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Abstract: - A vision algorithm is proposed by means of which it is rather easy to record trajectories of a point belonging to a 
robot arm in the three dimensional space. This technique can be easily used for many robotic applications and will be 
particularly useful if it is joined with another algorithm for robot calibration. 
The proposed algorithm uses the fourth row of the Denavit and Hartemberg transformation matrix. 
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1 Introduction 
By means of perspective transformation it is possible to 
associate a point in the geometric space to a point in a 
plane. In homogeneous coordinates the perspective 
transformation matrix has non-zero elements in the fourth 
row. An espression of perspective transformation is 
proposed with the scope  to introduce the perspective 
concepts for the application in robotic field. 
 
 
2- The vision algorithm 
The proposed algorithm uses the fourth row of the Denavit 
and Hartemberg transformation matrix that, for kinematics’ 
purposes, usually contains three zeros and a scale factor, so 
it is useful to start from the perspective transform matrix. 
 
 
2.1 - The perspective transformation matrix 
It is useful to remember that by means of a perspective 
transform it is possible to associate a point in the geometric 
space to a point in a plane, that will be called “image 
plane”; this will be made by using a scale factor that 
depends on the distance between the point itself and the 
image plane. 
Let’s consider fig.1: the position of point P in the frame 
O,x,y,z is given by the vector w , while the same position in 
the frame Ω,ξ,η,ζ is given by vector wr and the image plane 
is indicated with R; this last, for the sake of simplicity is 
supposed to be coincident with the plane ξ,η. 
 

 
Fig.1 

 
The vectors above are joined by the equation: 
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where sf is the scale factor; more concisely eq.1 can be 
written as follows: 
 

w~Tw~ r ⋅=    (2) 
 
where the tilde indicates that the vectors are expressed in 
homogeneous coordinates. 
The matrix T is a generic transformation matrix that is 
structured according to the following template: 
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The scale factor will almost always be 1 and the perspective 
part will be all zeros except when modelling cameras. 
The fourth row of matrix [T] contains three zeros; as for 
these last by means of the prospectic transform three values, 
generally different by zero, will be determined. 
Lets consider, now, fig.2: the vector w*, that represents the 
projection of vector wr on the plane ξ,η. 
 

 
Fig.2 

 
The coordinates of point P in the image plane can be 
obtained from the vector wr, in fact, these coordinates are 
the coordinates of w*, that can be obtained as follows: 
Let’s consider the matrix R: 
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where ξ̂   η̂  ζ̂  are the versor  of the frame {Ω,ξ,η,ζ} axes 
in the frame {O,x,y,z}. 
In fig.2 the vector t indicates the origin of frame O,x,y,z in 
the frame Ω,ξ,η,ζ and the projection of P on the plane ξ,η is 
represented by point Q, which position vector is w*. This 
last, in homogeneous coordinates is given by: 
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In the same figure, nr is the versor normal to the image 
plane R , and n will be the same versor in the frame 
{O,X,Y,Z}. The perspective image of vector w* can be 
obtained by assessing a suitable scale factor. This last 
depends on the distance d between point P and the image 
plane. The distance d is given from the following scalar 
product: 
  

r
T

r wnd =                                     (5) 
 
Let’s indicate with w{Ω,ξ,η,ζ} the vector w in the frame 
{Ω,ξ,η,ζ}: 
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Because ξ̂   η̂  ζ̂  are the versor  of the frame {Ω,ξ,η,ζ} 
axes in the frame {O,x,y,z}, it is possible to write the 
coordinates of the vector w{Ω,ξ,η,ζ} in the frame {Ω,ξ,η,ζ}: 
 

zzyyxx
T wwwww ξξξξξ ++=⋅= ˆ ; 

zzyyxx
T wwwww ηηηηη ++=⋅= ˆ ; 

zzyyxx
T wwwww ζζζζξ ++=⋅= ˆ . 

