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1 Introduction 
The problem of the absence of eigenvalues of 

integro-differential operators just as other ones 

involving spectral properties of an integro-

differential operator arose from the practical 

necessities of plasma oscillations theory (in this 

respect we note the works of D.Bohm and E. Grose 

[1], N. G. Van Kampen [2] and K. M. Case [3]), of 

mathematical theory of scattering of neutrons (see, 

for instance, J. Lehner and G. M. Wing [4] and see 

also [5]) and of other principle situation from 

quantum physics and mechanics. We also note the 

works [6-8] (as well as the references therein) in 

which mathematical models involving integro-

differential operators can be found as well. 

A part of the results of the present paper was 

announced without any proof in our article [9]. 

The Hilbert spaces are denoted by ,..., 1ΗΗ  the 

inner products and the norms in those Hilbert 

spaces are denoted by ( )Η.,.  and 
Η

. The set of 

linear operators closed and densely defined on 1Η  

with values in 2Η  is denoted by ( )21 ,ΗΗC . 

( )21 ,ΗΗB  stands for the Banach space of all 

bounded linear operators defined on 1Η  with 

values in 2Η  and ( )21 ,ΗΗ∞B  the subspace of 

( )21 ,ΗΗB  consisting of all compact operators 

defined on 1Η  with values in 2Η . For every 

operator A  in Η , the domain, the range, the 

resolvent set and the spectrum are denoted by 

( )AD , ( )AR , ( )Aρ  and ( )Aσ , respectively. The 

point spectrum of the operator A  (the set of all 

eigenvalues of A ) is denoted by ( )Apσ . 

 

 

2 The absence of eigenvalues of some 

integro-differential operators 
These results are similarly with the results which 

refer to the differential operators and with the other 

results which refer to the Wiener-Hopf-type 

operators (see [10]). 
2.1. We realize the following scheme (see [11]). 

    Let H be an operator defined on the Hilbert 

space H , of the form 

BAH += ,  (1) 

where B  has the form ∑
=

=
n

RTSB
0,

,
βα

βαβα  

and the operators ( )nTRSA ,...,0,,,, =βααββα  

satisfy the following conditions: 

(i) A  is closed and densely defined; 

(ii) the complex number λ  is not an eigenvalue of 

the operator A , that is ( )Apσλ ∉ ; 

(iii) the operators ( )nTRS ,...,0,,, =βααββα  act 

in the Η  space with the properties 

( ) ( ) ( ),βα RDSDAD ∩⊂  

( ) ( ).,...,0, nBT =Η∈ βααβ  

As well as in the paper [11], in the Η  space we 

consider the operators family ( )0≥ττL , with 

property: 
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(iv) ( )+∈= RL ττ 0ker  and IL =0  ( I  is the 

identical operator in the Η  space). On the domain 

( )ττ LDD =  of the operator ( )0≥ττL  we define 

the norm ( )τττ
DuuLu ∈=

Η
. 

Such as result we obtain the normalized space 

τΗ  (in general uncomplete). 

Clearly Η=Η 0 . Moreover, we suppose that the 

following properties are fulfilled: 

    (v) there is 0≥τ  such that if Η∈βv  and 

( ) ( )nIARRTS ,...,0, =−∈ βαλβαβα , then 

τβ Η∈v , 

( ) τββαβαγ λ Η∈− −
vRTSIAR

1
 

and 

( )
( )na

vavTSIAR

,...,0,,;10

1

=<<

≤− −

γβα

λ
τβτβαβαγ

; 

(vi) if uRv ββ = , where 

( )∑
=

− =−+
n

uRTSIAu
0,

1
,0

βα
βαβαλ  

then 

( )
'

1

τβτβαβαγ λ vcvTSIAR ⋅≤− −
 

( )nconstc ,...,0,,;'.; =≥= γβαττ . 

Remark. Throughout this paper we consider 

only the situation on which the perturbation 

operator B  is subordinated to unperturbed operator 

A . In this connection we assume additionally that 

the function αβq  and, respectively the kernels 

( )yxk ,αβ  either for n=α  or n=β  are identical 

equal to zero. Thus in the sum determining B  

either n,...,0=α  and 1,...,0 −= nβ  or 

1,...,0 −= nα  and n,...,0=β . 

Lemma 1. Let be the operator H  of the form 

(2). If the conditions (i)-(vi) are fulfilled, then λ  is 

not an eigenvalue of the operator H . 

