Proceedings of the 10th WSEAS Interbational Conference on APPLIED MATHEMATICS, Dallas, Texas, USA, November 1-3, 2006 493

Non-Linear Dynamic Behavior of Thin Rectangular Plates
Parametrically Excited Using the Asymptotic Method,
Part 2: Computation of the Phase Angle
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Abstract: The paper reveals recent developments of the influence of the geometric imperfections on the phase angle of
the non-linear vibrations of thin rectangular plates parametrically excited. In the region of principal parametric
resonance, starting from the temporal non-linear differential equation that describes the oscillatory movement and
using the second order approximation of the asymptotic method was computed the phase angle as function of system
parameters and geometric imperfections. By varying the intensity of the geometric imperfections was obtained their
influence upon the phase angle for the stationary non-linear dynamic response.
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Nomenclature

A], Az, B], Bz =
expansion;

C = viscous damping coefficient;

D = flexural rigidity of plate;

E =Young’s modulus;

M = coefficient of the non-linear term;

N,(t) = external in-plane loading per unit width;

N, = static in-plane loading per unit width;

N,, = amplitude of harmonic in-plane loading per unit
width;

N, = critical buckling load of the plate, defined as in
[14] pp. 353;

W, = amplitude of the parametric vibration;

a = length of plate in x-direction;

b = length of plate in y-direction;

fix,y,f) = Airy’s stress function;

h = plate thickness;

=time;

w(x,y,t)=lateral mid-surface displacement in z-direction;
wo(x,y) = initial geometric imperfection in z-direction;

A = decrement of damping;

A(?) = instantaneous frequency of the external in-plane
excitation, A = d@/dr;

Q) = free vibration circular frequency of a rectangular
plate loaded by a constant component of in-plane force;

Q =free vibration circular frequency of a rectangular

unknown functions in asymptotic

plate , with initial geometric imperfections , loaded by a
constant component of in-plane force;
& = small positive parameter in asymptotic expansion,

O<e<<l1;

0 (¢) = total phase angle of harmonic excitation;
L= load parameter of the plate;

v= Poisson’s ratio;

p = mass density per unit volume of plate;

7= slowing time in asymptotic analysis;

w,(¢) = phase angle of the parametric vibration;
AA = double iterated Laplace operator in R%;

( ) = differentiation with respect to time;
(), = partial differentiation with respect to &.

1 Introduction

Extensive efforts and considerable amount of research
has been concentrated on the prediction of the non-linear
dynamic behavior of rectangular plates with small
deviation from flatness called initial geometric
imperfection. Excellent reviews on the subject can be
found in articles written by Hui [2-8]. Studies of the
effect of geometric imperfection on the small-amplitude
vibration frequencies of simply supported rectangular
plates have been done by Hui and Leissa [2], [lanko and
Dickinson [9] and Bugaru [1]. They found out that
geometric imperfections of the order of the plate
thickness may raised the vibration frequencies and may
even cause the structures to exhibit soft-spring behavior
[7]. The survey of the literature reveals that the work on
the subject has been devoted to the investigation of
various types of shapes, loadings, and boundary
conditions [11-13].
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The present work covers an existing gap in our
understanding of the parametric resonance of continuous
systems and presents a rational analysis of the influence
of geometric imperfections upon the phase angle for the
stationary non-linear dynamic response.

2 Conceptual Model

The model under investigation is an imperfect
rectangular plate simply supported along its edges and
acted by periodic in-plane forces uniformly distributed
along two opposite edges as shown in figure 1. It is
assumed that the plate is of uniform thickness, “stress
free”, elastic, homogeneous and isotropic and also the
plate thickness and the resulting displacements are small

N,(t) = Nyot+N,, cosO(r)
Ay

-

M
&
®

—Th

Ny(t)

Fig. 1

compared with the wavelength of lateral vibration in
order to be able to use thin plate theory. Consequently,
since thin plate theory is used in the analysis, the loading
frequencies over which lateral vibrations occur are
considerably below the natural frequencies of
longitudinal vibrations and in-plane inertia forces can be
neglected.

