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ALMOST PERIODIC SOLUTIONS OF NON-AUTONOMOUS
BEVERTON-HOLT DIFFERENCE EQUATION

DAVID CHEBAN AND CRISTIANA MAMMANA

ABSTRACT. The article is devoted to the study of almost periodic solutions
of difference Beverton-Holt equation. We prove that such equation admits
an invariant continuous section (an invariant manifold). Then, we obtain the
conditions for the existence of an almost periodic solution. We study this
problem in the framework of non-autonomous dynamical systems (cocycles).
The main tool in the study of almost periodic solutions in our work are the
continuous invariant sections (selectors) of cocyle.

1. INTRODUCTION

In the qualitative theory of differential and difference equations non-local prob-
lems play the important role. It refers to questions of boundedness, periodicity,
almost periodicity, asymptotic behaviour, dissipativity etc. The present work be-
longs to this direction and is dedicated to the study of almost periodic solutions of
non-autonomous Beverton-Holt difference equations. Almost periodic solutions of
difference equations arise in numerouse theories, from Dynamical Systems [4, 10],
Dynamical Economics [8], Chaos [1], Physics [14] and their references.

Below we will give a new approach concerning the study of almost periodic difference
equations. We study the problem of almost periodicity in the framework of non-
autonomous dynamical systems (cocyles) with discrete time. The main tool in the
study of almost periodic solutions in our work are the continuous invariant sections
(selectors) of cocyle.

This paper is organized as follows.

In Section 2 we give some notions and facts from the theory of non-autonomous
dynamical systems (cocycles). In particularly, we present the important for our
work notion of continuous section of non-autonomous dynamical systems.

Section 3 is dedicated to notion of almost periodic motion of dynamical systems.
This section contains a very important construction (see example 3.8) of non-
autonomous dynamical system generated by non-autonomous difference equation.
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In section 4 we present the main result of our paper (Theorem 4.7) whiche give
the sufficient conditions of existence at least one almost periodic solution of non-
autonomous Beverton-Holt difference equation.

2. CONTINUOUS INVARIANT SECTIONS OF NON-AUTONOMOUS DYNAMICAL
SYSTEMS

Let S be a group of real (R) or integer (Z) numbers, T (S; C T) be a semigroup of
the additive group S.

Definition 2.1. Let (X,h,Y) be a bundle fiber [3, 9]. The mapping v:Y — X is
called a section (selector) of the bundle fiber (X, h,Y), if h(y(y)) =y for ally € Y.

Remark 2.2. Let X ;=W xY. Then v:Y — X is a section of the bundle fiber
(X,h,Y) (h:=pry: X =Y), if and only if v = (¢, Idy) where p : W — W.

Definition 2.3. Let (X, Ty, 7) and (Y, To,0) (Sy C Ty CTe CS) be two dynam-
ical systems. The mapping h : X — 'Y is called a homomorphism (respectively iso-
morphism) of the dynamical system (X, T1,7) on (Y, Ta, o), if the mapping h is con-
tinuous (respectively homeomorphic) and h(w(x,t)) = o(h(z),t) (t € T1, z € X).

Definition 2.4. A triplet (X, Ty,7), (Y, Ta,0), h), where h is a homomorphism
of (X, Ty,m) on (Y, Ta,0) and (X,h,Y) is a bundle fiber [3, 9], is called a non-
autonomous dynamical system.

Let W, Y be two metric spaces and (Y, Ta,0) be a semi-group dynamical system on
Y.

Definition 2.5. Recall [13] that a triplet (W, ¢, (Y, Ta,0)) (or briefly ¢) is called
a cocycle over (Y, Ty, o) with the fiber W, if ¢ is a mapping from T; x W x Y to
W satisfying the following conditions:

1. p(0,z,y) =z for all (z,y) € W x Y;
2. pt+1,z,y) = ot o(r,z,y),0(1,y)) for allt,7 € Ty and (z,y) € W xY;
3. the mapping ¢ is continuous.

Let X := W x Y, and define the mapping 7 : X x Ty — X by the equality:
m((u,y),t) = (p(t,u,y),0(t,y)) (ie. @ = (p,0)). Then it is easy to check that
(X, Ty, n) is a dynamical system on X, which is called a skew-product dynamical
system [2], [13]; but h = pro : X — Y is a homomorphism of (X, Ty, 7) onto
(Y, Ty, 0) and hence ((X,Ty,7),(Y,Ts,0),h) is a non-autonomous dynamical sys-
tem.