Proof. Suppose on the contrary, let λ  be an 

eigenvalue of the operator H , then there is 

Η∈≠ uu ,0 , such that 

uHu λ= .  (2) 

Let Η  be a Hilbert space formed like a direct 

sum from ( )1+n  spaces Η , namely 

∑
=

Η⊕=Η
n

k 0

~
. 

We consider the operator Η→Η
~

:
~
R  such as 

( ) ( )( )αααα RDuRR nn

00

~
== ∈= ∩ , 

the operator Η→Η
~~

:
~
T , 

( )( )Η∈=







=

=
==

∑ ~~~~
0

00

n

n
n

vvvTvT
ββ

αβ
βαβ  

and we denotes the operator Η→Η
~

:
~
S  thus 

( ) ( )( )∑
=

= =∈Η∈==
n

n
nSDvvvvSvS

0
0

,...,0;,
~~~~

α
αααααα α . 

We remark that ∑
=

=
n

RTSRTS
0,

~~~

βα
βαβα  

and in accordance with (3) it results that 

,
~~~

uuRTSAu λ=+  

or 

( ) .0
~~~1 =−+ −
uRTSIAu λ   (3) 

We denote uRv
~~ = . Because ( )Apσλ ∉  it 

results that 0~ ≠v . 

If 0~ =v  then ( )nuR ,...,00 == αα  and we 

obtain the contradiction uAu λ= . 

Because ( ) ( ) ( )nRDAD ,...,0=⊂ αα  on the 

basis of (4) it results that ( )RDu
~

∈  and we obtain 

( ) 0
~~~~ 1 =−+ −
vTSIARv λ .  (4) 

The family of the operators ( )
0≥ττL  from the 

space Η  is in correspondence with the family of 

the operators ( )
0≥ττL   from the space Η

~
, where 

( )
( )( )nDvvv

vLvL

n

n

,...,0;0;;~

~~

0

0

=≥∈=

=

=

=

αττααα

ααττ
. 

In accordance with condition (v), the condition 

(5) involves the following relation 

( )
( ).0;10

~~~~~~~~ 1

≥<<

≤−== −

τ

λ
τβτττ

a

vavTSIARLvLv
 

Therefore 

( ).0;10~~ ≥<<≤ τ
ττ

avav   (5) 

Previously we mentioned that 0~ ≠v , and on the 

base of (vi) it results that ∞<
τ
v~ . 

Because on the base of (6) it results 1≥a , we 

obtain a contradiction with 10 << a . Thus, the 

lemma is proof. 

2.2. The integro-differential operator who’s the 

spectrum is studied in this paper, has the form 
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∑
=

=
n

DMDH
0,

* ,
βα

β
αβ

α
  (6) 

where ( )nM ,...,0, =βααβ  are of the type 

( )( ) ( ) ( ) ( )
( ) ( )∫

+

+

++=

R

dyyuyxk

xuxqxuaxuM

,αβ

αβαβαβ

 

and ( )+∈= Rxn;,...,0,βα , and they act in the 

space ( )+RL2 . 

We consider the operator H  with its maximal 

domain of definition, i.e. with the domain 

consisting of all functions ( )+∈ RWu n

p  ( ( )+RW n

p  

denotes the Sobolev space of order n  over +R ) 

such that uD β
 belong to the domain of αβM  for 

each n,...,0, =βα , and ( )+∈ RWDM n

p

β
αβ . 

In particular, if ( )nq ,...,0, =βααβ  are 

continuous and bounded functions together with 

their derivates of the ( )1−n  order on the semi-axis 

+R  and the kernels ( ) ( )nyxk ,...,0,, =βααβ  are 

such that the integral operators with kernels 

( )
( )nj

x

yxk

j

j

,...,0,;,...,0
,

==
∂

∂
βαααβ

 are 

bounded on ( )+RLp , then the domain of H  is 

considered to be the Sobolev space ( )+RW n

p

2
. 

Here ( )0;,...,0, ≠= nnana βααβ  are complex 

numbers, ( )nq ,...,0, =βααβ  and, respectively, 

the kernels ( ) ( )nyxk ,...,0,, =βααβ  are smooth 

as it will be necessary complex-valued functions. 

D  denotes the differential operator 
dx

d
iD =  

with the domain of definition determined by the set 

of all functions ( )+∈ RLu p  which are absolutely 

continuous on every bounded interval of the 

positive semi-axis and ( )+∈ RLu p' . More, 

( ) 00 =u . 

