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Abstract: - This paper deals with application of finite difference method for solving a general set of partial differential
equations in Matlab&Simulink environment. Particularly it describes use of Simulink S-functions which make it
possible to set-up the most complex systems with complicated dynamics. There’s a comparison of M and C S-functions
which are two main approaches when building user-defined blocks in Simulink, regarding the performance and
efficiency of the simulation for M and C versions of the codes and possibility to perform a real-time simulation. As an
example, these approaches are shown on solving the dynamics of a concurrent and a counter-flow heat exchanger.
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1 Introduction An advantage of using S-functions is that it is possible to
S-functions (system-functions) provide a powerful bu‘ld a general purpose block that can be usgd many
mechanism for extending the capabilities of Simulink. times in a model, varying parameters with each instance

This introductory paragraph describes what S-function is of the block.
and when and why it is convenient to use one.

S-functions make it possible to add customized u X y
algorithms to Simulink models, either written in (input) — (states) —> (output)
MATLAB or C. By following a set of simple rules it
possible to implement the algorithms in an S-function.

After S-function has been written and placed its name in
an S-Function block (available in the User-defined

Functions sublibrary), it’s time to customize the user

Calculate time of next sasample hit

R A R . . ] (only for variable sample time blocks)
interface by using masking. An S-function is a computer
language description of a dynamic system. S-functions )
can be written using MATLAB or C. C language S- Calculate outputs
functions are compiled as MEX-files using the mex T
utility described in the Application Program Interface
Guide. As with otherMEX-files, they are dynamically § Update discrete states
linked into MATLAB when needed. S-functions use a % v imesep.
special calling syntax that enables you to interact with 2 | Calculate derivatives |
Simulink’s equation solvers. This interaction is very ’ T
similar to the interaction that takes place between the | Calculate outputs F
solvers and built-in Simulink blocks. The form of an S- Integration

. . (minor time step)
function is very general and can accommodate | Calculate deriatives |7
continuous, discrete, and hybrid systems. As a result, !
nearly all Simulink models can be described as S- 4' Locate zero crossings I
functions. The most common use of S-functions is to
create custom Simulink blocks. S-functions can be An M-file or a CMEX-file that defines an S-Function
effectively used for a variety of applications, including: block must provide information about the model;
*Adding new general purpose blocks to Simulink Simulink needs this information during simulation. As
*Incorporating existing C code into a simulation the simulation proceeds, Simulink, the ODE solver, and
*Describing a system as a mathematical set of equations the M-file interact to perform specific tasks. These tasks
*Using graphical animations include defining initial conditions and block
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characteristics, and computing derivatives, discrete
states, and outputs. Simulink provides a template M-file
S-function that includes statements that define necessary
functions, as well as comments to help with writing the
code needed for a particular S-function block.

M-file S-functions work by making a sequence of
calls to S-function routines, which are M-code functions
that perform tasks required by customized S-function.
This table lists the S-function routines available to M-
file S-functions. C MEX-file S-functions have the same
structure and perform the same functions as M-file S-
functions. In addition, C MEX S-functions provides
more functionality than M-file S-functions.

2 Flow Scheme of Heat Exchangers

The paper tackles the problem of simplified model of
heat exchangers (concurrent and counter-flow),
described by three state variables as stated on Fig.1. and
Fig.2.

T4 (x, t) temperature of steam

k) (x, t) temperature of flue gas

Tg (x, t) temperature of the wall

TI0) 4 p 1 ——TulLY
Ts(0,1) Y Ts(x.t) WALL Ts(LY

TA0) —— p 2 Tl

0 X L

Fig.1 Physical state variables of a concurrent heat

exchanger

T1(0,)——»¢  T2040) > Tu(LY)
Ts(0.) 2 Ts(x.t) WALL Ts(Lt)

