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Abstract: -In the field of engineering and economic studies, mathematical manipulation of fuzzy numbers is 
cumbersome and does not provide a neatly ordered set of results in the same way that crisp numbers do. Moreover, 
the generalized fuzzy number (i.e. non-normalized and normalized fuzzy number) have been approved more 
flexible and more intelligent than the normalized fuzzy number since it takes the degree of confidence of the 
decision-makers’ opinions into account. In this paper the concept of the probability measure of fuzzy events is used 
to represent the fuzzy alternatives, and a ranking approach based upon their geometric moments are developed to 
make decision. The approach is computationally simple and its underlying concepts are logically sound.  A fuzzy 
number with a superior geometric mean is ranked above fuzzy numbers having inferior geometric means, and in the 
case where the geometric means of two numbers happen to be equal, the number with a lower geometric variance is 
ranked above fuzzy numbers whose geometric variances are higher. A comparative study is conducted on cases 
used in the previous literatures to examine the performance of the proposed method on rationality and 
discriminatory ability. 
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1. Introduction 

Decision-making problems often require a choice 
to be made between several fuzzy alternatives. In cases 
of inadequate data, most decision makers rely upon 
experts’ knowledge to carry out simulated modeling of 
the problem. The generalized fuzzy number (i.e. non-
normalized and normalized fuzzy number) have been 
approved more flexible and more intelligent than the 
normalized fuzzy number since it takes the degree of 
confidence of the decision-makers’ opinions into 
account [1-4]. 

The practical application of fuzzy set theory to 
engineering and economics problems requires two 
laborious tasks: (1) fuzzy mathematical operations and 
(2) comparison or ranking of complex fuzzy numbers 
generated by mathematical operations. Fuzzy 
mathematics is based on the extended principle, which 
applies basic mathematical operations such as addition, 
subtraction, multiplication and division to fuzzy 
numbers, or involves their power, logarithmic and 
exponent manipulation. However, fuzzy mathematics 
usually tends to be cumbersome, even for simple 
operations such as addition and multiplication. 
Following the rating of the resultant fuzzy function, 
the task of comparing or ranking the complex fuzzy 
numbers can cause a further problem since fuzzy 
mathematics operations do not always yield a totally 
ordered set of results in the same way that crisp 
numbers do. Many authors have investigated the use of 
alternative methods to rank fuzzy sets. These methods 
range from trivial to complex, including one fuzzy 

number attribute to many fuzzy number attributes. A 
review and comparison of these existing methods can 
be found in [5-7]. In [5], ranking methods are 
classified into four major classes, (1) Preference 
relation (as in [8-12]), (2) Fuzzy mean and spread (as 
in [13-15]), (3) Fuzzy scoring (as in [16-22]), and (4) 
Linguistic expression (as in [23]). Although most 
fuzzy ranking methods in the previous literatures 
exhibit satisfactory results for clear-cut problems, they 
may generate counter-intuitive outcomes or be not 
discriminatory enough under certain circumstances [5, 
7]. In addition, most of them require considerable 
computational effort. Moreover, some ranking methods 
assume the membership function to be normal, and this 
is not adequate in many cases. To overcome these 
limitations, this paper presents a novel geometric 
moment method for the ranking of fuzzy numbers, 
which is not only simple to implement but also 
conceptually straightforward and suitable even in cases 
where the membership function is abnormal. 

This paper considers a probabilistic ranking 
method based on the geometric moments, which 
represent the geometric average value of the domain 
moments and the grade moments. The geometric 
moments are easily calculated only based on the 
vertexes and confidence value of the corresponding 
fuzzy numbers. A fuzzy number with a superior 
geometric mean is ranked above fuzzy numbers having 
inferior geometric means, and in the case where the 
geometric means of two numbers happen to be equal, 
the number with a lower coefficient of variation is 
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ranked above fuzzy numbers whose geometric 
variances are higher. A comparative study is conducted 
on cases used in the previous literatures to examine the 
performance of the proposed method on rationality and 
discriminatory ability. 

