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Abstract: - Necessary and sufficient conditions for implementing particular decision regions by multi-layer
perceptrons have been presented in recent studies. In this paper, from a viewpoint of engineering, a
constructive algorithm is proposed to implement celled decision regions using two-layer perceptrons without
any training procedure. The algorithm examines the feasibility of a celled decision region and then determines
the weights of the second layer for a particular two-layer perceptron to implement the decision region if it is
realizable. The algorithm is fast based on two aspects. First, it tests the feasibility and determines the weights
without any training procedure. Second, the classifications of input patterns are based on integer manipulations
since the weights determined by the algorithm are all integers. The proposed algorithm consists of only three

simple steps and is implemented easily by computer programming languages.
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1 Introduction

A multi-layer perceptron is a layered structure neural
network. People use weights to connect nodes in
each layer to perform the desired mapping from
inputs to outputs. Training algorithms are used to
adjust the weight in a neural network in order to get
better classification results. However, it takes a lot
of time to optimize the weights during the training
procedure especially when the number of weights in a
neural network is large.

Another approach to obtain the weights of a
neural network is to examine its partitioning
capability and then determine the weights using some
appropriate algorithms.  An original discussion
about the partitioning capabilities of multi-layer
perceptrons can be found in [1] where the author
indicated one-layer perceptrons only realize linearly
separating decision regions, two-layer percptrons
(TLPs) implement either convex open or closed
decision regions, and three-layer perceptrons can
successfully partition arbitrary decision regions.
Further studies related to the feasibilities of
multi-layer perceptrons are listed in [2-11]. The
partitioning capability of TLPs has been generally
discussed in [8], in which the author proposed the
Weight Deletion/Selection Algorithm to determine
the feasibility of TLPs and select the weights without
any training procedure if a decision region is
realizable.

In this paper, the author proposes a constructive

algorithm to examine the feasibility of a celled
decision region by a particular TLP, and then
determine the weights of second layer of the TLP if
the decision region is realizable. Therefore, in this
paper, when the author mentions ‘select weights ’, it
means ‘select weights of the second layer of a
particular TLP °.

The primary advantage of the algorithm lies in
the computational speed to determine the feasibility
and weights of the neural networks for celled decision
regions because there is no training procedure to be
used to adjust the weights. Furthermore, the weights
determined by the algorithm are all integers. This
will make the computation faster when classifying
input patterns.

2 Preliminaries

2.1 Decision regions

It has been known that the weights of the first layer of
a TLP are pre-determined if its associated decision
region is established [2, 8]. We only need to get the
weights of the second layer of the TLP. This paper
focuses on how to generate the weights of the second
layer of a TLP and assumes the weights of the first
layer of a TLP are pre-determined.

It has been known that for a two-layer perceptron,
the number of inputs determines the dimensionality
of its associated decision region. The first layer of a
two-layer perceptron generates the associated
decision region and the second-layer serves to map
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the input pattern to the desired outputs [2,8]. An
m-dimensional decision region can be divided by a
group of m-dimensional partitioning hyper-planes.
These partitioning hyper-planes are associated with
the hidden nodes of a particular two-layer perceptron
with a one-to-one correspondence and divide the
original decision region into different sub-regions.

For two-class classification problems, theBvalue
for a particular sub-region in a decision region, is
defined as follows [8]

P

6, =Y Wz, 1)
k=1

where 0, is the Bvalue of sub-region I, p is the

number of partitioning lines in the decision region,
and w is the weight connecting first layer node z,
with the output node.

The output of the TLP is given by

|1 (class A) if 6, 26, @
10 (classB) if 6, <6,

where8;, is the threshold for the output node.

The necessary and sufficient condition for
implementing a decision region is the minimum 6
value of sub-regions belonging to class A must be
greater than the maximum 6 value of sub-regions
belonging to class B [2,6,8].

