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Abstract: Needs-based collateralized debt obligation (CDO) satisfies constraints, such as the priority of tranches
and investor needs for the merchantability of tranches, while creating capital-loss risk that is attributable to the
excess and the deficiency of redemption money. We analyzed how relaxing the priority constraint for tranches
decreases the risk of capital-loss and decreases the standard deviation in the amount of gain or loss. Relaxing the
priority constraint enables us to assign redemption money to each tranche more flexibly and to reduce the amount
of difference between the repayment money from underlying obligations and the redemption money. Experimental
tests indicate that raising the degree of relaxation for the constraint reduces the standard deviation in the amount
of gain or loss to one-eighth of its original value, which is worth the guarantee fee paid to the risk receiver.
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1 Introduction
Market-oriented indirect financing has recently at-
tracted a lot of attention, and the market forcollat-
eralized debt obligation (CDO), which is one form
of market-oriented indirect financing, continues to
expand[1]. We have been developing a method of de-
signing CDO that conforms to investment parameters,
which are credit capability and the issue amount re-
quired by investors[2, 3]. In our method, the proba-
bility distribution of the gain or loss obtained by in-
corporating investor needs shows that low loss occurs
more than 90 percent of the time and that extremely
high loss occurs with a low probability. This means
that risk takers cannot be paid unless they deal with a
significant number of CDO-issue businesses. There-
fore, risk taker candidates are limited to government-
affiliated facilities.

We developed a method of designing CDOs with
less variance in the amount of gain or loss, which
stabilizes the profit estimate for risk takers. Relax-
ing a priority constraint imposed on tranches, which
are securities comprising a CDO, makes it possible
to distribute redemption money to each tranche more
flexibly. We analyzed the relations among the degree
of constraint relaxation, the degree of decrease in the
variance of the gain or loss, and the degree of decrease
in the largest amount of loss during a prototype exper-
iment.
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Figure 1: From designing to redeeming CDO.

2 Needs-based CDO Design Method
The flow from designing to redeeming a CDO is
shown in Fig. 1. A CDO is comprised of an under-
lying obligation pool that is an aggregate of obliga-
tions such as loans or bonds, and it is constructed from
tranches, i.e., several different securities. Designing
a CDO means restructuring an underlying obligation
pool with some tranches. Each tranche made by re-
structuring is split into small units and then sold to
investors. When it is due, the repayment money col-
lected from the obligors of the underlying obligations
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Figure 2: Relations among contract condition, repay-
ment value, and redemption rate.

is assembled, and the redemption money is paid to the
investors in amounts depending on the amount of re-
payment money.

In our method of designing a CDO, we set a con-
tract condition, an issue amount, and a credit capabil-
ity for each tranche. A contract condition has two pa-
rameters: redemption start point and redemption end
point. They prescribe what percent of the face value
of the tranche is redeemed on each amount of redemp-
tion money. Using redemption start point RSP , re-
demption end point REP , and the amount of repay-
ment money, V , the redemption rate, D, of the tranche
is represented as follows:

D =

⎧⎪⎨
⎪⎩

0(%) (V < RSP )
V −RSP

REP−RSP × 100(%) (RSP < V < REP )
100(%) (REP < V )

In the following, the redemption start point
and the redemption end point of tranche Sk (k =
0, 1, . . . , n + 1) are described as RSPk and REPk,
where n is the number of the following tranches for
investors.

Figure 2 shows a relation between redemption
money and redemption rate for tranche S1 in which
RSP1 = 22 B yen and REP1 = 24 B yen.

The contract conditions are constrained by con-
straint (1) as follows:

REPk < RSPk+1(k = 0, 1, . . . , n + 1)

This constraint causes priority relations to develop
among tranches. That is, unless Sk is redeemed 100
percent, Sl (l = k + 1, k + 2, . . . , n + 1), which are
lower priority tranches than Sk, are not redeemed at
all.

The issue amount represents the amount of the
face value of the tranche. The sum of the issue
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Figure 3: Incorporating investor needs into CDO.

amounts is equal to the sum of the face values of the
underlying obligations.