 
2. Fuzzy number 

When dealing with uncertainty, decision makers 
are commonly provided with information which is 
characterized by vague linguistic descriptions such as 
“high risk”, “low profit”, “high annual interest rate” 
etc. The objective of fuzzy set theory is primarily 
concerned with the quantification of such vagueness. A 
fuzzy set is designated as ∈∈∀ )(, xXx Aµ [0, h ], 
where )(xAµ  is the grade of membership of a vague 
predicate, A, over the universe of objects, X. The more 
the object fits the vague predicate, the larger its grade 
of membership will be. The membership function may 
be viewed as representing an opinion poll of human 
thought or an expert’s opinion. For general purposes, 
the height of the fuzzy number, h , will be considered 
to possess an arbitrary positive value since this allows 
both normal and subnormal fuzzy numbers to be 
considered. Since the membership grade of the fuzzy 
number lies in the range [0, h ], the membership 
function can be expressed as: 

);),(/,/)(,()( 4321 21 hafaafax AAA ααµ =            (1) 
where )(1 αAf  is a continuous monotone increasing 

function of the membership grade, α , for h≤≤α0 , 
)(2 αAf  is a continuous monotone decreasing function 

of α for h≤≤ α0 , 1)0(1 afA = , 2)(1 ahf A = , 3)(2 ahf A = , 

4)0(2 af A = , 4321 aaaa <≤< , and h  denotes the 
height of the fuzzy number. The trapezoidal fuzzy 
number (TrFN) is a particular type of fuzzy number, in 
which 1Af  and 2Af are both straight-line segments. In 
the case, where 2a equals 3a the trapezoidal fuzzy 
number becomes a triangular fuzzy number (TFN). 
The mathematical implementation of the TFN is 
straightforward and, importantly, it represents a 
rational basis for the quantification of the vague 
knowledge that is associated with most decision-
making problems. The TFN of A can be expressed 
simply as );,,( 321 haaaA = , where the vertexes 1a , 

2a and 3a  respectively denote the smallest possible 
value, the most promising value and the largest 
possible value describing a fuzzy event. The 
membership function and the domain function of the 
triangular fuzzy number );,,( 321 haaaA = are presented 
in Fig. 1, and can be represented by the linear relations 
given in Eqs. (2) and (3), respectively. 
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The membership function given in Eq.(2) 
represents the mapping of any given value of x to its 
corresponding grade of membership , α , while the 
domain function expressed by Eq.(3) is an inverse 
mapping of any given α  to its corresponding x value. 
The TFN can also be designated in an α -cut form,  

[ ])(,)( 21 αα AA ffA =    
[ ]haaahaaa /)(,/)( 233121 αα −−−+=                (4) 

The α-cut of a fuzzy set A is a crisp set of numbers 
that contains all the elements of the universal set X 
whose membership grades in A are greater or equal to 
the specified value of α. 
 
 
 
 
 
 
 
 
 

Fig. 1 Membership and domain function of a TFN 
 

3. Probabilistic conversion of fuzzy number 
Conversion of the membership function of a fuzzy 

number )(xµ into an equivalent probability density 
function can be achieved by using one of two linear 
transformations [24]: proportional probability density 
function (ppdf): )()( xkxp pµ=  , and uniform 
probability density function (updf):           

ukxxu += )()( µ  , where pk  and uk are the values of the 
conversion constants which ensure that the area under 
the continuous probability function is equal to one. 

Figs.2 and 3 show the conversion of a TFN and a 
TrFN into their corresponding ppdf and updf, 
respectively. When the proportional conversion 
method is used, the height of the resultant ppdf is 
independent of the fuzzy number height, but its domain 
remains the same as that of the original fuzzy number. 
When the uniform conversion approach is adopted, the 
domain and the height of the resultant distribution both 
reduce (or increase) from their original fuzzy number 
values. The reduced (or increased) domain indicates 

αµ ),(x

)()( 1
11
αµ −= AA fx )()( 1

22
αµ −= AA fx  

)(, αfx
1a 2a 3a  

h
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the partial ejection (or addition) of some members 
from (or to) the set. Hence, the uniform distribution 
reveals certain undesirable properties. Therefore, the 
application of the proportional density function 
conversion is recommended in the comparison of fuzzy 
numbers. 
 