Thus, if we have a cocycle (W, ¢, (Y, Tq, o)) over the dynamical system (Y, Ts,0)
with the fiber W, then there can be constructed a non-autonomous dynamical sys-
tem (X, Tq,7), (Y,T2,0),h) (X := W xY), which we will call a non-autonomous
dynamical system generated (associated) by the cocycle (W, ¢, (Y, Ta,0)) over (Y,
Tg, U).

Example 2.6. Consider the equation
(1) Tn+1 = f(U(TL, y)vxn) (y € Y)7



2005 WSEAS Int. Conf. on DYNAMICAL SYSTEMS and CONTROL, Venice, Italy, November 2-4, 2005 (pp231-239)

ALMOST PERIODIC SOLUTIONS OF ... DIFFERENCE EQUATIONS 3

where (Y, To,0) (T2 C Z) is a dynamical system on Y and f : Y xW — W is a
continuous mapping.

Denote by ¢(n,u,y) the solution of equation (1) with initial condition (0, u,y) = u.
From the general properties of difference equations it follows that:

(i) ¢(0,u,y) =u for allu € W and y € Y;
(i) p(n-+m,z,y) = p(n, @(m,z,y), o(m, y)) for alln,m € Ty C Z and (z,y) €
W xY;
(iii) the mapping ¢ is continuous.

Thus every equation (1) generate a cocycle (W, g, (Y, Ta,0)) over (Y, Ty, o) with
fiber W.

Definition 2.7. A mapping v : Y — X s called an invariant section of the
non-autonomous dynamical system (X, Ty, 7),(Y,Ta,0),h), if it is a section of
the bundle fiber (X, h,Y) and v(Y) is an invariant subset of the dynamical system
(X, Ty, m) (or, equivalently,

Uim"v (@)« g€ (") (o'y)} =~(a'y)
for allt € Ty ndy €Y, where * :=w(t,-)).
Theorem 2.8. [5, Ch.2,p.83] Let ((X,Ty,n),(Y,Te,0),h) be a non-autonomous
dynamical system and the following conditions be fulfilled:

(i) the spaceY is compact;
(ii) T =7Z or R;
(iii) the non-autonomous dynamical system {((X,Ty,7),(Y,Ta,0),h) is con-
tracting in the extended sense, i.e. there exist positive numbers N and
v such that

(2) p(ﬂ(t7.’1,‘1),71'(t,$2)) S Ne—ytp(xlaxQ)

for all x1,29 € X (h(x1) = h(xs)) and t € Ty;
(iv) TV, X) ={y | v: Y — X is a continuous mapping and h(y(y)) =y for
alye Y} #0.

(i) there exists a unique invariant section v € I'(Y, X) of the non-autonomous
dynamical system (X, Ty, 7), (Y, T2,0),h);
(ii) the following inequality holds

(3) p(n(t,z), n(t,v(h(x)))) < Ne™" p(a, y(h(z)))
forallz € X andt € T.

3. ALMOST PERIODIC MOTIONS OF DYNAMICAL SYSTEMS

Let (X,Z4,7) be a dynamical system.

Definition 3.1. A number m € Z is called an e-almost period of the point x € X,
if p(m(m+n,z),7(n,x)) <e foralln € Z,.
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Definition 3.2. The point x is called almost periodic, if for any € > 0 there exists
a positive number | € Z, such that on every segment (in Zy ) of length 1 there may
be found an e-almost period of the point x.

Denote M, = {{t,} C Z4 | {7(tn,x)} is convergent}.

Theorem 3.3. ([11], [12]) Let (X, Z4,w) and (Y, Z+, o) be two dynamical systems.
Assume that h : X — Y is a homomorphism of (X,Z,m) onto (Y,Z4,0). If a
point x € X is almost periodic, then the point y := h(zx) is also almost periodic and
M, CM,.

Definition 3.4. A solution p(n,u,y) of equation (1) is said to be almost peri-
odic, if the point x := (u,y) € X := E XY is an almost periodic point of the
skew-product dynamical system (X,Zy, ), where 1 := (@,0), i.e. w(n,(u,y)) =
(p(n,u,y),0(n,y)) for alln € Zy and (u,y) € EXY.

