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Abstract: - This paper presents a novel decoupled parallel 2-DOF spherical mechanism. First, the design idea is 
introduced based on a general 2-DOF spherical mechanism. Next, following the discussions of some practical 
types of flat pairs, the new mechanism is given. Besides, the new mechanism uses a planar parallelogram to 
replace the prismatic pair to achieve the simple kinematics of one-to-one input-output mapping with minimum 
requirement on actuators. The workspace of the mechanism is also analyzed, in which the effect of friction 
ircle of the revolute joint is considered. c
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1 Introduction 
Since the variable-length-strut octahedral hexapod 
with six degrees of freedom (DOFs) was introduced 
by Gough for tire detecting device [1] and afterwards 
by Stewart for flight simulator [2], parallel 
mechanisms have found many practical applications 
such as heavy loading platforms, special machines 
with extraordinary kinematical and dynamical 
performance, precise positioning manipulators and 
etc. A typical parallel mechanism consists of a 
moving platform, a fixed base, and several 
kinematical chains (also called the legs) which 
connecting the moving platform to its base. Only 
some kinematical pairs are actuated, whose number 
usually equals to the number of DOF that the 
platform possesses with respect to the base. 
Frequently, the number of legs equals to that of DOF. 
This makes it possible to actuate only one pair per 
leg, allowing all motors to be mounted close to the 
base. Such mechanisms show desirable 
characteristics, such as large payload and weight 
ratio, large stiffness, low inertia, and high dynamic 
performance. Though, compared with serial 
manipulators, its disadvantages include lower 
dexterity, smaller workspace, and more seriously, 

singularity, by which the functioning of the 
mechanism is disruptive. 

In the past two decades, parallel mechanisms 
with fewer than 6-DOF have attracted much 
attentions. These mechanisms have the advantages of 
simpler architecture and lower manufacturing cost. 
In particular, parallel spherical mechanisms allow the 
platform to rotate around a fixed point and may be 
used to orient an object. The object may be a 
telescope, an antenna, a solar panel, a camera, a tool, 
the end-effector of a robot, a human or humanoid 
artificial limb, and etc.  

Spherical mechanisms may take various 
configurations. Some of them use spherical 
architectures, in which only revolute joints are used 
and their axes intersect at a common center point; as 
a result, the moving links constitute paths located on 
concentric spherical surfaces [3-7]. Others use 
dissimilar architectures, in which the links do not 
need to move along any spherical surfaces. They 
only require that the constraints imposed by the legs 
on the platform provide a fixed center of rotation. 
This kind of design can achieve the benefit of being 
able to choose leg topologies in a large range [8-13]. 
Another possible scheme uses an additional spherical 
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pair which physically connects the platform to the 
center of rotation, so the legs do not have to provide 
constraints which can give the platform a fixed 
center. As a result, the legs can be freely designed 
[14-17]. However, most of these configurations have 
coupled motion between the orientations of the 
moving platform. In fact, little research has been 
reported on the study of orientation decoupling [18, 
19], while much more research concentrate on the 
trans

e sun), a decoupled 
mech

. Finally, Section 5 draws the 
conclusions. 

2 ry of 

 (two translational and one 
revolute) respectively. 

lational motion decoupling [20-29]. 
This paper focuses on the decoupled synthesis 

of 2-DOF spherical mechanism. The interest for this 
case is justified by the fact that, in many applications, 
a 2-DOF orientation device is sufficient. A typical 
application is the positioning of solar panel. In order 
to facilitate the control (tracing th

anism is highly desirable.  
The paper presents a novel parallel 2-DOF 

spherical mechanism with one-to-one input-output 
mapping. A model of prototype is also presented to 
simulate the potential actual workspace of the 
mechanism and to show its considerable mobility 
capabilities. The rest of the paper is organized as 
follows. Section 2 presents a systematic study on the 
2-DOF spherical mechanisms. Section 3 presents the 
new design. Section 4 is a study of the workspace of 
the new mechanism

 
 

A Study on the General Geomet
a 2-DOF Spherical Mechanism 

For the convenience of the discussions, first, let us 
introduce three kinds of joints (or pairs) as shown in 
Figure 1. They are the revolute joint (R), the 
prismatic pair (P), and the planar pair or flat pair (F). 
They possess one revolute DOF, one translational 
DOF and three DOF

 

 
R  F 

Fig.1: Definition of pairs or joints 

the m  

e platform 
rotations around two axes are decoupled. 