3 Basic Equations

The plate theory used in this analysis may be considered
as the dynamic analogue of the von Karman large-
deflection theory and is derived in terms of Airy’s stress
function, the lateral displacement and the initial
geometric imperfection. The differential equations
governing the non-linear flexural vibrations of the plate

are:
AA f=E [(W+w,) )" = (W) =
—(w+wy) (w+wy) , +w, w1,

(1)
AAw:h/D[fw(w+ Wo) o —Zf’xy(w—i- WO)“W +

L Wwtwy) , —pw,],

where
D =ER/12(1-v?).

The boundary stress conditions (in-plane movable
edges) are expressed as:

S, =0and f =0 alongx=0, )
fM = —Ny (¢) and fxy =0 alongy=0,b

The boundary supporting conditions are expressed as:

w=w +vw, =0 alongx=0, 3)

w=w, +vw, =0 alongy=0b.

The problem consists in determining the functions f
and w, for a given function w,, which satisfy the
governing equations (1) together with the boundary
conditions (2) and (3).

4 Method of Solution

Applying the Kantorovich’s method to the governing
equations (3) as in [1], introducing linear damping and
taking one term in the expansion for the lateral
displacement, the system is reduced to the following
differential equation of motion:

WA+2CW+ Q2 [1-2 1 (Q/ Q) cos(O(t))]w —
=2 pcos(0() Q% (w, +d) + , 4)
+Mw +3Mw (w, +d)=0

where d is the amplitude of the static deformation of the
plate [1] and

H= ]vyt / [Z(Ncr - ]Vyo)]- (5)
This is a second-order non-linear differential equation

with periodic coefficients, which may be considered as
an extension of the standard Mathieu-Hill’s equation.
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5 Solution of the Temporal Equation of

Motion

Mathematical techniques for solving such problems are
limited and approximate methods are generally used.
The method of asymptotic expansion in powers of a
small parameter &, elaborated by Krylov and Bogoliubov
and developed by Mitropolskii [10], is a most effective
tool for studying non-linear vibrating systems with
slowly varying parameters. The solution is developed in
the region of principal parametric resonance that is
defined by

A=20Q, (6)
where
do .
A=—2=6. 7
ol (7

Assuming that the viscous damping and the non-
linearity are small and the instantaneous frequency of
excitation and the load parameter vary slow with the
time i.e.

Hu=eu,C=eC,M =cM. )

The equation (4) can be written, by denoting ® =6, in
the following asymptotic form:

W+ Qrw=g[-2CWw+2 u(r) cos(O(7)) Q* (w+ ©)
+w, +d)—-Mw =3M w’(w, +d)],
where 7 = & is the “slowing” time. For the second order

of approximation in & we seek a solution for the
equation (9) in the following form:

w = W,(7) cos[((1/2)®+y,)]+
+eu(t,W,, ©,(1/2)0+y,), (10)

where W, y, are functions of time defined by the system
of differential equations:
AW, dt = e Ai(z, W, , w,) + & Az, W, , W)

(1
dy/dt=Q-(12)A+ eBi(t, W,, y) +
+ 5282(7, W,, w)

and dO(f)/d¢t = A(7). Functions u, A, A;, B, B, are
selected in such a way that the w, given by (10), will
represent a solution of the equation (9), after replacing
W, and y, by the functions defined in the system (11).
Following the general scheme of constructing
asymptotic  solutions and performing numerous
transformations and manipulations, we can finally arrive

at a system of equations describing the non-stationary
response of the discretized system. By integrating this
system of equations, amplitude W, and phase angle y,
can be obtained as functions of time from the following
system

P

=[a, W, +a,(w, +d)’ W, +a;W,[sin2y , +

dt
+a,W, cos2y, +a W, +aW,,
d — 1
Z” =Q-C Al +ay(w, +d)’ + (12)