Let E be a Banach space with the norm |- |.
Lemma 3.5. Suppose that u € C(Y, E) satisfies the condition

(4) u(o(n,y)) = ¢(n,u(y),y)
foralln € Zy andy €Y. Then the map h: Y — X, defined by

(5) hy) = (u(y),y)
forally €Y, is a homomorphism of (Y,Z,0) onto (X,Z4,7), where X := EXY
and = (p,0).

Proof. This assertion follows from equalities (4) and (5) O

Remark 3.6. A function v € C(Y,E) with property (4) is called a continuous
invariant section (or an integral manifold) of non-autonomous difference equation

(1).

Theorem 3.7. If a function u € C(Y, E) satisfies condition (4) and a point y € Y
is almost periodic, then the solution o(n,u(y),y) of equation (1) also is almost
periodic.

Proof. This statement follows from Theorem 3.3 and Lemma 3.5. (]

Example 3.8. Consider the equation

(6) Unp41 = f(n7 Un)

where f € C(Zy X E, E); here C(Z4 x E, E) is the space of all continuous functions
Z4+ x E — E) equipped with metric defined by equality

LR du(fi,da)
d(f17f2)~2227m7

1

where d,,(f1,d2) := max{p(f1(k,u), fo(k,u)) | k € [0,n], |u] <n}, there is defined
a distance on C(Z, x E, E) which generates the topology of pointwise convergence
with respect to n € Z, uniformly with respect to u on every bounded subset from
E.
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Along with equation (6), we will consider the H-class of equation (6)
(7) Vnt1 = g(n,vn) (9 € H(f)),

where H(f) = {fm | m € Z+} and the over bar denotes the closure in C(Z4 X E, E),
and f,(n,u) = f(n +m,u) for all n € Z; and u € E. Denote by (C(Z4 x
E.E),Z,,0) the dynamical system of translations. Here o(m,g) := g, for all
méeZy and g € C(Z4 x E,E).

Let Y be the hull H(f) of a given function f € C(Zy x E,E) and denote the
restriction of (C(Z4+ x E,E),R,0) onY by (Y,Z4+,0). Let F : EXY — E be a
continuous map defined by F(u,g) = g(0,u) for g € Y and uw € E. Then equation
(7) can be rewritten in this form:

Un+1 = F(G(nvy)vun)
where y := g and o(n,y) := gn.
Definition 3.9. The function f € C(Z4 x E, E) is said to be almost periodic if

f €C(Zy xE,E) is a almost periodic point of the dynamical system of translations
(C<Z+ X EaE)7Z+7U)'

If the function f € C(Z4+ x E, E) is almost periodic, then the set’Y := H(f) is the
compact minimal set of the dynamical system (C(Zy X E,E),Zy,0) consisting of
almost periodic functions.

4. ALMOST PERIODIC SOLUTIONS OF BEVERTON-HOLT EQUATION

The periodic Beverton-Holt equation
pEKny,
K, + (p—1)z,
(K +r = K,,) has been studied by Jim Cushing and Shandelle Henson [6] and Saber
Elaydi and Robert J. Sacker [7].

(8) Tn+1 =

Below we will suppose that the following conditions hold:

(C1) the squence {K, },ez is almost periodic;
(C2) a < 3 are two positive constants such that o < K, < g for all n € Z;
(C3) 1> (£)2

Denote by ¢(n,u, f) the solution of equation

9) Tpt1 = f(n,2n)
with initial condition (0, u, f) = u.

Lemma 4.1. Let f; : Z+ x Ry — Ry (i = 1,2). Suppose that the following
conditions hold:

(i) up,uz € Ry and up < ug (respectively, uq < usg);
(i) fi(n,z) < fa(n,x) (respectively, fi(n,z) < fo(n,z)) for alln € Z4 and
T € R+,
(iii) the function fo is monotone non-decreasing (respectively, strictly monotone
increasing) with respect to variable x € Ry.
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Then QO(TL,Ul,fl) < (p(nau27f2) (respeCti’UEZy7 (P(n, ul’fl) < @(n,’LLQ,fQ)) fO’f' all
n e Z+.

