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Abstract: A mixed integer programming based approach for optimal control of a class of nonlinear systems with
typical non-smooth and even discontinuous components is presented. Firstly, a model denoted as General Linear
System Model (GLSM), which can be used to describe accurately a wide range of nonlinear systems with typical
nonlinear components, is established. Secondly, based on GLSM, mixed integer predictive control (MIPC)
approach for optimal regulation and tracking problems is studied. At the end of the paper, numerical simulations
are presented. Simulation results show that approach developed in this paper is suitable and effective.
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0 Introduction

Strictly speaking, in the engineering practice, the plants, which the control theories deal with, are all nonlinear,
with different degrees of non-linearity. When the plants operate in a very limited range, we can approximate the
plants with simple linear models with satisfied accuracy by using the well-known Tyler series expansion
approach. But this approach cannot be applied to such a class of nonlinear systems that the systems contain
typical nonlinear components which are usually non-smooth, and even are discontinuous, for example, relay,
dead zone, magnetic loop. And the series expansion approach cannot be applied to piecewise linear systems either.
The also well-known description function method can indeed be employed to treat such a class of nonlinear
systems, but this approach can only analysis the self-excited oscillation of such nonlinear system. It is difficult to
analysis other response performance of such nonlinear system and is impossible to design controller for nonlinear
systems using the description function method. Recently developed feedback linearization method ™ is an
effective way for design of controllers for nonlinear systems. But this method also has its limitation: it can only
be applied to smooth nonlinear system, it cannot be used to design controller for nonlinear systems with typical
nonlinear components.

In this paper, a mixed integer programming based approach for optimal control of a class of nonlinear systems
with typical non-smooth and even discontinuous components is presented. Firstly, a model denoted as General
Linear System Model (GLSM), which can be used to describe accurately a wide range of nonlinear systems with
typical nonlinear components, is established Secondly, based on GLSM, mixed integer predictive control (MIPC)
approach for optimal regulation and tracking problems is studied. A mixed integer quadratic programming (MIQP)
problem is solved at every time instant when MIPC is implemented. At the end of the paper, numerical example
by using the already developed MIQP solver, is presented.

1 General Linear System Model

A model denoted as General Linear System Model (GLSM) is established in this section. In order to simplify the
presentation, consider the typical dead zone nonlinear component shown in Fig. 1 when developing the general
linear system model. At the end of this section, we will generalize the model for nonlinear systems with other
typical nonlinear components.
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Fig. 1 dead zone nonlinear component oo !
Fig.2b. Feedback connection of linear subsystem with nonlinear components

In Fig.1, assume u(t) e R™, and ceR™™is constant vector. Introducing auxiliary logical variables syt) and
S2(t), and their definitions are as in propositional logic (1a) ~ (1d). According to techniques that propositional

logic can be equivalently transformed into mixed integer linear inequality 25 (1a) ~ (1d) can be rewritten as
ineq.(2a) ~ ineq.(2d) respectively.

[cu(t) > 1] = [S2(t) = 1] (1a) —cu(t) +1> £+ (M +1- £)5a(t) (2a)
[cu(t) < —1] = [x(t) =1] (1b) cut) +1> &+ (M+1-£)su(t) (2b)
[cu(t) <1] = [J2(t) = 0] (ic) cut)-12 &+ (M—1-&)(L- 52(t)) (20)
[cu(t) > 1] = [S1(t) = 0] (1d) —cu(t)-12 &+ (-M —1-&)(L— 5u(t)) (2d)

Where M > max{cu(t)}» m< min{cu)}, and values of M ,musually can be estimated reasonably for any
u(t)e® u(t)e®

specified problem. & is a very small positive number, for example, 1e-6. According to definitions of syt) and
o2(t) , and with the features of dead zone nonlinear component in the mind, it is easy to obtain (3a) ~ (3b) and (4a)
~(4d). Where z(t) is the output of nonlinear component.