2.2 Celled decision regions
A ‘celled decision region’ is a decision region
partitioned by horizontal and vertical lines by which
the decision region is divided into rectangle-like
celled sub-regions. These celled sub-regions are then
grouped into several horizontal or vertical strips. If a
celled decision has m vertical partitioning lines and n
horizontal partitioning lines, we get (m+1) vertical
strips and (n+1) horizontal strips. For convenience,
the author uses notation ‘VS;” to represent vertical
strips i and numbers the vertical strips from the left to
the right (VSe, VSi, VS, ..., VSp). Similarly, the
author uses notation ‘HS;” to represent horizontal
strip j and numbers the horizontal strips from the
bottom to the top (HSy, HS1, HS,, ..., HS,.). Acelled
sub-region is denoted as ‘Cj;” if it is in the intersection
of vertical strip i (VS;) and horizontal strip j (HS;).
Figure 1 displays a celled decision region with 4
horizontal partitioning lines (wy; to Wys) and 5 vertical
partitioning lines (w,; to wys). The decision region is
established either by 6 vertical strips: VS,, VS, VS,,
VSs, VSsand VSs or by 5 horizontal strips: HS, HSy,
HS,, HS;, and HS,. Each of vertical and horizontal
strips consists of a series of celled sub-regions, as
indicated in Figure 1.

A celled sub-region Cj; is represented by two
components: ‘horizontal component’ i and ‘vertical

component’ j. The author uses notation ‘HC;” to
represent horizontal component i and notation ‘VCy’
to represent vertical component j. It is very important
to note that the horizontal component of C;; (HC;) is
associated with vertical strip i (VS;), and the vertical
component of Cj; (VC)) is associated with horizontal
strip j (HS;). For example, Cy3is represented by HC,
which is associated with vertical strip 2 (VS,) and by
VC; which is associated with horizontal strip 3 (HS3).
Furthermore, the author uses notation ‘VS;x’ to
represent a subset of class A of VS;, in which all
elements belong to class A. The author also uses
notation ‘HS;a’ to represent a subset of class A of HS;,
in which all elements belong to class A. For
example, in Figure 1, VSoa = {Co1, Co2, Cos, Cos}, VSaa
= {Cy4, Cs2}, HSoa= @ (the empty set), and HS;s =
{Cos, Cas}.

The author uses notation VS’ to represent a
collection of the vertical components of the elements

in VSja. For example, in Figure 1, VS(\)’A ={VC,,
VC,, VCs, VC4}. Similarly, the author uses * HS}}’ to

represent a collection of the horizontal components of
the elements in HSj, . For example, in Figure 1,

HSzHA ={HC,, HCy, HC3, HC,4, HC:}.

2.3 The XOR examining procedure

Based on the XOR criterion presented in [1-5], the
author demonstrates the XOR examining procedure,
by providing an example, to explain the necessary
and sufficient condition of implementation of a celled
decision region using a TLP. Observing Figure 1,
one finds that in VS, C,3 belongs to class A while Cy;
belongs to class B. To implement the classification,
the order of the Bvalues of C,3and C,; isgiven by

Oog > O = Wig +Wp + Wiyg + Wyyp + Wy > ®)
Wi +Wp +Wep = Wiy + W3 >0

Similarly, in VS, Cy belongs to class A while Cg3

belongs to class B. the order of the Bvalues of C4 and
Cyz isgiven by

O3 < Op =W + W + Wiz +Wog + W +Why +Wh3 < (4)

Wg +Wop +Wg Wy + Wy =Wy +Whg <O

Egs. (3) and (4) lead to a contradiction, called

the XOR problem [1-5], which means the decision

region cannot be implemented by TLPs since the sum

of wy, and wps cannot be positive and negative values
simultaneously.

However for a celled decision region, using the
above XOR examining procedure to test the
feasibilities spends a lot of computational time since
it needs to examine any possible sub-region pairs
where the XOR problem could occur. For example,
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consider a celled decision region with m vertical

. i . m!) (n!
strips and n horizontal strips. There are %4()
XOR pairs needed to be examined in the celled
decision region (symbol ‘!” denotes a factorial
manipulation). The computational complexity is

extremely heavy when m and n are large numbers.