               P            

 
Figure 2 illustrates the general geometry of a 

decoupled 2-DOF spherical mechanism. The moving 
platform is anchored to the base by two legs. A leg 
consists of two revolute joints, R1 and R2, whose axes, 
z1 and z2, intersect at point o and connect to each 
other perpendicularly to form a universal joint; so the 
value of α is π/2. The other leg consists of a revolute 
joint, R3, a flat pair, F, and a prismatic pair P, in 

which the moving direction of P is perpendicular to 
the working plane of F and the axis of R3. The 
revolute joints R2 and R3 are mounted on the moving 
platform in parallel. The prismatic pair P and the 
revolute joint R1 are assembled to the base, in which 

oving direction of P is parallel to the axis of R1. 
Suppose that the input parameters, q1 and q2, 

represent the positions of the revolute joint R1 and 
the prismatic pair P, which are driven by a rotary 
actuator and a linear actuator separately. The pose of 
the moving platform is defined by the Euler angles θ1 
and θ2 of the platform. When the value of q1 changes 
and q2 holds the line, only θ1 alters. On the other 
hand, when the value of q2 changes, only θ2 changes. 
So, θ1 and θ2 are independently determined by q1 and 
q2 respectively, i.e., one output parameter only relates 
to one input parameter. In other words, th
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Fig.2: Illustration of a general spherical mechanism 

acement relationships 
between input and out

q θ

 

 
Let e be the distance between the axes of R2 

and R3. Also, suppose that, when the moving 
platform is on the initial position, the axis of R1 is 
perpendicular to the plane consisting of the axes of 
R2 and R3. Then the displ

put are: 
1 1

2 2sinq e θ
=⎧

⎨               (1) 

Taking the de (1), it follows that 

 
2 2
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rivative of Equation 
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where,  
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Furthermore, applying t
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he principle of virtual work 
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to Equation (1)

 T

, we get 
1 1

2 2

f T
J

f T⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

where, T

⎡ ⎤ ⎡ ⎤
=               (4) 

torque for R  and the input force for P, 
and j

rapidly 
when θ | > 60o. Clearly, this is not desirable. 

j is the output torque of the platform output, 
fj is the input 1

 = 1, 2. 
Although this architecture is decoupled in 

motion, the input-output relationship for q2 → θ2 
through leg of PFR3 is nonlinear. Moreover, if θ2 → 
±π/2, then, according to Equation (4), for a small 
output torque T2, the input force will be f2 → ∞. For 
example, suppose e = 100 mm and the output torque 
is T = 1 N⋅m, then the input force f2 varies depending 
on the value of θ2, as shown in Figure 3. From the 
figure, it is seen that the driving force rises 

 | 2
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Fig.3: The input force required for constant torque 
output of  = 1 N⋅m 

 input-output mapping is therefore 
roposed. 

3 

substitution of 
F-pair since it is easy to manufacture. 

T
 

To overcome the aforementioned shortcoming, 
an improved architecture which has the character of 
one-to-one
p
 
 

Improved Architecture with 
One-to-One Input-Output Mapping 

The proposed new architecture is based on the fact 
that F-pair can be replaced by various other 
architectures, provided that they can offer the 
equivalent DOF. Also, it is possible to transform the 
P-pair into other mode to get the linear input-output 
relationship. Figure 4 shows the possible substitutes 
for F-pair and P-pair. Figure 4(a) shows three 
architectures, 3R, PPR and RPR that can replace 
F-pair; Figure 4(b) shows a planar parallelogram (4R) 
that can replace P-pair. Furthermore, compared with 
PPR and RPR, 3R is the most suitable 

 
(a) F-pair (3R, PPR, RPR)       (b) P-pair (4R) 

Fig. 4: Substitute for F-pair and P-pair 
 
Figure 5 shows the new architecture of the 

2-DOF spherical mechanism developed from the one 
in Figure 2, in which the F-pair and the P-pair are 
replaced by 3R (R4 – R6) and 4R (R7 – R10) 
respectively. Note that the links 87RR  and 109RR  
of the planar parallelogram are always parallel to the 
axis R1. In this case, both inputs can be driven by 
rotary actuators. One actuator should be applied on 
R1, and the other can be fixed on R9 or R10. The 
reference point of the platform, P, will be used in 
workspace analysis.  
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Fig. 5: The new architecture of 2-DOF spherical 

mechanism 
 

Let us suppose that, at the initial position, the 
links of 7 9R R  and 8 10R R  of the planar 

parallelogram are parallel to 3oR  and perpendicular 
to the axis of R1, and their length is m. Compared 
with the architecture in Figure 2, in the new 
architecture, the input related to θ2 is based on the 
revolute input R9 or R10 (instead of the prismatic 
input P). This difference can be mathematically 
expressed as that, the displacement relationships 
between input and output for the improved 
architecture can be obtained from Equation (1) by 
replacing q2 with m⋅sinq2, that is 

 1 1

2 2sin sin
q

m q e
θ

θ
=⎧

⎨ =⎩
           (5) 

Let m = e, it follows that: 
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2 2

q
q

θ
θ

= ⎫
⎬= ⎭

               (6) 

This implies that the direct linear one-to-one 
input-output correlation. Furthermore, it is 
interesting to note that Equations (2) and (4) still 
hold, but J becomes an identity matrix. 

