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Abstract: - In this paper the decentralized stabilization problem of discrete linear time invariant large scale
interconnected systems without any assumption of system structure is considered. The design is based on stability
result that employs the notion of block diagonal dominance in matrices and improves upon the exiting results for this
problem. Our main result here is the sufficient condition for discrete decentralized stabilization. A new and simple
algorithm is proposed. Simulation results on a numerical example are given to verify the proposed design.
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1 Introduction

Decentralized control has received renewed interests
during the past years, motivated by its importance in
applications to large complex engineering systems. Since
1960 many authors have considered this problem. The
challenge is to find classes of decentralized controllers
from which specific designs can be selected achieving a
reasonable compromise in terms of simplicity of design,
implementation and performance.

In earlier work, the approach that has received a high
degree of popularity is to start with appropriately
constructed Lyapunov function for the isolated
subsystems and to impose suitable restrictions on the
interconnections between the subsystems such that the
overall system can be proved stable using a Lyapunov
which is the sum of the subsystem Lyapunov functions.
This approach have been applied in diverse practical
problems such as spacecraft control [5],[6], control
power systems[7] and control of industrials
manipulators. More recently Solheim[8] gave a graphical
approach based on the Gerschgorin  theorem and
Geromel and Bernussou [9] proposed a parametric
optimisation  scheme for the choice of subsystem
Lyapunov functions. M. Sundareshan and R.M.Elbanna
[1],[2] presented a systematic constructive procedure
based on a stability result that employs the notion of
block-diagonal dominances in matrices. But the
implementation of these controllers is very complicated
because the resolution of equation of algorithm imposes
constraining conditions on the interconnections matrices
and lead to restricted classes of the interconnected
system Moreover the obtained gains are very high.

M.Kacim and N.Elalami [3] proposed a balanced
decentralized control always based on Gerschgorin
theorem and upon techniques known in the theory of the
balanced realisation of systems. Despite the simplicity of
this approach, the procedures as the above mentioned
designs are generally of trial and error nature and if the
interconnections do not satisfy the required conditions,
one is obliged to start with an alternate selection of the
subsystem Lyapunov functions and repeat the process.
To reduce this uncertainty in the Lyapunov function
selection, F.Elmarjany and N.Elalami [4] studied the
decentralized stabilization via eigenvalues assignment
and developed the sufficient condition under which
exponential stabilization with a prescribed convergence
rate is achieved. The obtained gains of controllers are
smaller than those found in other designs. The objective
of this paper is to extend the previous works to discrete
time systems and develop a new and simple approach for
the design of discrete decentralized controllers of large
scale interconnected linear systems.

2 Problem Formulation
Consider a large-scale continue system s described as an
interconnection of s subsystems s;,s,, ..... Ss, by:

80 = Ax, )+ By )+ Hyx, 0

Y, =Cx (t) i=1l...s @)
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X; R is the state of the subsystem s, u; eR™ is its

input vector and y; R is its output vector.

ZS: H; is the term due to interconnection of the other
=

subsystems. A eRnxi; B eRrxmiand HyeR™" are
matrices of appropriate dimensions.

It assumed that all pair (A,B;) are controllable and

(A, C;) are completely observable.
The problem is to design a local controller

ui(t):_KiXi (t) (2)
Stabilises the large scale interconnected system.

Applying the i controller (2) to the plant (1)
give:

&(t) = F.x, (t)+ZS:Hijxj(t) i=1..s

J#i

Where Fi =A; -BiK; (3)

Let Amin(X)et Amax(X) ~ respectively  denote  the
minimum and the maximum of reel matrix X, the
notation A, (X) and o; (X) denote the ith eigenvalue and
singular value of the matrix X, (4; (X)) are arranged in
descending order when they are reel, i.e
A(X)24,(X)>....... >A.(X), also for any

1

PeRmm |P| =12, (P"P) =0, (P)

nxn
Definition 21 Let AS R be partitioned in the
form:
Ay A, A A,
Ao Aoy Ay, A Ao
M
Ay A, A An
o (4)
Where Ai e R et AjeR™Y i, j=1,2...n.
If A, are non singular and
- _l S -
A=A vimte..s 5)
j=1

J#i
Then A is said to be block diagonal dominant relative to the
partitioning in (4) . If strict inequality holds in (5), then A is
strictly block diagonal dominant.