In Figure 1, VS,, ={VCs VC.}, and VS,
={VC,, VC,}. The XOR problem occurs because at
least one element in VS, is not in VS),, and vice

For example, VC, is in VS, but not in

VS),, and VCsis in VS;, but not in VS,,. To
avoid the XOR problem in a celled decision region,
for any possible pair of vertical strips, say VS¢ and VS,
the following relationship must be satisfied:

VSy, cVS,, or VS, cVSy, (5)

Based on the above discussion, in the next section,
two criteria are presented to test the feasibility of
implementation of a celled decision region by a TLP
and to select the weights of the second layer of the
TLP if the decision region is realizable.

versa.

2.4 Criteria
Criterion _1: A celled decision region can be
implemented by a TLP if for the vertical strips in the
decision region one can find a particular order to
satisfy the following relationship

V{Si\g c Vg\j’A c A for distinct vertical strips  (6)
Position 1 pgsition 2
It is important to note that in Eq. (6) numbersi, j, k,...,
etc, are not necessary in a numerical order. The
author defines the ‘position” of a set in Eq. (6)
according to the position counted from the left to the
right. The ‘rank’ of a vertical component VC;,
denoted as ‘rank(VC;)’, is said to be r if VCjis in the
set with position r but not in the set with position r-1.
If a vertical component is in the set with posoitionl,
its rank is 1. For example, in Figure 2(a), we get

VSY, ={VC,, VC;, VC, VCs VC}, VS), ={VC,
VC}, VS, ,={VCy, VCy, VCs, VC}, VS;,={VC.},

and VS,, ={VC,;, VC, VCs}. Rearranging these
sets, one gets the following relationship

S3a = V8 < Y34 < Y33 < YSaa ()

Position 1~ Position 2 Position 3 Position 4 Position 5

The ranks of the vertical components are as follows:

rank(VC,) = 1, since VC;is in VS;’A (position 1),
rank(VC,) = 2, since VCy is in VSI’A (position 2) but
not in VS, (position 1),rank(VCs) = 3, since VC;

is in VS}, (position 3) but not in VS,, (position
2),rank(VC,) = 4, since VC, isin VS, (position 4)
but not in VS;, (position 3), and rank(VCy) = 5,
since VC, is in VSy, (position 5) but not in VS,
(position 4).
Similarly, to obtain the ranks of the horizontal
components, one first gets the following relationship:
H H - - - -
'1'?3/* c |1-|283-A c A for distinct horizontal strips (8)

Position 1 position 2

Again, in Figure 2(a), we get HS., ={HCo},
HS, ={HCqo, HC, HCs HC.}, HS}, ={HC,, HC,,
HC,, HC; HC.}, HS., ={HC,, HC,; HC,}, and
HS:‘A :{HCO, HCz}

Rearranging these sets, one gets the following
relationship

HSgh < HSeh  E53h = foyn < 5 (9)

Position 1 Position 2 Position 3 Position 4 Position 5

The ranks of the horizontal components are as
follows: rank(HCg)=1, rank(HC;)=2, rank(HC,)=3,
rank(HC;)= 4, and rank(HC;) = 5.

Note that if two or more components are tied at
the same position in Egs. (6) or (8), they have the
same position. Figure 2(b) is an example of tired
positions with the following relationships:

\" \ Vv Vv \ \

Y38 <YSaa4 Y320 3938 < o207 Y00
Position 1 Position 2 (tied) Position 3 (tied) (10)
\ \
< Y33 < Y3a

Position 4 Position 5

H _pyeH _ ycH H
HS0m 31524 7 H9gn = iP5 <

Position 1 (tied) Position 2 (11)
Ho Ho H
M24a < 3 < o
Position 3 Position 4  Position 5

The ranks of the vertical components in Figure 2(b)
are as follows: rank(VC,) = 1, rank(VC;) = 2,
rank(VC,;) = 3, rank(VCs) = 4, rank(VCy) =
rank(VC,) = rank(VCg) = 5. The ranks of the
horizontal components are as follows: rank(HC,) = 1,
rank(HC,) = 2, rank(HC;) = rank(HCs) = 3,
rank(HC;) = rank(HC;) = rank(HC;) = 4, and
rank(HC¢) = 5.