20« 1249 T2l

0 X L
Fig.2 Physical state variables of a counter-flow heat
exchanger

For a concurrent heat exchanger, the main goal of this
task is to determine temperatures of a steam and a flue

gas T (L,t) and T, (L,t) as reactions on inlet
temperatures 7 (O,t) and 7T, (O,t). As for a counter-

flow heat exchanger, it is determination of temperatures
of a steam and a flue gas T, (L,t) and T, (O,t) as

reactions on temperatures 7', (O,t) and 7, (L,t).
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3 Simplified Mathematical Model of

Heat Exchanger

Due to the fact that heat exchangers are systems with
distributed parameters, mathematical model of
concurrent and counter-flow heat exchangers is
described by a set of partial differential equations (1-3):

oT, 0T,
T, T =7,|u S+ 0
s —h z'1{“1 o at} Q)
oT, OT.
T,-T,=1,|u,—*+—= 2
S 2[ ? ox 8t} ?)

€)

T -7 +Tz_TS :aTS

Tg T, ot

where 7T,u, stands for temperature and velocity of a
steam, 7,,u, is temperature and velocity of a flue gas
and 7T stands for wall temperature. 7,,7,,7 are time

constants of the system. For purposes of applying finite
difference method by means of Simulink S-functions,
particular partial derivatives of state variables must be
expressed as follows:

o7, 1 o7,

= (T, = T})—u,—~ (4)
or Z_l( s 1) U ox

L L r-1)-0, 2 )
ot 7, X
%:L(]}_Ts)‘FL(E_TS) (6)
o 1y $2

4 Finite Difference Method

Finite difference method uses approximation of partial
derivatives by numerical differences in particular points
using the following formulas, omitting the remainders:

6Tl(x,t) N —3Tl(xl,t)+4T1(xz,t)—Tl(x3,t)(7)
ox x=1x, 2h

on(x.t) T(s.t)=T(x.1) @®)
ox x=x, 2h

GTl(x,t) ~ Tl(xwt)_Tl(xz’t) 9)
ox x=x, 2h

OT; (1) L, 001)= 4T, (x, 1)+ 3T, (x,.1) (10
ox [y—y 2h
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Graphical representation of approximation formulas can
be seen on Fig.3, showing approximation of ]I(x,t) .The

same concept 1is then wused for

b (x,t),TS(x,t).

temperatures

T1(x.t) T X,  T1(X.1)

X1 %

\.\'\)f\* Xos

i

—

X
Fig.3 Example of approximation of partial derivatives
by finite differences

5 Concurrent Heat Exchanger

This paragraph describes use of finite difference method
applied on a concurrent heat exchanger in detail,
assuming C version of S-function. First, the length L is
divided into N slices along x-axis according the scheme
on Fig.4.

SLICE N

INLET SLICE1  SLICE 2 SLICEN-1  (OUTLET)

in - J J
n=0
. XN+1] L x[N+2]
- -

0
T(0.0=T20n B

n=N
X[2N] X[2N+1]
O— » D

TS @
n=2N

0 L

h=L/N

Fig.4 Notation of finite differences for state variables

Notice: All of the following equations are stated for C S-
functions, the first index starts from zero. For M version,
the syntax is a bit different, round brackets are used for
indexes and the first index starts with one. In accordance
with Fig.4, the following formulas hold for state
variables, their derivatives and outputs:

T: x[0] + x[N-1]
T,: xN] + x[2N-1]
T,: x[2N]+ x[3N-1]
%. dx[0] + ax[N-1]
%. dx[N] + ax[2N -1]
%. SN+ N 1]
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x[N - 1]
x[2N - 1]

out

I
T2

out

Applying formulas (7-9) on a set of equations (4-6), the
following relations are obtained for the state derivatives:

SLICE 1 (n = 0):

dx[O]:Til(x[zN]_x[o])_ul x[llz—h L
dX[N]ZTL(x[2N]—x[N])—u2x[N+2—1}]l_TZM

2N ] =L (o] - x[2N]) +

Ts

+ L (N]-+[2)