Lemma 2.2
Let the matrix A partitioned as in (4) satisfy the
conditions:

(i) A=AT

(ii) A;=1,2....s. are positive definite
(iii) A'is strictly block diagonal dominant
Then, all eigenvalues of A are real and positive

Theorem 2.3
Let spec (F,) < LHP V i=1, 2,....s and let P; the
symmetric matrix solution of the Lyapunov equation
F'P-PF+Q =0
(6)
For an arbitrarily selected symmetric
QieRrmxni "then (3) is asymptotically stable if:

matrix

Anin(Q) ) Amax(R ) 120: Jrif 120: ERGhLE

Proof: see [1] and [2].

The objective of this paper is to extend this work to
discrete systems and to give the sufficient conditions of
existence of discrete decentralized controllers.

Let us consider a discrete large-scale system described
as interconnections of s subsystems by:

Ak+1)=Fzi(k)+ ZGiij(k)
=10
Voi=l...... s (8)
F; is asymptotically stable matrix
Fiemnixnj’ Gij e9{ni><nj
Theorem 2.4
Let F; an asymptotically stable matrix V i=1, 2... s and

let P; the symmetric matrix solution of the discrete
algebraic Lyapunov matrix equation:

TRE_ V=
FTRE—-R+Qi=0 )
For an arbitrarily selected symmetric matrix QieR">" |

then (8) is asymptotically stable if:

@) 0 @R 216+ D Am®lG|F [+
J=1(j#) J=1(j#1)
Y GG (X [+ DA,
k=1(k==i) j=1(j=i) j=1(j=i)
(10)

To prove this result, we will use the standard results for
eigenvalues of symmetric matrices [5], [6].

ForM=M'€ R™

i (MM < Amax(M)I (11)
For X=X', Y=Y'€ R™"

A (X)+20(Y)<A (X +Y)< A (X)+A4(Y) (12)
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For X=X", YE R™"
o (NAX) <A YTXY )<of (V)4 (X)  (13)
Proof
selectingV (z(k)) = 2" (k) P z(k) , P=diag(P.P. A R)
as a discrete Lyapunov function and evaluating its
variation along the trajectories of (8)
A V(2)=V(z(k+1))-V(z(k))
=2'(k) (F"P G+G'P F+G'P G- Q)z(k)
=-2"(k) W z(k)
Where
Q:diag(Ql,Qz»AA QS) ,
F=diag[F,FA ,F], G=[Gi}i,j=1,2,....s
wW=(Q-FTPG-G"PF-GTPG) (14)
satisfiesWT=W
The diagonal elements:

Wi=Q- DGR G; . i=1,2...... (15)
J=1G)
Wir=W; , applying (11) to (15)  gives:

mln(Q )I Zﬂ’max(GT PjGJI)I S\Nii <

j:tl

max(Q )I zﬂ“mm(GT PjGjI)I

j¢|

If 2,in(Q1)d D Anax(GJP; Gj) ,
j=1(#i)
Wi;; is positive definite
and Wil '=Anin(Q — > GEPGj)
j=1( i)

Applying (12) and (13) we have:

4@Q)- %(ZGTP,G,.) <4@Q ZGTPG

j¢I1 j¢|

<4@Q)- ﬁm.n(ZGT PiG;)

j#l

2 (Q) = 3026V (P)) <

J#i

Fn (@)=Y A (G PG ) < W,
j=1

j#i

W; =—((FTPG); +H(G"PF);+(GTPG);)

=-F'P. G, -GP, F, —ZG;Pka,-
k¢i

From lemma 2.2 , W is positive definite if it is strictly
block-diagonal dominant, i.e.

Wl o3

It is simple to observer that for i # j:

L s RO+ PO

max

;zmax(a)neki |

k=i

and hence (10) implies
W d0ma [0,7] 0 3po
J#i

The implementation of this control by using theorem 2.4
is very complicated because the resolution of equation
of algorithm imposes constraining conditions on the
interconnections matrices and leads to restricted classes
of the interconnected system. Moreover the obtained
gains are very high. In this paper we propose a new
algorithm for decentralised stabilisation based on the
theorem Gerschgorin such that the overall system can be
stabilized with a prescribed convergence rate.

3 An Algorithm for discrete decentralized

stabilization
Let consider the discrete system:

X (k+1) = Ax (k) + B (k)+ze., (0 1.