Criterion 2: If a celled decision region is realizable
by a TLP, the weights of the second layer of the TLP
are determined by the following recursive formulas:

w,; = rank(HC;.,) — rank(HC;) for vertical weights (12)

Wi =rank(VCj.;)-rank(VC;) for horizontal weights (13)
where m is the number of the vertical weights and n is
the number of the horizontal weights.
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3 The Algorithm and Examples

3.1 Procedure of the algorithm

Step 1 (Feasibility-Determining Step): Determine
the feasibility of a celled decision region by
Criterion 1. If it is not realizable, stop the
algorithm and conclude the decision region
cannot be implemented by TLPs. If it is
realizable, go to Step 2.

Step 2 (Weight-Selecting Step): Determine the
weights of the second layer for a particular TLP
by Criterion 2.

Step 3 (Threshold-Determination Step): 6 is set to
be equal to the minimum6value of the celled
sub-regions belonging to class A.

3.2 Examples of the Algorithm

Figure 1 is an example of an unrealizable celled

decision region since one cannot find a particular

order for the vertical strips to satisfy Eq. (6).

Figure 2(a) is an example of a realizable celled

decision region without tied position where the ranks

of the wvertical and horizontal components are

indicated early. By Criterion 2, the weights of the

second layer of the TLP are determined as follows:

wWy1= rank(HCy) — rank(HC;) =1 -4 = -3,

wy,= rank(HC,) — rank(HC,) =4 -2 =2,

Wy3= rank(HC,) — rank(HC;) =2 -5 =-3,

Wy,= rank(HC3) — rank(HC,) =5-3=2

W= rank(VCo) — rank(VC,) =5-2 =3,

Who= rank(VC,) —rank(VC;) =2-1=1,

Whs= rank(VC,) — rank(VC;z) =1 -3 =-2, and

W= rank(VCs) — rank(VCy) =3 -4 =-1,

The decision region is implemented by letting6y, = 0.
Figure 2(b) is another realizable decision region

with tied positions. The vertical and horizontal

weights to implement the decision region are

determined as follows: wy; = -3, Wy =1, wyz = -1,

Wys =2, Wys = -1, Wy = -2, Wy7 = 1, Wh1 = 4, Whp = -4, Wig

=3, W= -1, Wis = -1, and wpe = -1. By lettingB, =

0, one can implement the decision region by the

above weights.

4 Conclusions
The author presented a constructive algorithm to
examine the feasibility of implementation of celled
decision regions by TLPs. If the celled decision
region is realizable by a particular TLP, the algorithm
generates the weights of the second layer of the TLP
to implement the celled decision region without any
training procedure.

The algorithm is fast based on two aspects. First, it

tests the feasibility and determines the weights
without any training procedure. Second, the
classifications of input patterns are based on integer
manipulations since the weights determined by the
algorithm are all integers. The proposed algorithm

consists of only three simple steps and is
implemented easily by computer programming
languages.

The partitioning capabilities of two-layer
perceptrons for more complex decision regions such
as convex or even non-convex decision regions might
be interesting issues for the future work.
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. Vertical

Ho_rlzontal Components Wy Wvz = Wyz Wy Wy

Strips

HS, —» VC,  Coa| Cua|Cog| Cas| Cug | Css Wi

HS; —» VC;  Co3| Ci3|Cos| Ca3| Caz| Css Wi

HS; —> VC, Co2|Ci| Cxn |[Ca|Cs|Cs Wiy

HS; —> VC; Co1|Cu | Co|Ca|Ca|Coss -

HS, —> VCy  Coo| Cio | Coo | Cao| Cao | Cso
HCo, HC; HC, HC3; HC4 HCs (Horizontal Components)
VSo VS; VS, VS; VS, VSs (Vertical Strips)