 
 
 
 
 
 
 

(a) Proportional Conversion 
 
 
 
 
 
 
 
 

 (b) Uniform Conversion 
Fig.2 TFN converted into probability density function 

 
 
 
 
 
 
 
 
 
 

 (a) Proportional Conversion 
 
 
 
 
 
 
 
 
 
 

 (b) Uniform Conversion 
Fig.3 TrFN converted into probability density function 
 
4. Moment of fuzzy number 
4.1. Mellin transform 

Operational calculus techniques are particularly 
useful when analyzing probabilistic models as part of a 
decision-making process. In the probabilistic model 

context, it is often possible to reduce complex 
operations involving differentiation and integration to 
simple algebraic manipulations in the transform 
domain. The Mellin transform is a useful tool for 
studying the distributions of certain combinations of 
random variables (r.v.); particularly the random 
variables associated with products and quotients. The 
Mellin transform, )(sM x , of a function, )(xf  (where x 
is positive) is defined in [25-26], and is given by: 

∞<<= ∫
∞

− xdxxfxsM s
x 0)()(

0

1                     (5) 

The Mellin transform has a unique one-to-one 
correspondence, i.e. )()( sMxf x↔ . The moments of a 
distribution represent the expected values of the 
powers of a random variable with )(xf distribution. In 
general, the rth moment of a random variable X about a 
real number c is defined as: 

∫ −=−= X
rr

r dxxfcxcXExM )()(])[()(              (6) 
The moments of interest in an economic analysis 

are those about the origin ( 0=c ) and those about the 
mean ( µ=c ), typically for r =1,2,3 and 4. The r 

moments about the origin are denoted by ][ rXE . The 
first moment about the origin represents the mean of 
the distribution, i.e. ][XEM X = . The second moment 
taken about the mean represents the variance of the 
distribution )(xf 2σ=XV  , while the third and the 
fourth moments give the skew and the kurtosis of the 
distribution, respectively. A comparison of Eqs.(5) and 
Eq.(6) shows that )(sM x  is a special case of )(xM r , 
where 0=c and 1−= sr . In other words, if )(xf is 
viewed as a probability density function, then the 
Mellin transform ][)( 1−= s

x XEsM may be used to 
determine a series of moments of the distribution. 
Comparing the first two moments of a distribution with 
the Mellin transform, the mean and the variance of a 
distribution are expressed in Eqs.(7) and (8), 
respectively. 

)2()(][ 1
xXX MdxxxfXEM ∫ ===                            (7) 

dxxfxV XX )()( 22 ∫ −== µσ                                  
222 ))2(()3()( xxX MMdxxfx −=−= ∫ µ          (8) 

4.2. Domain mean and variance of a fuzzy number 
The close correlation between the Mellin transform 

and the moments of a distribution makes it simple to 
establish some important operating properties 
involving products, quotients and power of random 
variables. For example, by computing )(sM x  at s=1,2 
and 3, the mean and variance of a regular triangular 
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fuzzy number );,,( 321 haaaA  can be expressed in the 
forms given by Eqs.(9) and (10), respectively. 

  
3

)2( 321 aaa
MM xd

++
==                                    (9) 

)(
18
1

133221
2
3

2
2

2
1

2 aaaaaaaaaV dd −−−++== σ    (10) 

It is found that the mean and variance of a fuzzy 
number are determined only by its vertexes, i.e. they 
are independent of the height. The consistent domain 
property of a fuzzy number with its converted 
probability density function is another important 
advantage when calculating the mean and variance of a 
fuzzy number. The mean and variance of a fuzzy 
number calculated from the Mellin transform are 
represented in domain terms as the domain mean Md, 
and the domain variance Vd, respectively. 
4.3. Grade mean and variance of a fuzzy number 

From the domain functions of a fuzzy number A, 
the grade mean Mg and the grade variance Vg can be 
expressed in the forms given by Eqs.(11) and (12) 
respectively. 