Ts2

Due to the formulas (7-9), the first and the last slice
must be treated separately. For inner slices, there is a
loop containing the formulas as follows:

SLICE 2 to N-1 (n = 1+(N — 2)):
difn] =L (x[n + 2]~ x[n]) -
T

_ul x[n+1]—x[n—1]
1 2h
dx[n+N]zriz(x[n+2N]—x[n+N])—
_y x[n+N+1]—x[n+2N]
? 2h
L(x[n]—x[n+2N])+

Ts1

dx[n+2N]=

+L(x[n +N]—x[n+2N])

SLICE N (outle:,sz =N-1):
dx[N -1]= i(x[3N—1]— [N -1])-
~ | x[N =3]—4x[N - 2]+ 3x[N 1]
: 2h
dx[2N —1]= Ti(x[3N ~1]-x[2N -1])-
) x2N —3]2— 4x[2N -2]+3x[2N -1]

2h
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AN ~1]=— (¥ - 1]V - 1]+
+L(x[2N ~1]-x[3Nn -1])

The following code shows crucial parts of C
code of particular S-function in Simulink:

Method outputs:

y[0]=x[N-1]; /loutlet, temperature T1 (steam)
y[1]=x[2*N-1]; /loutlet, temperature T2 (flue gas)
Method derivatives:

h=Il/N;

/slice 1, n=0

dx[0] = L/taul *(x[2*N]-x[0])-ul/(2*h)*(x[1]-

*T1 vst[0]),

dx[N] = 1/tau2*(x[2*N] - x[N]) - u2/(2*h)*(x[N+1] -
*T2 vst[0]),

dx[2*N] = 1/taus1*(x[0] - x[2*N]) + 1/taus2*(x[N] -
x[2*N]);

//slice 2 to N-1, n=1 to N-2

for m=1;n<=N-2; n++) {

dx[n]=1/taul *(x[n+2*N]-x[n])-ul/(2*h) *(x[n+1]-x[n-
10);

dx[n+N]=1/tau*(x[n+2*N]-x[n+N])-

u2/(2*h) *(x/n+N+1]-x[n+N-1]);
dx[n+2*N]=1/taus1*(x[n]-
x[n+2*N])+1/taus2*(x[n+N]-x[n+2*N]), }

//slice N, n=N-1

dx[N-1]=1/taul *(x[3*N-1]-x[N-1])-ul/(2*h)*(x[N-3]-
4*x[N-2]+3*x[N-1]),

dx[2*N-1]=1/tau *(x[3*N-1]-x[2*N-1])-

u2/(2*h) *¥(x[2*N-3]-4*x[2*N-2] +3*x[2*N-1]);
dx[3*N-1]=1/taus1*(x[N-1]-x/3*N-
1])+1/taus2*(x[2*N-1]-x[3*N-1]);

6 Counter-flow Heat Exchanger

This paragraph describes use of finite difference method
applied on a counter-flow heat exchanger in detail,
assuming C version of S-function. First, the length L is
divided into N slices along x-axis according the scheme
on Fig.5, compare with Fig.4.

SLICE1  SLICE2

Lx[l]

SLICEN-1  SLICEN

X[N-2] X[N-1ETLout = T1(L,t)

]
- »

3] , To(L)=T2in=x[2N-1]
» . - -

T1(0,= Tlin= X[0] ‘L

T20ut 2T2(0,t) = X[N]

TS=x[2N]

h=L/(N-1)
Notation of finite differences for state variables
applied for a counter-flow heat exchanger

Fig.5
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The following formulas hold for state variables, their
derivatives and outputs:

1 : x[O] + x[N—l]

T,: x[N] + x[2N-1]
T,: x[2N]+ x[3N-1]
% dx[0] + dx[N-1]
% dx[N] + dx[2N—1]
%: dx[2N]+ ax[3N -1]
T = 3N 1]