The credit capability is the expected redemption
of principal when the amount of principal is 1. Once
a contract condition is decided, the credit capability is
uniquely determined using a probability density func-
tion representing the repayment money. However,
when the credit capability is decided first, the con-
tract condition cannot be uniquely determined, though
it is, to some extent, restricted. The probability den-
sity function can be derived based on the default ra-
tios for the underlying obligations by using an approx-
imate model, such as a binomial expansion model,
a CreditRisk+ model, or a Monte Carlo simulation-
based model[4, 5, 6, 7].

Our method of designing a CDO involves design-
ing tranches based on investor needs, which are the in-
vestors’ intent to purchase CDOs. The investor needs
are listed in the table at the top of Fig. 3 and have a
required credit capability and a required issue amount
for each tranche. In this method, the types of, credit
capabilities of, and issue amounts of tranches in the
investor needs are shifted directly into the tranches for
investors (listed in the table at the bottom of Fig. 3).

In addition, we created a super senior debt (SS
debt) and an equity debt as tranches for a negotiation
agency for surplus securities. The SS debt has the
highest credit capability and lowest profitability of all
types of tranche, and the equity debt has the lowest
credit capability and highest profitability of all types
of tranche. The total profitability of CDOs can be con-
trolled by changing their credit capabilities and issue
amounts.

In the following section, S0, S1, S2, . . . , Sn, and
Sn+1 correspond to SS debt, tranches for investors,
and equity debt.

The contract conditions of the tranches for in-
vestors are restricted by the required credit capabili-
ties in the investor needs. Specifically, the credit ca-
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Figure 4: Surplus or deficit of redemption money.

pabilities calculated from the probability density func-
tion of the total repayment and the contract condition
must be equal to the required credit capability (con-
straint (2)).

The amount of redemption money for investors is
calculated based on the amount of repayment money
from the underlying obligations and the contract con-
ditions of the tranches when the contract expires.
Therefore, the amount of the repayment and that of
the redemption are possibly mismatched. Figure 4
shows an example of this. Note that when the total
repayment is 5 B yen, the contract condition indicates
that only tranche A is redeemed; however, the issue
amount of tranche A is 3 B yen, so the amount of re-
payment exceeds that of redemption by 2 B yen (= 5
B yen − 3 B yen). Conversely, when the total repay-
ment is 19 B yen, the amount of repayment is below
that of redemption by 3 B yen. Those risks, which are
caused by a surplus or a deficit of redemption money,
are transferred to a guarantee institution with risk pre-
miums.

We use “the largest loss” (or 100% VaR) as a mea-
sure for representing the amount of risk taken by the
guarantee institution. This is expressed as the length
of a, as shown in Fig. 4. Minimizing the largest loss
is the objective. At the same time, we need to make
the profit-and-loss (PL) expectation of a guarantee in-
stitution equal to the risk premium (constraint (3)).

We define the CDO that has the minimum “largest
loss” in all CDOs under the three constraints men-
tioned above as “the best CDO.” We decide the best
CDO by following two steps.

(a) Derive all CDOs that fulfill the constraints.

(b) Derive the largest loss for each CDO, and then,
identify the least of them and the CDO that has
it.

Table 1: Input parameters.
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3 Problem

For the CDO design method mentioned in the previ-
ous section, the variance in the PL of the guarantee
institution is not a constrained value while the expec-
tation is. Therefore, the degree of variance in the PL
for the optimized solution is high, and thus, the guar-
antee institution needs a significant amount of capital
to ensure a steady income. In the following section,
we discuss this problem in greater detail.

Figure 5 shows the probability distributions for
the PL of a guarantee institution, investors, and a ne-
gotiation agency for surplus securities for the best
CDO derived using the above-mentioned CDO design
method under general conditions. The details of the
conditions are listed in Table 1. Although the prob-
ability distribution of the PL for investors varies de-
pending on which tranche the investors purchase, we
do not show this in Fig. 5, rather, we show the proba-
bility distribution for each sum of PL for all investors.

Clearly from its PL, the guarantee institution
loses less than 600 million yen about 94% of the time
while it gains more than 1.5 billion yen about 3% of
the time. “More than 1,500 million yen” is comprised
of extremely large values, e.g. 2,000 million yen of
1% and 4,000 million yen of 1%. As a result, the ex-
pectation of the PL is restored to +120 million yen,
which corresponds to the risk premium.