Proof. Let u; < us (respectively, u; < uz), then we have
o(1,u, f1) = f1(0,u1) < f2(0,u1) < f2(0,u2) = (1, ug, f2).
(respectively, ¢(1,u1, f1) = f1(0,u1) < f2(0,u1) < f2(0,u2) = (1, uz, f2)). Sup-
pose that So(k>u17 fl) < QO(]C,’LLQ, f2) (respectively, @(ka uy, fl) < @(k/’a U2, f2)) for all
k < n, then we obtain
(,0(71 + 17“’17 fl) = fl(na W(nvuh fl)) S f2(n7 QO(n,Ul, fl))

< fa(n, o(n, uz, f2)) = e(n+ 1, uz, f)
(respectively, Sﬁ(n + 1aulvf1) = fl(naw(nvulvfl)) < fQ(naQD(nvulvfl)) < f2 (TL,
(p(nv Uz, f2)) = (p(n+ 17u27f2))' O

Lemma 4.2. Let f(n,z) := % for alln € Zy and x € Ry. Then the
following statements hold:

(i) f(n,x) >0 for alln € Zy and x € Ry;
2
(ii) fi(n,x) = ML% >0 for alln € Zy and v € Ry;

(iii) fr(n,x) = % <0 foralln € Zy and x € Ry.

Proof. This statement is straightforward. [
Lemma 4.3. Let f(n,z) := % for alln € Zy and x € Ry. Then the

following statements hold:

(i) f(n,z) — o = LUt for gl € Z, and z € Ry
(ii) f(n,K,) =K, for alln € Z;
K2
(iii) f(n,z) — pram oK, = W<Ofor alln € Zy and x € R,
(iv) (a) p(n,u, f) <u for all u > f3;
(b) ¢(n uf)>uf0rallu§a.
Proof. The first three statements are obvious. Let u > [ (respectively, u < «),
e K (1 — Du(Ky —u)
pL U p—1u(K; —u
1, u, - U= " —U=
el f) Ki+(p—1u Ki+ (p—1u

(respectively, ¢(1,u, f) — u > 0). Suppose that ¢(k,u, f) < wu (respectively,
o(k,u, f) > u) for all k < n, then we obtain (n+1,u, ) = ¢(1, p(n,u, f),c(n, f))
(o(n, f)(k,x) := f(k+n,z) for all k € Z and z € Ry). By Lemma 4.1 we have
(Lo, u, ), 0(n, ) < p(1,u,0(n, f) (respectively, w(1,o(n,u, f),o(n, f)) >
o(1,u,o(n, f))) because o(n, f),(m,z) = fi(n+ m,z) > 0 for all n.m € Z and
x €Ry. for all k € Z and = € R Since

90(13'&;0'(77,7‘][)) — /J“Kn+1u

Kn+1 + (M - 1)“'7

then
(= DB —u) _
Kn+1 =+ (,U — l)u -

<p(1,u,o(n, f)) —u=
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because K,+1 < 0 (respectively, p(1,u,o(n,f) —u > 0 because K,11 > «).
Thus o(n + 1,u, f) = (1, 0(n,u, f),o(n, f)) < u (respectively, p(n + 1,u, f) =
o(L,0(n,u, f),o(n, f)) = u). 0

Corollary 4.4. Let f(n,z) := % foralln € Zy and x € Ry, then
(i)

(10) timsup p(n, u, )] < -E5

n—-+00
for all w € Ry;
(i) a = h < pn,u, f) < B+ h foraln € Z; and u € [a — h, 3 + h|, where
0<h< 232

Proof. By Lemma 4.3 we have

[ 1 pKz
n+17u7f—7Kn:fn,apn,u7f _7Kn:_ <0
ol )= = Sl )=y Bt (= D) (= 1)
for all n € Z, and, consequently,
lim sup |p(n, u, f)| < limsup H K, < a I}
n—-+oo n—+oo MU — o — 1
The second statement of Corollary follows directly from Lemma 4.3. (]
Lemma 4.5. Let f(n,z) := % foralln € Z, andx € Ry and 0 < h <
X —a 1/2
min{ Ly 558 Stoa — L B), then
2
(1) o) < by o= 2 <

(pae = h(p—1))?
for all x € [ — h, B+ h).