Ty = X[V]

Applying formulas (7-9) on a set of equations (4-6), the
following relations are obtained for the state derivatives:

SLICE 1 (n=0):
ixfo]=L (:N]-T;,)

- 37, x+4x[1]- x[2]
: 2h
V)= (2v]{V))-
» —3x[N]+4x[N +1]-x[N +2]
? 2h

dx[2N]= L(T

lin —x[2N])+

+ (V-2
SLICE 2 (n =Szl):
&l Til(x[zN+ 1]~ 1)

_, 22l=+o]

' 2h

BN +1]= Ti(x[zNH]_x[m -
u, XN +2]-x[N]
2h

dx[2N+1]=i(x[l]—x[2N+1])+

+TL(x[N+1]_x[zN+1])

SLICE n (n =2+(N - 3)):
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dx[n]:i(x[n+ 2N]-x[n])-
_ x[n+1]—x[n—1]
‘ 2h
dx[n+N]=i(x[n+2N]—x[n+N])—
y x[n+N+l]—x[n+2N]
’ 2h
dx[n+2N]= L(x[n]—x[n+2N])+

S1

+L(x[n+N]—x[n+2N])

SLICEN-1: (n=N-2)

dx[N—Z]:Ti(x[3N—2]—x[N—2])—
v -iladv 3]
‘ 2h
dx[2N -2]= Ti(x[3N—2]—x[2N—2])—
_; x[2N —2]-x[2N -3]
? 2h
B3N =2]= (N -2]- 3N -2])+

S1

+i(x[2N—2]—x[3N—2])

SLICE N: (right edge,n=N—1)
AN —1]= L (BN -1]- 2N 1)
T

-3y -2y 1]
! 2h
2N 1]= 1 (PN -1]-1,,)-

5}

x[2N =3]-4x[2N -2]+ 313,
2h
dx[3N -1]= Ti(x[N —1]-x[3N 1))+
+ (1, —a3N 1)

These lines of code show crucial parts of C code
of S-function in Simulink:

_uz

Method outputs:
y[0]=x[N-1];  /loutlet, temperature T1 (steam)
y[1]=x[N]; /loutlet, temperature T2 (flue gas)

Method derivatives:
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//first slice
dx[0] = 1/taul *(x[2*N]- *T1 in[0])-ul *(-3**T1 in[0]
+ 4*x[1] - x[2])/(2%h);
dx[N] = 1/tau2*(x[2*N] - x[N]) - u2*(-3*x[N] +
4*c[N+1] - x[N+2])/(2*h);
dx[2*N] = 1/taus1 *(*T1 in[0] - x[2*N]) +
1/taus2*(x[N] - x[2*N]);
//second slice
dx[1] = /taul *(x[2*N+1]- x[1])-ul *(x[2] -
x[0])/(2*h);
dx[N+1] = 1/tau2*(x[2*N+1] - x[N+1]) - u2*(x[N+2] -
x[N])/(2%h);
dx[2*N~+1] = 1/taus1*(x[1] - x[2*N+1]) +
1/taus2*(x[N+1] - x[2*N+1]);
//inner slices
for (n=2;n<=N-3;n+t+) {

dxfn] = L/taul *(x[n+2*N] - x[n])-ul *(x[n+1]-
x[n-1])/(2*h);

dx[n+N] = l/tau2*(x[n+2*N] - x[n+N])-
u2*(x/m+N+1] - x[n+N-1])/(2*h);