Since the new mechanism has the one-to-one 
input-output mapping, the kinematics is very simple. 
Both static and dynamic analyses can also be easily 
carried out. In addition, compared with the 
architecture in Figure 2, the new mechanism requires 
much smaller actuators. 
 
 
4 Workspace Analysis 

As shown in Figure 5, the mechanism has two 
legs. The first leg (R1 to R2) produces the Euler angle 
θ1 of the platform by the input of q1; while the 
second one (R10 to R3) produces θ2 by q2. To 
illustrate the motional relationship, let us introduce a 
transition parameter z to Equation (5), it follows that: 

        (7) 
⎩
⎨
⎧

==
=

22

11

sinsin θ
θ

ezqm
q

where, z is the displacement of F-pair (R4 to R6) in 
the direction of z1.  

From Equation (7), it is seen that the Euler 
angle θ1 is produced from the input of q1 directly by 
the first leg; while θ2 is produced from q2 by the 
second leg through two transformations, which 
include (1) rotary to linear motion  using 

, and (2) linear to rotary motion 
2q ⇒ z

z2sinm q⋅ =

2z θ⇒  using 2sinz e θ= ⋅ . In the second 
transformation, there exists a limitation related to 
friction circle. Let ρ denote the radius of the friction 
circle of R2, which is determined by the product of 
the radius r of the revolute joint’s axis and the 
equivalent friction coefficient μ as follows. 
 rρ μ=               (8) 

Examining the force F of the F-pair acted onto 
the axis R2 of the moving platform (see Figure 6). 
Let γ denote the angle between z1 and the link 2 3R R , 
and decompose the force F into two parts, the radial 
component Fr and the tangent component Ft. Then 
the force F acts on R2 is equivalent to a force Q and a 
torque M, which can be calculated from the 
following equations. 

 
cos

sin
r

t

Q F F
M F e F e

γ
γ

= = ⋅ ⎫
⎬= ⋅ = ⋅ ⋅ ⎭

        (9) 

As a basic law in mechanics, the effect of a 

force Q and a torque M acting on a rigid body is 
equivalent to a force Qh with an offset h, which is 
shown in figure 7 and can be calculated as follows 

 
/ tan

hQ Q
h M Q e γ

= ⎫
⎬= = ⋅ ⎭

        (10) 

where, h is the distance between the action lines of 
force Qh and Q. 

There exist three instances for the different 
relationship between h and ρ, which are (1) h < ρ, 
the revolute joint R2 will never rotate regardless the 
value of Qh; (2) h > ρ, revolute joint R2 can rotate; 
and (3) h = ρ, the critical condition. In the critical 
condition of h = ρ, using Equation (10), it follows 
that: 
 ( )arctan / eγ = ρ           (11) 
Then the work space of θ2 satisfies: 
 2( / 2 ) / 2π γ θ π γ− − < < −      (12) 
On the other hand, the angle θ1 produced by the first 
leg is limited only by the structure design of the 
F-pair and the base, so the workspace of θ1 can reach 
a designated area through proper design. Assume that 
the workspace of θ1 is from – π/2 to π/2, then the 
workspace of the spherical mechanism can be 
depicted by the reachable range of the point P as 
shown in Figure 8.  

When the mechanism is running, the direction 
of axis z1 keeps unchanged, while the direction of 
axis z2 alters according to θ1. So the workspace 
represented by spherical surface in Figure 8 can be 
interpreted as follows: point P draws latitude lines 
when only θ1 changes and draws longitude lines 
while only θ2 alters. 

To simulate the potential actual workspace of 
the mechanism clearly, a prototype model is 
presented. Some Images of the prototype model in 
different configurations are introduced in figure 9.  

γ e

z1

R2

M Q

F

Fr
FtR3

    
Fig. 6: Force and torque of R2 
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           Fig.7: Force couple equivalent 
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Fig. 8: The workspace of point P 

 

(a)           (b)           (c) 
Fig. 9: Images of the prototype model in the 
configurations of (a) 1 2( , ) (0, / 3)θ θ π= , 
(b) 1 2( , ) ( / 2, / 4)θ θ π π= −  and 
(c) 1 2( , ) ( / 2, / 4)θ θ π π= −   
 
 
5 Conclusions 

In this paper, a parallel novel 2-DOF spherical 
mechanism with one-to-one input-output mapping is 
presented. This mechanism has a number of 
advantages including (a) the ability to position the 
payload at the geometric center of rotation thereby 
reducing inertia; (b) high stiffness enabling the use of 
high angular velocities and accelerations for 
orientating large payloads; (c) decoupled geometry 
making the forward and inverse kinematic 
calculation very simple; and (d) relatively large 
outward workspace (approximately a hemisphere) 

and large internal free space for payload orientation. 
It is expected the new mechanism would find many 
applications. 
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