z(t)>cu(t)-1 (4a)
[61(t) = 0] = [z(t) 2 O] (3a) 2(t) < cu(t) ~1+ (M —m+1)(L-52(t)) (4b)
[62(t) =0]=[z(t) <0] (3b) z(t) <cu(t) +1 (4c)
2(t) = cu(t) +1+ (M —M —1)(L—51(t)) (4d)

It is obvious from (3a) and (3b) that z(t)=0 when syt)=s2(t)=0. It can easily be seen from (4a) and (4b) that
z(t) =cu(t) -1 when st)=1, and that (4b) is of triviality when &a(t)=0. Again, (3a) and (3b) can be
equivalently rewritten as ineq (5a) and (5b) respectively.
z2>2e+(M=-¢g)o1 (5a)
2<e+(M =¢£)62 (5b)
Rearrange the mixed integer linear inequalities (2a) ~ (2d), (4a) ~ (4d), (5a) and (5b), we obtain the vector
inequality (6). Where &(t) =[51(t), 52(t)]'- V2 Vs Viand Vs are as follows:

V2S(t) +Vaz(t) <Viu(t) +Vs (6)

0 =M 1] 0 -c 1-¢

miloge |0 0 c 1-¢
0 R 0 c -

M+lte | 0 0 -c M

Vo= m-e& i 0 Vis= -1 Vi= 0 Vs = wf
0 =M+ 1 0 £

0 i 0 -1 -C 1

0 i M-m+1 1 c M -m

0 i 0 1 c 1

[-m+M +1}] 0 -1] |- c] |-m+M |

In fact, vector inequality (6) established the relatidnship between the output, the input and the auxiliary logical
variables of the nonlinear component. Suppose that a nonlinear plant to be controlled can be modeled as in Fig 2a,
the relationship between the system’s State x(t) and input u(t) can be established as in (7a) and (7b). We

named (7a) and (7b) as the General Linear System Model, GLSM.
x(t+1) = Ax(t) + Bz(t) (7a) X(t+1) = Ax(t) + Bu(t) — Bz(t) (8a)
{Vzé‘(t)+V32(t)SV1U(t)+V5 (7b) {V2§(t)+V3Z(t) <Vax(t) +Vs (8b)
In the GLSM, z(t) act as the auxiliary continuous variable. At first glimpse, it seems that the GLSM is linear.
But in fact, because there exist the restrictions of the values (0 or 1) for logical variables syt) and Ja(t),
GLSM is nonlinear. In addition to modeling systems containing the dead zone nonlinear component, GLSM can
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also describe accurately systems with other typical nonlinear components shown in Fig 3.

% . I . I . I . X(t+1) = Ax(t) + Bwu(t) + B25(t) + Baz(t) (9a)
% ‘ y(t) = Cx(t) + Dw(t) + D25 (t) + Dsz(t) (9b)
E20(t) + Esz(t) < Eau(t) + Esx(t) + Es (9c)

Fig. 3 several non-smooth and even discontinuous components

If a plant to be controlled can be modeled as in Fig 2b, the relationship between the system’s State x(t) and
input u(t) can be established as in (8a) and (8b).

To generalize (7a), (7b) and (8a), (8b), we obtained the GLSM as in (9a) ~ (9c). It can be pointed out that the
GLSM can easily deal with the system’s states and/or inputs constraints which usually had to be satisfied because
of, for example, the physical restricts or for the operation safety.

2 Optimal Control of Nonlinear Systems

Based on GLSM, Mixed Integer Predictive Control, MIPC, approach for optimal regulation and tracking
problems of nonlinear systems is studied in this section. A Mixed Integer Quadratic Programming, MIQP,
problem is solved at every time interval when MIPC is implemented. Suppose that t is current time, and thatx(t) is

the current system state. Denote u/™* ={u, (0),u, (1),..., u, (k —1)}, to be the predicted optimal control sequence and
x(k | t) = x(t +k, x(t),u’?) to be the predicted system state at t+Kk. s(k|t)» z(k|t)> x(k|t)> y(k|t) aresimilarly
defined. At time t, establishing following optimization problem (12) and (13):