It supposes that the operator H  acts in the space 

( )+RL2 . 

Let consider the operator 

( )( ) ( ) ( )
( ) ( ) ( )∫

+

=+

+=

R

ndyyuyxk

xuxqxuB

,...,0,, βααβ

αβαβ

 

and then the operator H  is represented like a 

perturbed operator BAH +=  where 

∑
=

=
n

DDaA
0,

*

βα

βα
αβ  

and 

.
0,

*∑
=

=
n

DBDB
βα

β
αβ

α
 

It is known that 
*DD ⊂ , the resolvent set 

( )*Dρ  of the operator 
*D  coincides with the open 

upper half-plain and so the spectrum of the operator 
*D  consists of all points of the closed lower half-

plain. Moreover, the point spectrum ( )*Dpσ  on 

the real axis is absent. 

Spectral properties of the operator A  are well 

known and, in particular, information on the 

spectrum of A  can be derived, for instance from 

[12]. Here, let us only make some remarks that will 

be necessary for our further discussions. Let λ  be 

a complex number and denote by ( )nkk 2,...,1=ξ  

the roots of the polynomial ( ) λξ −A . Then 

( ).
2

1

∏
=

−=−
n

j

knn IDaIA ξλ   (7) 

The resolvent set of the operator D  coincides 

with the open upper half-plane 

{ }∏+
>ℑ∈= 0/ zCz , the open lower half-plane 

∏−
is filling with the point spectrum of D  and 

the real axis being in the continuous part of the 

spectrum is free from the point spectrum of A , i.e. 

( )DR cσ⊂  and ( ) Φ=∩ DR pσ . We note that 

for 0>ℑz  one has 

( ) ( ) ( )( ) ( ) .exp
1

dyyuxyizixuzID
x

−−=− ∫
∞

−
  (8) 

The representation (8) for 0=ℑz  is also holds, 

but then it is necessary to consider u  from the 

range of the operator zID − . Now, from the 

equality (7) it is easy to conclude that ( )Aσλ ∈  if 

and only if the roots of the polynomial ( ) λξ −A  

are contained in the closed lower half-plane 

0≤ℑξ . Moreover, a point λ  is not an eigenvalue 

of A  provided that the polynomial ( ) λξ −A  has 

its zeros only in 0≥ℑξ . 

Next, let λ  be not an eigenvalue of the 

unperturbed operator A . According to what has 
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already been said, the polynomial ( ) λξ −A  can be 

represented as follows 

( ) ( ) ( ),
0

1∏
=

−=−
r

j

m

j AA j ξξξλξ   (9) 

where ( )rjj ,...,0=ξ  are real pair wise distinct 

numbers, ( )rjm j ,...,00 =≥  and ( )ξ1A  is a 

polynomial, the roots of which belong to the upper 

half-plane 0>ℑξ . We let 0=jm  for the case in 

which the polynomial ( ) λξ −A  has no zeros on 

the real axis. 

Theorem 1. Let H  be an operator of type (1) 

which acts in the space ( )+RL2 , the complex 

number λ  is not an eigenvalue of the operator A , 

the polynomial ( ) λξ −A  can be represent of the 

form (8), { }rjmm j ,...,0/max == . 

If 

( ) ( ) ( )
( )1,...,0,;

1

−=>

∈+ +∞

nm

RLxqx

βαδ
αβ

δ

 

and if ( ) 0, =yxkαβ  for yx > , and the integral 

operators with kernels 

( ) ( ) ( )mnyxkx >−=+ δβααβ
δ

;1,...,0,,1  

are bounded in ( )+RL2 , then λ  is not an 

eigenvalue of the operator H . 

Proof. We verify the conditions (i)-(vi). The 

Hilbert space Η
~

 is formed like a direct sum from 

( )1+n  spaces ( ),2 +RL  

( ).~

0

2∑
=

+⊕=Η
n

k

RL  

We denote by 
α

α
β

β
*, DSDR ==  and αβT  is 

considered equal with ( )nB ,...,0, =βααβ . 

Let us consider the operators 

( )( ) ( ) ( )
( ) ( )( ).0,

1

2 ≥∩∈

+=

+ ττ

τ
τ

LDomRLu

xuxxuL
 

Clearly the conditions (i)-(iv) are fulfilled and 

remain to verify the conditions (v) and (vi). 