Although the expectation is positive, the guaran-
tee institution loses money with a high degree of prob-
ability. Guaranteeing the CDO is like purchasing a
ticket in a profitable lottery, so the guarantee institu-
tion cannot ensure a stable income unless it engages
in a lot of securitization business. Thus, the guarantee
institution is confined to being either a governmental
enterprise or a nongovernmental enterprise command-
ing a large amount of capital.

Therefore, the amount of variance in the PL
should be reduced to enable the guarantee institution
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Figure 5: Probability distribution of profit or loss.

to earn a stable income. In Fig. 5, the standard devi-
ation is 2,440, which is about 20 times the risk pre-
mium 120 (M yen). The goal is to reduce the SD to 2
times the risk premium.

4 Minimizing The Variance

If sacrificing the largest loss enables us to reduce the
amount of variance in the PL to the target value, we
can only resolve the issue by adding one constraint:
the amount of variance in the PL must be less than
a specified value. We therefore derived the best CDO
by changing the objective function to a variance of the
PL and by maintaining the other constraints.

Using the input data listed in Table 1, we obtained
the best CDO with the amount of variance in the PL
equaling 2,100 (and the largest loss of 960 M yen).
This variance is 18 times the risk premium of 120 and
is far from the target value.

Figure 6 shows a comparison of two contract con-
ditions, one of which is derived when the objective
function represents the largest loss, and the other is
derived when it represents the amount of variance of
PL. In this figure, we represent the contract conditions
of five types of tranches on five separate levels.

With respect to every tranche, the distance be-
tween the RSP and the REP (hereinafter called the
“width of contract condition”) when the objective
function represents the amount of variance in the PL,
is wider than that when the objective function repre-
sents the largest loss. This indicates that the wider the
contract conditions, the smaller the amount of vari-
ance in the PL.

However, in Fig. 6, the width of the contract con-
dition for each tranche is already expanded as far as
it can go, and it almost touches one of its neighbor
tranches. Due to the constraint described in section 2,
which restricts the overlapping of tranches, the widths
of contract conditions cannot be spread any more, thus
the variance of PL cannot be reduced any longer.
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Figure 6: Comparison of contract conditions.

5 Relaxing The Priority Constraint

5.1 Redefinition of The Priority Constraint

It is difficult to reduce the amount of variance in the
PL to the target value under the framework of the
CDO design method we have developed.

We therefore propose a new priority con-
straint. We changed the traditional priority constraint:
REPk < RSPk+1(k = 0, 1, . . . , n + 1)，which re-
stricts the overlapping of tranches, into the following
expression:

RSPk < RSPk+1, REPk < REPk+1

(k = 0, 1, . . . , n + 1)

Figure 7 shows patterns of overlapping contract
conditions, one of which meets the new constraint
(True) and the others which do not (False). Be-
cause the new constraint allows for overlapping, as
shown in (a), a subordinate tranche can be partly re-
deemed, even though a preferential tranche is not fully
redeemed. Note, however, the redemption rate of
the preferential tranche remains higher than that of
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the subordinate one. Subordinate tranches are never
partly redeemed as long as higher priority tranches
are not redeemed at all (case (b)), and subordinate
tranches are never fully redeemed as long as higher
priority tranches are not redeemed completely (case
(c)).

Relaxing the priority constraints changes the fi-
nancial characteristics of CDOs. The associated de-
crease in the advantage of high-priority tranches over
the other tranches is not helpful, especially for in-
vestors who want high-priority tranches. However, re-
laxing the priority constraints also has an advantage:
investors get more opportunity to partly redeem their
investments when the repayment money remains low.
In other words, the stability of the products increases
(and the associated risk decreases).

5.2 Variance Reduction by Relaxing the
Constraint

We designed CDOs based on the specifications listed
in Table 1 to determine whether the amount of vari-
ance in the PL decreases when the priority constraint
mentioned in the previous section is used. We derived
not only the best CDO, but all CDOs that satisfy the
constraints, and we plotted them in the graph whose
horizontal and vertical axes represent the amount of
overlap in contract conditions and the standard devia-
tion of PL.