minJ(u/" () ={n;@[1}{2\\u,(k) —ul, +[S 01t = &7, + 2k 1) = 25, + XK 1) = x5, + vk 1) = e} (12)
Ut U d k=0
. . x(k +1]t) = Ax(k | t) + Bau, (k) + B25(k | t) + Bsz(k | t) (13a)
subject to: y(k |t) = Cx(k | t) + Dau, (k) + D25 (k | t) + Dsz(k | t) (13b)
E20(k |t) + Esz(k | t) < Ew, (K) + Eax(k |t) + Es (13c)
X(T ) = Xe. k=01,..,T-1 (13d)
Where HXH; =x'Qx- Qi=Qi'>0 isweighted matrix. And (Xe, Ue, ¢, ze) satisfying (14) is the equilibrium point
of GLSM.
Xe = AXe + Bile + B2ce + Bsze (14)
E2d + Esze < EaUe + EaXe + Es

In order to guarantee the stability of the closed loop mixed integer predictive control system, we introduced the
equality constraint (13d) in the optimization problem. From (13a), we can obtained (15)

x(k 1) = Axw + fAi[Blu(k ~1-i)+BaS(k —1—i|t) + Baz(k —1—i|t)] (15)

By introducing the follow denotations and, after rearrangement of the (12), (13) and (15), we obtained (16),
which is the standard Mixed Integer Quadratic Programming problem, MIQP.

u,(0) o
’ ;/ - |: :| ’
74

U@
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salt
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Aineq7 < bineq
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Suppose we obtained the optimal control sequence u, ={u;(0),u; (1),...,u; (T —1)}at current time t by solving the

MIQP problem of (16). According to the philosophy of the receding horizon control ©!, only the optimal control
u;(0) is actually enforced upon the plant, and other control {u; (1),u; (2),...,u, (T —1)}is discarded. In the next

sampling time t+1, repeat the above steps of (12)~(16) when x(t +1) is available.

For optimal regulating problem, the above Mixed Integer Predictive Control can regulate optimally the initial
state Xo(t) to system’ equilibrium point ( Xe, Ue, &, ze ) which is usually the origin.

For optimal tracking problem, the output of the system, y(t), can track optimally reference inputr(t) . In this case,
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equilibrium point ( Xet, Uet, ¢, zet ) for any specific time t and corresponding r(t) , can be obtained as follows:
min _ Lo(xe” + |6 +[zef]” +[ue) + | yec - r(t)H;} (17)

{xet,uet, zet,set}

. | Xet = AXet + Balet + B2det + Bazet
subject 10 J Eaghu+ Eszet < Eatler + EaXet + Es (18)

Yet = CXet + Dillet + D26t + DaZet
where pandQ are weighted positive numbers. (17) and (18) can also be cast as a standard MIQP problem (16).
The MIQP problem can be solved effectively by using the Branch & Bound (B&B) approach .

3.  Numerical Example

Suppose that the linear subsystem of a nonlinear plant to be

xtsp=| L 009t .y 0005, and that the plant
0 0819 0.001

can be modeled as in Fig. 2b. c=[3 3], p=1,Q =5000, X0=[-1 1], T=3;

r(t) = sin(%t) » Q1=0.01,Q2 =0.01*1(2,2), Q3 = 0.01,Q4 = 0.1* 1(2,2),Q5 = 1000, and 1(2,2) is identity. Simulation

results are shown in Fig. 4a and Fig.4b.
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Fig. 4a, Optimal tracking trajectory Fig. 4b, Optimal control inputs

4. Conclusions

A mixed integer programming based approach for optimal control of a class of nonlinear systems with typical
non-smooth and even discontinuous components is presented. A model denoted as General Linear System Model
(GLSM) is established which can describe accurately systems with typical nonlinear components, for example,
relay, dead zone, magnetic loop. Numerical simulations show that approach developed in this paper is suitable
and effective for optimal control of a class of nonlinear systems.
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