller than the compacton amplitude in
current simulations, it has not been previously
noticed in the literature. In this paper, for the
first time, this spurious radiation is illustrated
and their main properties determined. In order
to focus our analysis, only the numerical solution
of the Rosenau-Hyman K (2,2) compacton equa-
tion is studied. Moreover, extensive numerical
studies [2, 3, 5, 6, 7] shows that the best method
for the solution of this equation is the fourth-
order Petrov-Galerkin finite element method de-
veloped by de Frutos, Lépez-Marcos and Sanz-
Serna [2]. In this paper we further focus our
attention in the spurious radiation generated by
this method. Other methods yield similar results
to be reported elsewhere.

The contents of this paper are as follows. Next
Section shows the mathematical expression of
the compacton solution of the Rosenau-Hyman
K (n,n). Section 3 shows the derivation, trunca-
tion error terms and linear stability of the finite
element method used in our simulations. Sec-
tion 4 presents our results on both the forward
and the backward numerically-induced radiation
wavepackets generated during the propagation of
one-compacton solutions. Finally, the last section
is devoted to some conclusions.

2 Compacton solutions

Compactons were first found as solutions of the
(focusing) K (n,n) compacton equation by Rose-
nau and Hyman [1], which is given by

ut + (un)z + (un):c;rz =0, 1<n <3, (1)

where u(z,t) is the wave amplitude, z is the spa-
tial coordinate, t is time, and the subindexes indi-
cate differentiation. Equation (1) has four invari-
ants I; = [ ¢;(u) dx, where ¢1 = u, ¢ = u™™}
¢3 = u cos(x), and ¢4 = u sin(z).

Compacton solutions of Eq. (1), for n &
{-1,0,1}, can be written as [9]

(o cos” (8w —wo —et)",
]x—xo—ctlﬁﬁv

0, otherwise,

ue(z, t) =

where c is the compacton velocity, zg the position
of its maximum at ¢ = 0, and

2¢cn n—1 1
9 ﬁ_ 271

Compacton solutions are classical solutions only
for 1 < n < 3, otherwise they are weak solutions.

3 Finite element method

Extensive numerical studies developed by both
de Frutos, Lopez-Marcos and Sanz-Serna [2] and
Ismail and Taha [7], among others, shows that
the best method for the solution of Eq. (1) is a
Petrov-Galerkin finite element method previously
developed by Sanz-Serna and Christie [8] for the
Korteweg-de Vries equation.

In Petrov-Galerkin methods trial and test func-
tion spaces are not the same. Here, C° continu-
ous piecewise linear interpolants and C? continu-
ous Schoenberg cubic B-splines are used respec-
tively as trial and test functions. For the nonlin-
ear terms, the product approximation is applied.
The resulting weak formulation for Eq. (1) is as
follows: Find a function

such that

<Ut7 %) + <(Un)r7 ¢j> + <(Un)$a (¢j)$$> =0, (2)
for all ¥;(z), j = 0,1,..., N, where a uniform
mesh is used, x; = xo + i Az, the inner product
is

)= [ ™ fe) g(a) d,

Ui(t) = U(xi,t) =~ u(x;,t), ¢i(x) are the usual
piecewise linear hat functions associated with the
node z; (¢i(z;) = d;;, the Kronecker delta), which
can be written as

r — T;—1
T;a S [l‘i—laxi}a

. — Tit1l1 — X
oi() Z+Am ;T € [z il
0, elsewhere,

and 1;(z) are cubic B-splines defined in a 4 Ax
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interval, given by

( (x — 3
<A;32)7 T € [Xi—2,Ti—1),
|43t T +3(JJ—9€¢—1)2
2
méxxi_l)?’ Az
-3 Ax3 ) HAS [l‘iflaxi]a
Yi(z) = Tig1—x |, (21— 2)?
143 ( s —):3 A2
Tis1l — T
-3 HAIT, x € [z, Tit1],
3
Tito — T
(Z—"_A.IS)7 UAS [mi"rlvwi'f'?]a
L 0, elsewhere,

which are C? continuous as required by Eq. (2).