Because the operator 

( ) ( )nDIAD ,...,0,*1 =− − γαλ αγ
 

on his definition domain is a linear combination of 

the operators of the type ( ) lID
−

− µ*
 (where 

ml ,...,1=  and 0≥ℑµ ), it is sufficient to 

estimate the norm 

( )
( )( ).0;,...,1;,...,0,;2

*

≥==∈

−

+

−

τβα

µ

β

τ
βαβ

mlnRLv

vBID
l

 

For this it uses the following Hardy inequality 

(see [13]) 

( ) ( ) ( ),1* >−≤
+

δµτ
δττ

uIDcu   (10) 

where ( ) 0→τc , when ∞→τ . This inequality is 

applied of l  times successively. 

We have two cases: 0=ℑµ  and 0>ℑµ . 

In the involved case 0=ℑµ , in accordance with 

previous inequality (see the previous Hardy 

inequality (9)) it obtains 

( ) ( ) ( ),1

1

1* NjaLIDL jj ∈≤− −
++

−

+ τµ ττ  

where ( ) 0→τa , when ∞→τ  (see lemma 2 of 

[14]). 

Therefore 

( ) ( )

( )0;,...,0,

1*

≥=

⋅≤− −
+

−

τβα

τµ
τβταβτ

τ
βαβ

n

vLBLavBID m

m

, 

where ( ) 0→τa , when ∞→τ . 

In concordance with the conditions imposed of 

the functions αβq  and ( )nk ,...,0, =βααβ  it is 

obtain cLBL m ≤−
+

1

ταβτ  

( c  is the constant which does not depend on τ ; 

mn >≥= δτβα ;0;,...,0, ). 

In conclusion ( ) ( )
τβ

τ
βαβ τµ vavBID

m
≤−

−*
  

( )0;,...,0, ≥= τβα n , where ( ) 0→τa , when 

∞→τ . 

If 0>ℑµ , in concordance with lemma 1 of [14] 

it is true that 

( ) ( )

( ),0;0;,...,0,

1*

>≥=

⋅≤− −
+

−

ετβα

τµ
τβταβετ

τ
βαβ

n

vLBLavBID
l

 

where ( ) 0→τa , when ∞→τ . 

Thus, we obtain 

( ),0;0;,...,0,1 >≥=≤−
+ ετβαταβετ ncLBL  

where c  is the constant which does not depend on 

τ ; .0;0;,...,0, >≥= ετβα n  

Therefore 

( ) ( )

( ),0;0;,...,0,

*

>≥=

≤−
−

ετβα

τµ
τβ

τ
βαβ

n

vavBID
l
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where ( ) 0→τa , when ∞→τ . 

The property (v) is proof for both of cases. 

For proof of the condition (vi) we stand the same 

situations as well as in property (v). 

If 0=ℑµ  it obtains 

( ) ( )

( ),0;;,...,0,

1*

>≥=

⋅≤−
−

−
−+

−

εετβα

τµ
ετβεταβτ

τ
βαβ

n

vLBLavBID m

m

 

where ( ) 0→τa , when ∞→τ . 

Thus cLBL m ≤−
−+
1

εταβτ  

( mn >≥= δετβα ;;,...,0, , c  is the constant 

which does not depend on τ ), and therefore 

( )
ετβ

τ
βαβµ

−

−
≤− vcvBID

m*
 

( cmn ;;;,...,0, >≥= δετβα  is constant). 

If 0>ℑµ  then ( ) ( ),11* τµ ττ aLIDL ≤− −−
 

where ( ) 0→τa , when ∞→τ  ( see lemma 1 of 

[4]). 

Therefore 

( ),0;;,...,0,1 >>=≤−
− εετβαεταβτ ncLBL  

where c  is the constant which does not depend on 

τ , and thus 

( )
( ),0;;,...,0,

1*

>>=

≤−
−

−

εετβα

µ
ετβ

τ
βαβ

n

vcvBID
 

c  is constant. 

Thus the property (vi) is true. The theorem 1 is 

proof. 

If the polynomial ( ) λξ −A  has also null 

solutions (let be for example 00 =ξ  with 

00 >m ), theorem 1 can be refined, more exactly 

the following theorem is true. 

Theorem 2. Let H  be an operator of type (1), 

which acts in the space ( )+RL2  and let be   

( ) ( )+∈= Rxxq 0αβ  and 

( ) ( )+∈= Ryxyxk ,0,αβ  for every 

,,...,0, n=βα  with ηβα <+  (η  an integer 

fixed number n20 <<η ). 