+a,]cos2y, +a,,sin2y, + o, W, +

27772 2
alz(Wo +d) VV,; +al3VI/]) +a,,

where,

a, = é[(,u Q> M (A +2AQ +72Q%) (A(A +

2
£ 20)E0 - A)Qa, =AY
AN —OF)
00>
Pre% 5 3CM
@ =T = T
a,=—C,ay=-a,,a, =—a,a,, =—-qa,, (13)

a, = %[(y Q*M (A +26AQ —

—240M) (A(A +2Q)(4Q - A)QY)],
15 M? 15 M? 3
Q== =0, = =
256 Q

oI

>

BT
2 A+ Q)-CPA (A +29Q)
20A%(A +20) ’

14

The solution w of the equation (9) is
w(t) = Wp cos((l /2)0 + Yp )— [(sz)/(A(A +

+2Q))7, cos((3/2)® +v ) )+

+[M (2Q)W cos((3/2)0 + 3y » )- (14)
_[Zﬂgz /(A2 —52)](W0 +d)cos® —
~BMIQO)(w +dW % +[M QO 0w +

+aV)Wp2 cos(®+21//p)

Analyzing relation (14), the paper reveals, for the first
time, new terms not yet mentioned by the researchers in
the field.
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6 Stationary Response
The stationary response given by the amplitude W, and
the phase angle y,, associated with the assumed spatial
forms of vibration of our system, may be computed as a
special case of the non-stationary motion in the resonant
regime described by the system of equations (12) and
equation (14). As mentioned by Ostiguy and Nguyen
[12, 13] the solution for simply-supported plates
indicates the presence of principal parametric resonance,
the possibility of internal resonance and the occurrence
of simultaneous resonance but precludes the possibility
of combination resonance. As can be seen in relation
(14), the authors founded for the first time, with
analytical tools, the influence of the geometric
imperfections in the regions of forced, sub-harmonic and
supra-harmonic parametric resonance. In this way was
found theoretical the presence of internal resonance and
the occurrence of simultaneous resonance already
mentioned experimentally by Ostiguy and Nguyen. As
mentioned by Ostiguy and Evan-Iwanowski [11] the
base width of the stationary parametric response is the
only region in which vibrations may normally initiate.
The phase angle of the stationary parametric response
can be obtained from the system (12) setting d¥,/df = 0,
dy,/dt = 0 and eliminating the amplitude W, By this
way was obtained the stationary phase angle in the
region of principal parametric resonance from the
following equation:

Equation (15) makes possible to compute the phase
angle of stationary response of the plate at the principal
parametric resonance by taking into account the

0.1 T T

496
—larcsin{p—
vV, =3
3 N2 2 i 2 2
—g(CM/ QW ]/[(32)[(/42 M(A +
+2AQ+72Q0%)) (AA +2Q)(4Q — (15)

— NQP W ~[(6u 2 M) (AN ~

2

y719)

~QIW, +d)* - A

1.

geometrical imperfections of the plate.

7 Results and Discussions

For the computer programs developed to obtain the
numerical results the authors used the soft packages
MATLAB. In order to get more insight into various
aspects of the problem and to highlight the influence of
the initial geometric imperfections on the non-linear
dynamic response of rectangular plates, numerical
evaluation of the solution were performed for a wide
variety of cases. The results shown in figures 2 and 3 are
typical of those obtained. For A=0.12 were founded the
phase angle of the vibrations for the plate subjected to
parametric excitation having moderate imperfections
(wo/h=0.1) and large ones (w,/h=0.6). By regarding the
above-mentioned figures we can conclude that by
increasing the imperfections appears the phenomena of
simultaneous resonance mentioned by Nguyen [13]. This
phenomena manifests itself by multiple salts and the
effect of “soft spring” in the area of [65,85] Hz. This was

Phase angle [rad]
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Fig. 2. w,/ h=0.1
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Fig. 3. wo / h=0.6

determined for the first time theoretical while Nguyen
discovered it experimentally. Also from figure 3 we see
that in the area of simultaneous resonance the phase
angle is constant and in the mean time all over the area is
negative therefore the non-linear dynamic response of
the plate is in advance with regard to the excitation.