Tedious evaluation of the inner products in
Eq. (2) yields the following system of ordinary
differential equations

dU;j n n

A(E) T 4 B(E) (U,)" + C(E) (U;)" =0, (3)
where E is the shift operator, i.e., EU; = Uj41,
and

_E?4+26E7'+66+26E' + E°

A(E) 120 ,
—E2-10E"'+10E! + E2
B(E) = 24 Az ’
o) = ~E?+2E ! —2E'+E?
o 2 Ax3 )

The method of lines given by Eq. (3) is
fourth-order accurate for regular enough solu-
tions (U;(t) € C7), since its truncation error
terms are given by

Azt 9U

+ O(Az®) .
However, in multi-compacton solutions of the
K(n,n) equation, even for smooth initial data,
shocks (or nonsmooth solutions) are developed
reducing the effective order of accuracy locally
around the shocks and introducing numerical in-
stabilities which evolve to the blow-up of the so-
lution [2, 5]. In order to avoid these instabili-
ties, artificial viscosity must be introduced into

the nondissipative method given by Eq. (3). Here,
the term e 9*u/0x*, with e small enough, is intro-
duced into the left-hand side of Eq. (1). This term
is numerically discretized by means of a second-
order accurate five-point difference formula, given

by

E?—4E'+6-4E'+F°
Azt

which is added to the left-hand side of Eq. (3).

The second-order implicit midpoint rule is used
for the integration in time of Eq. (3), yielding

eDE)U; =¢

Uj,

m—+1 m
At

+ (B(E) + C(E)) (

A(E)
m—+1 m\ ™

U, +Uj

2

m-+1 m
Ut + U >

+eD(E) ( 5 =0, (4

where U™ =~ u(wj,mAt). The resulting non-
linear system of algebraic equations is solved by
means of Newton’s method. The linear stabil-
ity analysis by the von Neumann method for
Eq. (4) with e = 0, after linearization by taking
U = (WU, with [W]| = n (Julleo)™ L,
and substituting U™ = "™ exp(ij6), i = V-1,
yields the amplification factor

| = |A —1i||W]| sin6 B
~JA+i||W] sind B|’

where
A =33+ 26 cosf + cos 20,
5 At At
B = 3 As (54 cosf) + 30 LS (cosf —1).

Therefore, |r| =1 and Eq. (4) for € = 0 is nondis-
sipative and (linearly) unconditionally stable. In
practice, for nonsmooth solutions these schemes
may blow up if artificial viscosity (small but non-
null €) is not introduced.

The finite element method developed here pre-
serves exactly the first invariant of the K(n,n)
equation (for e = 0), since by summing in space
it may be easily shown that > u? =Y uY.
However, the other three invariants are not ex-
actly preserved, but instead only well preserved,
as shown in Figure 1. The error in the first in-
variant shown in Figure 1 (top plot) is not exactly
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Figure 1: The error between the analytical value and
the numerical one calculated by the trapezoidal quadra-
ture rule for the first (top plot) and second (bottom plot)
invariants during the propagation of the 1-compacton so-
lution of the K(2,2) equation.

null, as theoretically predicted, because of the er-
rors introduced by the Newton iteration which
has been stopped when the relative error in the
solution is smaller than 10719, Since the error in
the second invariant is very similar in magnitude
to that of the first one, so this invariant is also
very well preserved.

4 Presentation of results

Extensive numerical experiments with the finite
element method developed in the previous Sec-
tion have verified their good accuracy and con-
servation properties for both € = 0 and, when re-
quired, small enough properly chosen €. The main
result of this paper is the discovery, for € = 0, of
numerically induced radiation resulting from the
propagation of the numerical compacton. Both
backward- and forward-propagating wavepackets
have been found. In order to focus the scope of
the paper, only results for the K(2,2) equation
are presented.

Figure 2 shows a zoom in of compacton with
¢ = 1 where a moving frame of reference X =

x 10”7 Numerically induced radiation
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Figure 2: Radiation generated at both sides of a com-
pacton propagating with ¢ = 1 at two instants of time,
t =100 (top plot) and t = 250 (bottom plot).

x —ct is used in order to stop the compacton and
to highlight the relative velocity of the wavepack-
ets of radiation generated during its propagation.
As clearly shown in both plots, two wavepackets
of radiation propagate from the compacton, here
referred to as forward and backward radiation
corresponding to that with a group velocity larger
and smaller, respectively, than the compacton ve-
locity. The amplitude of both wavepackets is
very small compared with that of the compacton,
hence they may be considered negligible in many
practical simulations.