Proof. 16 0 < h < min{ 23252, —£2a} then

1 1
<

(Kn+ (p—=12)*> = (pa —h(p—1))?
for all x € [ — h, 8 + h] because o < K,, < 8 (V n € Z). Thus we have

KZ 2
P < pp S = k().
(o + (- Do) = (= h(p—1))
Since k(0) = Mﬁ; < 1, then 0 < k(h) < 1 for sufficiently small positive h. It easy
to check that k(h) = 1iff hyy = Lo L8 and k(h) > 1 for all h € (hy, hy).
1/2

Consequently 0 < k(h) < 1forall0 < h < min{“’i1 6_70‘, /L’ila — ’;_1[3}. O

f;(n,x) =

Corollary 4.6. Let f(n,z) := % forallme€Z, andx € Ry and 0 < h <

sf_p B—a _p pt?
mm{u_1 5 T u—1ﬂ}’ then

(12) p(n, ur, f) = @(n,uz, )| < k(h)"[uy — us|
for all ui,us € oo — h,B+h] andn € Z.
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Proof. According to Lagrange’s formula we have

<p(n+1,u1,f)fg0(n+l,u2,f) :f(n,(p(n,ul,f))ff(n,ap(n,u%f)) =
(13) f;(n7 30(77,, Ui, f) + 971(@(”7”% f) - @(nvula f)))(‘p(n?ula f) - (p(’l’L,Ug, f))’
where 60,, € (0,1) for all n € Zy. If uy,us € [ — h, B + h], then by Corollary 4.4
we have p(n,u;, f) € [@ —h,84+h] (Vn € Z; and i = 1,2) and, consequently,
@(naulaf) + on((p(nvu%f) - w(nvulvf)) € [a - h7ﬂ+ h] for all n € Z+' Thus

(14) |2, o(nur, f) + On(@(n, uz, f) — @(n,ur, f)))| < k(h)
for all n € Z,. From the relations (13)-(14) we obtain

|(p(n + 1au17f) - (p(n + 1,’(1,27]0)‘ < k(h)‘(p(nvuhf) - W(nvu%f)l
(Vn € Z4) and, consequently,

|Q0(n,ul7f) - (,0(77/7 u2af)| S k(h)n|ul - U2|
for all uy,us € [@ —h,+h] and n € Z,.. O

Denote by C(Z,R.) the space of all numerical sequences M = {M,, },,cz equipped
with the distance -
1 dy (M, M?)

dM', M?) =y ————

(M, M%) ;2kl+dk(M1,M2),
where M* := {M}},ez (i = 1,2) and dp(M', M?) := max{|M}! — M?| :n €
[—k,k]}. Let (C(Z,R),Z,0) by the dynamical system of translations on C(Z,R)
(ie. o(n, M)(k) == My for all k € Z) and H(M) := {o(n,M) : n € Z}, where
by bar we denote the closure in C(Z,R). This means that M € H(M) iff there

exists a sequence {my} C Z such that M,, = i lim M, 4, for every n € Z.
— 400

Theorem 4.7. Let f(n,x) = % foralln € Z, x € Ry, 0 < h <

min{ﬁ%, #a— Zl—_/iﬁ} and the conditions (C1)-(C3) hold. Then the equation
(8) admits at least one almost periodic solution p(n,ug, f).

Proof. Let f(n,x) := % (Vn €Zand z € Ry) and Y := H(f), where

H(f):={o(n,f) : n € Z} and by bar we denote the closure in C(Z x R4, Ry ). It
easy to see that g € H(f) iff there exists a sequence K € H(K) (K := {K, }nez)

such that g(n,z) := % foralln € Z and x € Ry.

Consider the equation

(15) Tp4+1 = f(nvxn)

and denote by (R, ¢, (H(f),Z, o)) the cocycle generated by equation (15) (see Ex-
amples 2.6 and 3.8). Let ((X,Z4, ), (Y,Z,0), h) be the non-autonomous dynamical
system generated by cocycle ¢ (i.e. Y := H(f), (Y,Z,0) is the shift dynamical sys-
temon Y, X =Ry xY, 7 := (p,0) and h := pry : X — Y). Note that the
set X :=[a—h,B+h] xY C X by Corollary 4.4 is invariant with respect to dy-
namical system (X,Z,, 7). Thus we can consider the non-autonomous subsystem
((X,Z4,7),(Y,Z,0),h) of system ((X,Z,7),(Y,Z,0),h). According to Corollary
4.6 the non-autonomous dynamical system ((X,Zy,7),(Y,Z,0),h) is contracting
because p(m(n,x1), m(n,z2)) < k(h)"p(x1,z2) for all z1,29 € X (h(z1) = h(x2)).
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By Theorems 2.8 and 3.7 there exists a continuous function v : H(f) — [a—h, 3+Ah]
such that u(o(n, g)) = ¢(n,u(g),g) for all ¢ € H(f) and n € Z; and the solution

w(n,u(f), f) of equation (15) is almost periodic. O
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