References:
[1] Bugaru, M.J., PredoiM.V., Vibrations of
parametrically rectangular excited plates ( in

Romanian), Bren Publishing House, Bucharest, 1999,
ISBN 973-9493-28-9.

[2] Hui, D. and Leissa, A. W., Effects of Geometric
Imperfections on Vibrations of Biaxially Compressed
Rectangular Flat Plates, ASME Journal of Applied
Mechanics, Vol. 50, Dec. 1983, pp. 750-756.

[3] Hui, D., Large Amplitude Axisymmetric Vibrations
of Geometrically Imperfect Circular Plates, J. of
Sound and Vibration, Vol. 91, 1983, pp. 239-246.

[4] Hui, D. and Leissa, A.W., Effects of Uni-Directional
Geometric  Imperfections on  Vibrations  of
Pressurised Shallow Spherical Shells, Int. J. of Non-
linear Mechanics, Vol. 18, No. 4, 1983, pp. 279-285.

[5] Hui, D., Influence of Geometric Imperfections and
In-Plane Constraints on Non-linear Vibrations of
Simply Supported Cylindrical Panels, ASME Journal
of Applied Mechanics, Vol. 51, 1984, pp. 383-390.

[6] Hui, D., Effects of Geometric Imperfections on
Frequency-Load Interaction of Biaxially Compressed
Antisymmetric Angle Ply Rectangular Plates, AIAA
Journal, Vol. 21, 1983, pp. 1736-1741.

[7] Hui, D., Effects of Geometric Imperfections on

Large-Amplitude Vibrations of Rectangular Plates With
Hysteresis Damping, ASME Journal of Applied
Mechanics, Vol. 51, March 1984, pp. 216-220.

Hui, D., Large Amplitude Vibrations of
Geometrically Imperfect Shallow Spherical Shells
with Structural Damping, AIAA Journal, Vol. 21,
1983, pp. 1736-1741.

[9] Hlanko, S. and Dickinson, S.M., “The Vibration and
Post-Buckling of Geometrically Imperfect, Simply
Supported, Rectangular Plates Under Uni-Axial
Loading, Part I: Theoretical Approach”, J. of Sound
and Vibration, Vol. 118, No. 2, 1987, pp. 313-336

[10] Mitropolskii, Yu. A., “Problems of the Asymptotic
Theory of Nonstationary Vibrations”. Moscow:
Izdatel’stovo Nauka, 1964; English Translation:
(New York) D. Davey & Co., 1965.

[11] Ostiguy, G.L. and Evan-Iwanowski, R.M.,
Influence of the Aspect Ratio on the Dynamic
Stability and Non-linear Response of Rectangular
Plates, ASME Journal of Mechanical Design, Vol.
104, April 1982, pp. 417-425.

[12] Ostiguy, G.L. and Nguyen, H., Stabilité dynamique
et résonance des plaques rectangulaires, Mécanique
Matériaux Electricité¢ (G.A.M.I), No. 394-395, Oct.-
Nov. 1982, pp. 465-471.

[13] Ostiguy, G.L. and Nguyen, H., Influence of
Boundary Conditions on the Dynamic Stability and
Non-linear Response of Rectangular  Plates,
Developments in Mechanics, Vol. 13, Proc. of the
19th Midwestern Mechanics Conference, The Ohio
State University, Sept. 1985, pp. 252-253.

[14] Timoshenko, S.P. and Gere, J.M. Theory of Elastic
Stability, New York. McGraw-Hill Inc., 1961.

(8]