Let be that ( ) λξ −A  can be represented on the 

form (8), where we consider that 00 =ξ  and 

{ }.,...,,max 10 rmmmm η−=  

If 

( ) ( ) ( )
( )nwithnm

RLxqx

2;,...,0,;

1

<+<=>

∈+ +∞

βαηβαδ
αβ

δ

 

and if ( ) 0, =yxkαβ  for yx > , and the integral 

operator with kernels 

( ) ( )
( )nwithnm

yxkx

2;,...,0,;

,1

<+<=>

+

βαηβαδ
αβ

δ

 

are bounded in ( )+RL2  , then λ  is not an 

eigenvalue of the operator H . 

    Proof. The operator B  can be represented of 

type ∑
<+<

=
n

DBDB
2

* ,
βαη

β
αβ

α
  

and the symbol of the operator A  is 

( ) ( ) ( ).
1

1
0 ∏

=

−=
r

j

j

m
AA ξξξξξ  

We estimate the expressions of the form 

( ) ( )( )

( ) ( )( ) ,
1

**

*

1

***

0

0

βαβαβ
γα

βαβαβ
αγ

ξ

ξ

vKxqDD

vKxqDDDD

r

j

m

j

m

r

j

m

j

m

j

j

+−=

=+−

∏

∏

=

−−+

=

−−

where ( )+∈=<+< RLvnn 2;,...,0;2 βγβαη  

and this can be represented like a linear 

combination of the form 

( ) ( )( )
( ).2;,...,1

*

nml

vKxqID
l

<+<=

+−
−

βαη

µ βαβαβ  

 

 

3 Applications 
3.1. In a space ( ) ( )∞<≤+ pRLp 1  consider the 

integro-differential operator 

( )( ) ( ) ( ) ( )

( ) ( ) ( )( ),;0,
2

012

2

∫
+

+∈∞<<+

+++−=

R

p RWuxdyyuyxk

xuxq
dx

du
xq

dx

ud
xHu

 

where ( )1,0=jq j  are the measurable functions 

on the positive semi-axis +R  and tend to zero when 

x  tend to infinite, and the integral operator K  

with kernel ( )yxk ,  is supposed bounded in 

( )+RL2 . The definition domain ( )HD  of the 

operator H  is considered the set of all u  

derivatives functions on positive semi-axis with 

derivative 'u  absolutely continuous on every 

bounded interval of the positive semi-axis and there 
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is the derivative of the two order ''u  there is on 

almost all semi-axis ( )++ ∈ RLuR 2'',  (in the sense 

of distributions) and ( ) 00 =u . 

In concordance with the theorem 1, we obtain the 

following result. 

Corollary. Let be 

( ) ( ) ( ) ( )1,01 =∈+ +∞ jRLxqx j

δ
 

and let be that the kernel ( )yxk ,  of the integral 

operator K  is such that ( ) 0, =yxk  for yx >  

(close on all semi-axis +R ) and the integral 

operator with kernel ( ) ( )yxkx ,1
δ+  is bounded on 

the space ( )+RL2 . 

If 1>δ , then the operator H  has not 

eigenvalues on the positive semi-axis, and if 2>δ  

then the point 0=λ  also is not an eigenvalue of 

the operator H . 

We mention that the operator H  considered in 

the example 3.1 with 

( ) 01 ≡xq  and ( ) ( ) ( ),, yrxryxk ⋅=  

where ( ) ( )0;, >∈⋅⋅= − ααα Raexaxr x
, it is 

studied in the paper [15] in connection with the 

problems about the diffusion theory of neutrons in 

protons. 

3.2. Let consider the operator 

( )( ) ( )

( ) ( )( )∫
+

+∈∞<<+

++−=

R

p RWuxdy
dy

du
yxk

dx

du
xq

dx

ud
xHu

.;0,
2

12

2

 

H  acts in the space ( )+RL2 . In concordance 

with the theorem 2 the following affirmation is 

true. 

Corollary. If 

( ) ( ) ( ) ( ),11 1 >∈+ +∞ δδ
RLxqx  

( ) 0, =yxk  for yx > , and if the integral operator 

with kernel ( ) ( ) ( ),1,1 >+ δδ
yxkx  is bounded on 

( )+RL2 , then the point spectrum of the operator 

H  on the positive semi-axis (inclusive the point 

0=λ ) is absent. 

Similar results can be formulated for instance for 

the integro-differential operators which can be 

obtained as a result of the Schrödinger type 

operators (in general nonselfadjoints, see for 

instance [16]) perturbed with integral operators. 
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