αααα dffM A
h

Ag ))()(( 120 −∫=                             (11) 

2
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∫

∫
              (12) 

 It is found that the grade mean and the grade 
variance are both functions of the height and the 
vertexes of the fuzzy number. Therefore, a distinction 
can be made between normal and subnormal fuzzy 
numbers by comparing their grade moments. 
4.4. Geometric mean and geometric variance of a 
fuzzy number 

The geometric mean M, geometric variance V, and 
coefficient of variation ..VC , of a fuzzy number can be 
defined by Eqs.(13)-(15), respectively. The standard 
deviation V=σ . 

22
gd MMM +=                             (13) 

22
gd VVV +=                                 (14) 

M
VC σ

=..                                        (15) 

 
5. Fuzzy numbers comparison 

Fig. 4 presents a flow chart describing the proposed 
ranking process of fuzzy numbers. Firstly, the fuzzy 
numbers are converted to their equivalent probabilistic 
density functions, and then Eqs.(13)-(15) are used to 
calculate their geometric moments and coefficients of 
variation. Fuzzy numbers which share the same most 
promising values are ranked using Rule 1, while the 
other fuzzy numbers are ranked using Rule 2. The two 

rules may be summarized as follows: Rule 1: a fuzzy 
number with a lower coefficient of variation is ranked 
above fuzzy numbers whose coefficients of variation 
are higher. Rule 2: a fuzzy number with a superior 
geometric mean is ranked above fuzzy numbers having 
inferior geometric means.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4 Flow chart of fuzzy numbers ranking 
 

6. Comparative study 
In order to verify the robustness of the proposed 

method, this paper now considers some particular 
examples, and compares the current results with those 
provided by previously published methods. 

 
Example 1: Two alternatives share the same means, 
but have different variances.  
Two alternatives’ attributes are represented by two 
triangular numbers, i.e.  A(0,1,2;1) and B(0.2,1,1.75;1), 
are taken from Cheng’s study of the Distance method 
[19]. Table 1 presents the ranking of A and B as 
determined by Rule 1. The results indicate that the 
current approach provides a ranking of A and B which 
is consistent with that obtained from [19]. However, 
Lee and Li’s decision criterion is base on higher mean 
value and at the same time lower spread. Clearly, we 
cannot intuitively compare its orders by Lee and Li’s 
method [6]. 

 
Example 2: Complex comparison due to the partial 
overlap between the supports of the fuzzy numbers. 

Rule 2 ranking 

START 

FNs converts to pdfs 

Domain moments 
calculation 

Grade moments 
calculation 

Calculates Geometric moments 

Equal  
most promising values 

YES NO

Calculate C.V.

Rule 1 ranking 

Decision making 
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Three triangular numbers, i.e. A(0.2,0.3,0.5;1.0), 
B(0.17,0.32,0.58;1.0), C(0.25,0.4,0.7;1.0), are taken 
from [12]. In this case, an intuitive judgment is nearly 
impossible since the partial overlap between the 
supports of the fuzzy numbers. Table 2 summarizes the 
ranking outcome provided by the current geometric 
moment method and by other published approaches. It 
is noted that the current method yields a ranking of 

CBA pp   (bottom low of Table 2), which is 
consistent with the other methods. 

Table 1 Fuzzy numbers ranking for Example 1 
Distance method[19] Proposed method Ranking 

method x0 σ  C.V. Μ σ  C.V.
A 1.000 0.167 0.167 1.060 0.176 0.166
B 0.983 0.100 0.102 1.017 0.118 0.116

Ranking AB f  AB f  
 

Table 2 Fuzzy numbers ranking for Example 2 
Ranking 
method 

A B C Ranking
Distance 
method[19] 

0.590 0.604 0.662 ABC ff

Possibilistic 
mean[14] 

0.217 0.232 0.292 ABC ff

Convex 
combined 
method[22] 

2.),(
5.),(

=
=

CA
BA

φ
φ

 
3.),(
5.),(

=
=

CB
AB

φ
φ

 
7.),(
8.),(

=
=

BC
AC

φ
φ

 ABC ff  

D&P’s 
method[13] 