The more interesting and noticeable property
of both backward and forward compacton radia-
tion is their self-similarity. Figures 3 and 4 clearly
show this property presenting, respectively, plots
of forward and backward radiation at two instants
of time stretching the horizontal axis in order to
highlight the self-similarity of the wavepackets.
Similar results have been obtained for other in-
stants of time and for compactons with other ve-
locities.

Backward and forward numerically-induced ra-
diation are characterized by the evolution of their
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1-compacton forward radiation
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Figure 3: Forward radiation generated during a com-
pacton propagation with ¢ = 1 at two instants of time,
t = 200 (top plot) and ¢ = 300 (bottom plot), highlighting
their self-similarity.

amplitude and group velocity relative to that of
the compacton, shown in Figure 5. The ampli-
tude of the radiation may be calculated locally
by searching the first maximum of the radiation
from the outside of the wavepacket. This max-
imum changes a little in the first steps of time
but yield a very smooth curve as time progresses,
as shown in the top plot of Figure 5, which also
illustrates their nearly exponential diminution in
time of both the backward and forward radiation.
Similar results have been obtained for other com-
pacton and/or mesh parameters.

The velocity of the front of the wavepackets of
both forward (cp) and backward (cp) radiation
relative to the velocity of the compacton can be
easily obtained from plots of the position of the
“first” peak of the wavepacket, that used to calcu-
late its amplitude. Figure 5 (bottom plot) shows
the position of this radiation front for both the
backward and the forward wavepackets, showing
that the velocity of this front is practically con-
stant during propagation and may be calculated
by linear regression of the data of their positions.

1-compacton backward radiation
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Figure 4: Backward radiation generated during a com-
pacton propagation with ¢ = 1 at two instants of time,
t = 200 (top plot) and ¢ = 300 (bottom plot), highlighting
their self-similarity.

Table 1: Velocity of the front of both the backward and
forward radiation for a compacton with velocity ¢ = 1 in
numerical simulations with At = 0.05 for several values of
Az with z € [0,2500] and ¢ € [0, 300].

Az | 0.2 0.1 | 0.05 |0.025 | 0.0125
cr | 5.063 ]5.034 |5.022 | 5.013 | 5.004
—cp | 1.004 | 1.005 | 1.004 | 0.997 | 1.000

Table 1 shows the results of such a procedure as
a function of the spatial grid size Az and fixed
At. This table shows that both the forward (cp)
and backward (cp) group velocities are practi-
cally constant, equating 5 and -1, approximately.
A similar table for the variation as a function At
shows similar trends. Further results, omitted
here for brevity, indicate that ¢y and cp depends
mainly on the compacton velocity (or amplitude),
being nearly independent of the parameters of the
numerical method.
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Figure 5: Amplitude (top plot) and front velocity (bot-
tom plot) of both forward (dashed line) and backward
(continuous line) radiations as a function of time.

5 Conclusions

The propagation of compactons of the Rosenau-
Hyman equation has been studied by means of
a fourth-order accurate Petrov-Galerkin finite el-
ement method. For the first time, numerically
induced radiation in the propagation of numer-
ical compactons has been reported. Both back-
ward and forward radiation is found and their
parameters have been determined using a moving
frame of reference stopping the compacton. Both
kind of radiation were shown to be self-similar,
showing a nearly exponentially decreasing ampli-
tude and nearly constant velocity, strongly de-
pending on the parameters of the compacton but
only slightly depending on the parameters of the
numerical method.

Further research on the characterization of the
radiation of numerical compactons based on other
numerical methods, in fact, finite difference, Padé
methods and other finite element techniques is in
progress. The quantification of the self-similarity
by means of the correlation function and the de-
termination of their scaling parameters are also
in progress. Finally, the behaviour of the spuri-
ous radiation under high-frequency filtering also
devotes some attention.
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