The problem is to design a local dynamic controller:
ui(k) = - ki xi (k) 7
Stabilizes the system (16).from(16) and (17) we have:

X; (kK +1) = f,x (k) + ZGU—

J#i
Where fi =A-B; ki
Spec (f)={4 2, A A
Let us consider the following transformation:
Xi(k):a‘kX(k), Ui(k)za‘kui(k)
« is a positive scalar (a >1)
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X,(k+D)=a“IX, (k) =aAX, +aBU, (k)

+ Zla-lhij X, (k)
J:
j#l

(18)

Ui (K)= -K; X; (K)

The goal is to select the feedback gain K; and the
required scalar & which stabilize (18)

Fi= o™ (A-Bi Ki)

specFi)={6 i A B

From theorem2.4, the system (18) is asymptotically
stable if :

ﬂmin(Q ) ¢ O[lﬂmax(l:i) ) Fl

X lafrat X AumG]R[+
=) J=1(j#)

2

G,

@ Y RG] (3 [G1+a” Sl
k=1(k=#1) J=1(j#) J=1(j#)

(19)

We shall now give the procedure for the construction of
the controllers gains ki:

Stepl: «a =1, select K; such that spec (Ai-B; Kj) is inside
the unit circle. This selection can be made by a standard
pole placement design.

Step2: choose an arbitrary matrix positive Q;,

Step 3 : Solve the Lyapunov matrix equation.

If condition (19) is checked then :

Calculate k; such as

spec (A-Bi ki)= spec (o~ (A-BiKy)

If not, @ = +1 and go to step 3.

3 lustrative example
We consider the following example which was treated
by Sundershan and Elbanna[1].

0 1 0 2 0 0
%= 0 0 1(x+|3 41X, +|0]|u,
-2 -1 -1 2 1 1

fo 1 4 0 0] [o
s fels ool

The discrete-time model is obtained from its
continuous —time model by discretizing it using
MATLAB c2d with the sampling period T=0.1

0.9997 0.0998 0.0048
x(k+1)=| —0.0097  0.9948 0.0950 |x,(k)+
—0.1900 -0.1047 0.8998
0.2153 0.0201 0.0002
0.3085  0.4042|x,(k)+|0.0048|u, (k)
0.1552 0.0744 0.0950
0.9860 0.0902
X, (K +1) = X, (K) +
—-0.2705 0.8056
0.4215 0.0280 O 0.0047
X, (k) + u, (k)
0.3949 0.5411 O 0.0902
Selecting K;=[ 12,6590 14,4390 5,3373]
and
K, = [ 7,0324 3,6090 ] to place the

eigenvalues of (A; - B; Ky ) and ( Az - B, K3)

at (0,8084+0,0977i  0,8084-0,0977i 0,6987)

and (0,7166+0,1020i 0,7166-0,1020i )

Following the steps of the algorithm, we obtain

o =4,

The required controller gains k; and k, to be used are
then:

k,=[551.1286 148.6881 15.8668] and
k,=[71.5979 12.1847].

All the states of the subsystems are plotted in figures.
From the simulation results it can be seen that each
subsystems are asymptotically stable.
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4 Conclusion

This paper has introduced a new approach for designing
a decentralized control for discrete large scale systems.
The present results are developed in the context of
decentralized stabilization; they have a wider
application in that they can be extended to the design of
decentralized observation algorithms and to the design
of decentralized model reference adaptive identification
schemes.

References:

[1] M.K Sundareschan and R.Elbanna, “constructive
procedure for stabilisation of large-scale system by
informationnally  decentralized controllers” IEEE
Transaction on Automatic Control, Vol 36 No7, 1991
848-852.

[2] .K Sundareschan and R.Elbanna, *“design of
decentralized observation schemes for large-scale
interconnected systems: some new results” Automatica,
vol 26 No 4, 1990, 789-796.

[3] M.Kacim and N.Elalami, “decentralized optimal
control of large scale systems, AMSE Conference
control, signal and systems voll Rabat Maroc 1995,
379- 386.

[4] F. Elmarjany and N.Elalami decentralized
stabilization of large —sale systems with prescribd
degree of exponential convergence WSEAS transaction
circuits and systems, ,Issu 5 vol. 3, July 2004.

[5] M.K Sundareschan, “Expenentiel stabilization of
large-scale systems: Decentralized and multilevel
schemes.” IEEE Trans. Syst., Man cybern, vol SMC-7,
1977, 478-483.

[6] D.D. Siljac, Large-scale Dynamic Systems:
Stability and Structure. Amsterdam, The Netherlands:
North-Holland, 1978.

[71 H; M; Soliman, M. Darwich, and J.
Fantin.“Stabilisation of a large-scale power system via
a multilevel technique.” Int. J. Syst. Sci..,vol 9, 1978,
1091-1111.

[8] O. A. Solheim,“On the use of a block analog of the
Gerschgorin  circle theorem in the design of
decentralized control of a class of large-scale systems,”
in Proc. IFAC Symp. Large-Scale Syst., 1980, 103-108.
[9] J.C. Geromel and J Bernussou. “Stability analysis
of interconnected system: A way to improve stability
conditions, “in Proc. Amer. Contr. Conf., Arlington,
VA, 1984, 763-767.