0.857 0.927 1.000 ABC ff

Jain’s 
method[17] 

0.452 0.519 0.639 ABC ff

Ordinary 
number[20] 

0.325 0.348 0.438 ABC ff

Math. 
Expectation 
[21] 

0.050 0.073 0.101 ABC ff

Proposed 
method 

0.337 0.361 0.456 ABC ff

 
Example 3: Fuzzy numbers have the same supports 
and differ only in the most promising values. 
Three triangular numbers, i.e. A(0.4,0.5,1;1), 
B(0.4,0.7,1;1), C(0.4,0.9,1;1),  taken from  Cheng [19]. 
These three fuzzy numbers have common supports and 
differ only in the most promising value of the triplet. 
From Table 3, it can be seen that the current method 
gives a ranking of the fuzzy numbers as ABC ff , 
which is consistent with the ranking results provided 
by the other listed methods. 
 
Example 4: Comparison among different fuzzy 
distribution shapes, and generalized fuzzy numbers.  
This example considers normal and subnormal 
triangular fuzzy numbers, and normal and subnormal 
trapezoidal fuzzy numbers with different supports and 
heights. The numbers are taken from [19] and are 
presented in Fig. 9, which shows a normal triangular 
fuzzy number A1(3,5,7;1), a subnormal triangular 
fuzzy number.A2 (3,5,7;0.8), a normal trapezoid 

number B1(5,7,9,10;1), two subnormal trapezoid 
numbers B2 (6,7,9,10;0.6) and B3 (7,8,9,10;0.4).  

From Table 4, it can be seen that the current 
ranking approach gives a classification 
of 21123 AABBB ffff , which is consistent with 
Cheng’s Distance method [19]. It should be noted that, 
in this more complex case, the comparison can be 
performed only by the currently proposed method and 
by the approach developed in [19].  

 
Table 3 Fuzzy numbers ranking for Example 3 

Ranking 
method 

A B C Ranking 

Distance 
method[19]

0.790 0.860 0.927 ABC ff

Possibilistic 
mean[14] 

0.400 0.467 0.533 ABC ff

Convex 
combined 
method[22]

2.),(
3.),(

=
=

CA
BA

φ
φ

3.),(
7.),(

=
=

CB
AB

φ
φ

 
7.),(
8.),(

=
=

BC
AC

φ
φ  

ABC ff

D&P’s 
method[13]

0.600 0.750 1.000 ABC ff

Jain’s 
method[17]

0.545 0.667 0.857 ABC ff

Ordinary 
number[20]

0.600 0.700 0.800 ABC ff

Math. 
expectation[
21] 

0.190 0.210 0.230 ABC ff

Proposed 
method 

0.641 0.707 0.773 ABC ff

 
Table 4 Fuzzy numbers ranking for Example 4 

Distance method[19] Proposed method  
Ranking 
method

x0 y0 R(.) domain 
mean 

grade 
mean

geometric 
mean 

A1 5.000 0.500 5.025 5.000 0.667 5.044 
A2 5.000 0.400 5.016 5.000 0.427 5.018 
B1 7.714 0.505 7.731 7.714 1.500 7.859 
B2 8.000 0.300 8.006 8.000 0.480 8.014 
B3 8.500 0.200 8.502 8.500 0.133 8.501 

Ranking 21123 AABBB ffff  21123 AABBB ffff

 
7. Conclusions 

This paper has proposed a probabilistic approach to 
the ranking of generalized fuzzy numbers that is based 
upon their geometric mean and variance as derived 
from their domain and membership grade. The 
currently proposed approach is computationally simple 
and its underlying concepts are logically sound. A 
comparative study is conducted on cases used in the 
previous literatures to examine its performance on 
rationality and discriminatory ability. It should be 
noted that the proposed approach is suitable for 
problems that contain both normal and non-normal 
fuzzy numbers. However, the other previously 
proposed methods could be taken to apply in the cases 
that contain only normal fuzzy numbers. 
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