dx[n+2*N] = l/tausl*(x[n] -
x[n+2*N])+1/taus2*(x[n+N] - x[n+2*N]),

/

//the slice previous to the last one
dx[N-2]=1/taul *(x[3*N-2] - x/N-2])-ul *(x[N-1] - x/N-
3D/2*h),;
dx[2*N-2]=1/tau2*(x[3*N-2] - x[2*N-2])-u2*(x[2*N-1]
- x[2*N-3])/(2%h);
dx[3*N-2]=1/taus1*(x[N-2]-x[3*N-
2])+1/taus2*(x[2*N-2] - x[3*N-2]);
/last slice
dx[N-1]=1/taul *(x[3*N-1] - x[N-1])-ul *(x/N-3] -
4*x[N-2] + 3*c[N-1])/(2*h),
dx[2*N-1]=1/tau2*(x[3*N-1] - *T2_in[0])-u2*(x[2*N-
3] - 4*x[2*N-2] + 3**T2 _in[0])/(2*h);
dx[3*N-1]=1/taus]*(x[N-1] - x[3*N-
1])+1/taus2*(*T2 _in[0] - x[3*N-1]);

7 Comparison of C and M Versions

From the point of view of Simulink, due to its concept
and masking block’s parameters, there’s no difference
between working with C and M version of an S-function
because the blocks behaves the same, as it is
demonstrated on Fig.6.

- - -
T1_in1 topena_plocha topena_plocha topena_plocha |§|

- - >

TF4 TF5 TFS

Scope2

500 . - !

TP1 TFZ TF2

> e -
T1_inZ topena_plochahd topena_plochahd topena_plochahd |§|
Scope

Fig.6 Simulink scheme of M and C versions of
S-functions, three heat exchangers set up in series

ISBN: 978-960-474-097-0



Proceedings of the 13th WSEAS International Conference on SYSTEMS

The syntax of the codes inside the blocks is different.
Generally, M structure of S-function has syntax of
Matlab language and the abilities are limited. C structure
requires a bit of C programming but the performance and
effectiveness are uncomparably higher. The comparison
was done for simulation of 10 seconds for M and C
version, depending on number of blocks in series and
number of slices. Particular simulations are also
compared to real time.

Tfinal=10s

4000

3500 -

3000

2500 -

T/T

2000 -

1500 (-

1000

50 60 70 80 20
Number of slices

20 30 40

Fig.6  Ratio of performances of C and M S-functions,
dependence on number of slices

50,

as5F

a0f

35k

30+

T/T
cr

251

20+

155

10+

50 60 70 80
Number of slices

5 L L L
10 20 30 40

Fig.7 Performance of C S-functions vs. real time
Tfinal=10s
4000
3500
3000
2500 -
E
K, 2000}
£
1500 -
1000 -
500
OO 1‘0 2‘0 3‘0 A‘O 5‘0 éO 7‘0 8‘0 S;O 100
Number of blocks
Fig.8 Ratio of performances of C and M S-functions,

dependence on number of blocks in series

0.7

0.6

0.5

0.4

T/T
mr

0.3}

0.2+

0.1

50 60
Number of slices

70 80 90 100

Fig.9 Performance of M S-functions vs. real time
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8 Conclusion

The main purpose of this paper was to verify the
possibility of use Simulink S-functions to solve the
dynamics of simplified model of heat exchangers. The
results of these simulations were verified with the data
from a real process. Fig.6 and Fig.8 show the ratios
between the real time needed for simulation of C code

(7,) and the time needed to perform M code (7, ) for

different number of slices (marked as N parameter) and
different number of blocks in series (marked as B
parameter). The C code is from 100 to almost 4000 times
faster then M code. Fig.7 then describes the time needed

for simulation of C code vs. real time (7). It states that

even for a large number of blocks in series and a large
number of slices (B=96, N=100) the simulation is still 6
times faster then real time. On the other hand, Fig.9
shows that M S-functions are inconvenient to use for
systems with so complicated dynamics and it’s
impossible to perform a real time simulation because
even for a small number of slices and blocks in series
(N=3, B=10) the simulation is much slower than real
time. Currently, the approach described in this paper has
been successfully used and tested for extended (full)
mathematical model of the heat exchangers, which is
extended by further state and output variables,
particularly velocities and pressures of temperatures of
steam and flues gas.
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