The amount of overlap in the contract conditions,
H , is defined as the sum of the lengths by which
a REP of each preferential tranche exceeds the RSP
of the other subordinate tranches. This is expressed
mathematically as:

H =
n∑

k=0

n+1∑
l=k+1

f(REPk, RSPl)

f(REPk, RSPl) =

{
REPk − RSPl (REPk > RSPl)
0 (REPk ≤ RSPl)
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Figure 8: Relaxing priority constraint decreases
amount of variance.

The result is shown in Fig. 8. It indicates that the
larger the overlap between the contract conditions is,
the smaller the amount of variance in the PL. This sug-
gests that relaxing the priority constraints enables us
to create many CDOs whose standard deviation of PL
is less than 240, twice as much as the risk premium.

5.3 Pareto Optimal Solutions

We now discuss how to minimize the largest loss un-
der the restriction, which limits the standard deviation
of the PL to less than twice as much as the risk pre-
mium.

Considering the trade-off relation between the
amount of overlap in contract conditions and amount
of variance in the PL described in the previous sec-
tion, we anticipate that the amount of overlap in the
contract conditions and the largest loss also have a
trade-off relation. Thus, we derived a Pareto optimal
solution, which uses these two parameters as objective
functions, for our method.

We experimentally derived the Pareto optimal so-
lution by using the underlying obligations, the in-
vestor needs, and the risk premium listed in Table 1.
CDOs that not onlysatisfied the constraints, but also
had standard deviations of PL less than twice the risk
premium, are derived cyclopaedically, and are plotted
in a graph whose horizontal and vertical axes repre-
sent the amount of overlap in contract conditions and
the largest loss.

The result is shown in Fig. 9. As is expected, it
indicates that the larger the overlap between contract
conditions is, the smaller the largest loss. The mini-
mum value of the largest loss is 99 million yen, which
corresponds to the CDO that has one of the largest
amounts of overlap in the contract conditions. Fig. 10
shows the probability distribution of PL for the guar-
antee institution, the negotiation agency for surplus
securities, and the investors on that CDO. The PL
of those three participants stays within a range from
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Figure 9: Pareto optimal solution.

−400 million yen to +800 million yen. We have also
calculated the probability distribution of PL for sam-
ple A, one of the Pareto optimal solutions in Fig. 9.
It is shown in Fig. 11. Compared to those that are un-
der the condition of the non-relaxed priority constraint
(Fig. 5), the variances of PL of not only the guarantee
institution but also the other two decrease for sample
A. The contract conditions for sample A are shown in
Fig. 12.

This experiment has revealed that relaxing the pri-
ority constraint reduces the standard deviation of the
PL to the target value and also reduces the largest loss
and the variance in the PL of the investors, although
the PL distribution varies based on which Pareto opti-
mal solution is selected.

6 Conclusion

We have revealed that relaxing the constraint concern-
ing priority relations among tranches, which are se-
curities comprising CDOs, can reduce the amount of
variance in profit or loss (or the risk of PL) generated
by issuing CDOs at levels corresponding to the risk
premium paid to a guarantee institution.

In the conventional CDO design method, un-
less all preferential tranches are completely redeemed,
lower priority tranches are not redeemed at all, while
in our method, a newly defined priority constraint en-
ables the lower priority tranches to be partly redeemed
even though preferential tranches have not been fully
redeemed. As a result, for a guarantee institution that
receives surplus/deficit money, the chance of having a
large gain/loss declines. Thus, the amount of variance
in the PL decreases. We conducted a CDO design ex-
periment based on the hypothesis that the largest loss
of the guarantee institution which is an objective func-
tion on the conventional method has a negative cor-
relation with a relaxation degree of the priority con-
straint. That experiment have indicated that there are

some Pareto optimal solutions which objective func-
tions are the largest loss and the relaxation degree, and
standard deviations of PL on those solutions are less
than twice as much as the risk premium, and are also
below one eighth of those on the conventional method.
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Figure 10: Probability distribution of profit or loss (minimum largest loss).
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