 
In the frame {Ω,ξ,η,ζ}, it is possibile to write  wr as sum of 
w{Ω,ξ,η,ζ} and t: 
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an expression of d is: 
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Let’s introduce the expressions: 
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it is possibile to write: 
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In the expression (5”) the vector D is: 
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As vector w* is given by: 
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The perspective matrix [Tp] can be obtained: 
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The terms Dx, Dy, Dz assume infinity values if the vector w 
has one of his coordinates null, but this  does not influence 
on generality of the relation wTw pp

~*~ ⋅= , in fact in this 
case, the term that assume infinity value, is multiplied for 
zero. 
 
 
3- The perspective concept 
From eq. 7 some useful properties can be obtained in order 
to define how a geometric locus changes its representation 
when a perspective transform occurs. 
As for an example of the above said, let us consider the 
representation of the displacement of a point in the space: 
suppose that the displacement occurs, initially, in the 
positive direction of x axis. Say this displacement ∆w, the 
point moves from the position P to the position P’, that are 
given by the vectors: 
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If the perspective transforms are applied we have : 

 
p = Tp ⋅ w   and  p’ = Tp ⋅ w’ 
 
so: 
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and 
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Hence, the displacement in the image plane is given by: 
 
 p∆  = p’ – p 
 
that is to say: 
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In this way, a displacement ∆w along the x axis corresponds 
to a displacement ∆p in the image plane along a straight line 
which pitch is xx ξη . So the x axis equation in the image 
plane is : 
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Fig.3 

 
The interception was calculated by imposing that the point 
which cordinates are belongs to the x axis. In the same way 
it is possible to obtain the y axis and the z axis equations: 
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By means of equations (11), (12) and (13) it is possible to 
obtain a perspective representation of a frame belonging to 
the Cartesian space in the image plane; that is to say: for a 
given body it is possible to define it’s orientation (e.g. roll, 
pitch and yaw) in the image plane. 
An example could clarify what exposed above: let’s 
consider a circumference which equation in the frame xyz 
is: 

 
222 yx ρ=+                                             (14) 

 
It is possible to associate the geometric locus described 
from eq. (14) to the corresponding one in the image plane; 
in fact by means of equations (11),(12) e (13)  it is possible 
to write: 
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By substituting these last in the (14) we obtain :  
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That represents the equation of a conic section. In particular 
a circumference the centre of which is in the origin of the 
xyz frame that becomes an ellipse having its foci on a 
generic straight line in the image plane. 
 
4- Robotic Application 
For kinematics’ purposes in robotic applications, it is 
possible to use the Denavit and Hartemberg transformation 
matrix in homogeneous coordinates in order to characterize 
the end-effector position in the  robot base frame by means 
of joints variable, this matrix usually contains three zeros 
and a scale factor in the fourth row. The general expression 
of the homogenous transformation matrix  that allows to 
transform the coordinates from the frame i to frame i-1, is: 
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For a generic robot with n d.o.f., the transformation matrix 
from end-effector frame to base frame, has the following 
expression: 
 

12
3

1
2

0
1

0 ...... −⋅⋅⋅⋅= n
nn AAAAT  

 
With this matrix it is possible to solve the expression: 
 

{ } { }nn PTP ⋅= 0
0  

 
where { }0P and { }nP are the vectors that represent a 
generic point P in frame 0 and frame n. 
Can be useful to include the perspective concepts in this 
trasformation matrix, in this way  it is possible to obtain a 
perspective representation of the robot base frame, 
belonging to the Cartesian space, in an image plane, like 
following expression shows: 
 
 

{ } { } { } [ ] { }nnpnnppp PTPTTPTP ⋅=⋅⋅=⋅= 00
0  

 
where{ }pP is the perspective image of generic point P and 

[ ]0
npT  is the perspective transformation matrix from end-

effector frame to an image plane. 
With this representation the fourth row of  the Denavit and 
Hartemberg matrix will contain non-zero elements. A vision 
system demands an application like this. 
 
5- Conclusion 
An espression of perspective transformation is proposed 
with the scope  to introduce the perspective concepts for the 
application in robotic field. A 4x4 transformation matrix is 
shown and the forth row represents the perspective 
transformation that is the same of  Denavit and Hartemberg 
matrix in a generic robot structure.  
The expression of perspective transformation matrix from 
robot end-effector frame to an image plane, will be used in 
robotic vision system, to “recognize” robot behavior by 
means of an adapted camera system. 
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