Figure 1: The Celled Decision Region
Remarks:

For vertical strips:

VSo={Coo, Co1, Co2, Coz, Coa}, VS1={Cio, C11, C12, C13, C14},

VS, = {Cy0, C21, C2z, Ca3, Coa}, VS3= {Cs0, Cs1, C32, Cs3, Cas},

VS4= {Cao, Ca1, Caz,Ca3 Cas}, VSs= {Cso, Cs1, Cs2, Cs3, Csa}-

The subsets of class A of vertical strips:

VSoa={Co1, Co2, Co3, Coa}, VS1a={C11, C12}, VS2a= {C23, C2s},

VS3a= {Cs2}, VSsa={Ca1, Cs2}, VSsa= {Csy, Cs2}.

The sets of vertical components of VS},:

VS, ={VC1 VCy, VC; VC4}, VS,,={VCy VC,}, VS),={VC; VC.},
VS, ={VC.}, VS;,={VCy VC,}, VS, ={VCy VC,}.

For horizontal strips:

HSo = {Coo, C10, C20, C30, Ca0, Cs0,}, HS1= {Co1, C11, C21, C31, Ca1, Cs1.},
HS,= {Co2, C12,C22 Csz, Ca2, Cs2,}, HS3= {Co3, Ci3, Ca3 Ca3, Cu3 Cs3 },
HS4 = {Cos, C14, C24, Cz4, Ca4, Csa}.

The subsets of class A of horizontal strips:

HSoa= @, HS1a= {Co1, C11, Ca1, Cs1}, HS2a= {Co2, C12, Cs2, Caz, Cs2.},
HSza= {Cos, C23}, HS4a = {Co4, C24}.

The sets of horizontal components of HS}}:

HSOHA = O, HSlHA ={HCy HC; HC4 HCs}, HSZHA ={HCy HC; HC3 HC4 HCs},

HSH = {HCo HC;}, HS!, ={HCo HC.}.
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Horizontal

Vertical

Strips Components Wyi Wy Wiz Wi

HS, - \/C, Cos | C1a | Cos | Cas | Cas Wha
HS3 — VC; Co3z | C13 | Caz | Ca3 | Ca3 W,
HS, =—»VC, Co2 | C12|Co2 | Ca2 | Ca2
HS;  =—»VC, Co1| Cu | Co1 | Car | Cag Wy
HSy,  =—>VGCo Coo | C10| Cao | C30 | Cao

HCy, HC; HC; HC,4 (Horizontal Components)

HC,
VSo VS; VS, VS; VS, (Vertical Strips)

(a) Example without Ties of
Positions of Vertical Strips

Horizontal

) Vertical

Strips Wy Wz Wiz Wy Wys Wyg Wiy

Components

HSs —> VCs Cos | C16 | Co6 | C36 | Cas | Cs6 | Ces | Cr6 Wi

HSs —> VCs Cos| C15 | Ca5 | C35 | Cas | Css5 | Ces | Crs -
5

HS; =—» VC, Cos | C1a [ Cas | C3s | Cas | Css | Cos | Cr4 Wie

HS; —> VGC; Cos | C13 | Co3 | Cs3 | Caz | Cs3 | Co3 | Cr3 Wig

HS; —> VG, Co2 [ C12 | C2 | Ca2 | Ca2 | Cs2 | Co2 | Cr2 Wiy

HS; —> VC,; Co1 | Ci11 | C21 | Ca1 | Ca1 | Cs1 | Co1 | Crr Wt

HS, = VGCo Coo | C10 | C20 | C30 | Cao | Cs0 | Ceo | Cro

HCy HC; HC, HC;3; HC4 HCs HCs HC; (Horizontal Components)

[ O B O B

VSo VS; VS, VS; VS, VSs VS VS, (Vertical Strips)

(b) Example with Ties of Positions of
Vertical strips

Figure 2: The Examples of the Algorithm



