
Uncertainty costs on an international duopoly with tariffs

M. Choubdar
University of Porto

Dept. of Mathematics
Faculty of Science

Portugal
m.choubdar@fc.up.pt

E. Faria
University of Sao Paulo
Dept. of Mathematics
Faculty of Science,

Brazil
edson@ime.usp.br

F. A. Ferreira
Polytechnic Institute
of Porto, ESEIG.IPP

Applied Management
Research Unit (UNIAG)

Portugal
fernandaamelia@eu.ipp.pt

A. A. Pinto
University of Porto

LIAAD-INESC Porto LA
and Dept. of Mathematics

Faculty of Science
Portugal

aapinto@fc.up.pt

Abstract: We consider two firms located in different countries selling the same homogeneous good in both coun-
tries. In each country there is a tariff on imports of the good produced in the other country. We show that the
expected welfare of the countries increase with the variances of the production costs of both firms.
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1 Introduction
We consider a usual duopoly international trade model
with incomplete information, where there are two
countries and a firm in each country that sells in
its own country and exports to the other one (see
[6, 10, 13, 16]).

The international trade model has two stages:
first, the governments simultaneously choose tariff
rates; secondly, the firms observe the tariff rates and
simultaneously choose quantities for home consump-
tion and for export. The decision of the governments
to impose or not a tariff can be interpreted as a game
where the utilities are the expected welfares of the
countries. We show that under some appropriate con-
ditions this game is like the Prisoner’s Dilemma (see
[13]).

2 International duopoly model
In this section, we introduce the relevant economic
quantities of the international duopoly model.

The home consumption hi is the quantity pro-
duced by the firm Fi and consumed in its own country
Xi. The export ei is the quantity produced by the firm
Fi and consumed in the country Xj of the other firm
Fj , where i, j ∈ {1, 2} with i ̸= j. The tariff rate ti
is determined by the government of country Xi on the
import quantity ej .

The aggregate quantity Qi sold on the market in
the country Xi is

Qi ≡ Qi(hi, ej) = hi + ej .

The inverse demand pi in the country Xi is

pi ≡ pi(hi, ej) = α−Qi ,

where α ≥ 0 is the demand intercept.
The payoff πi of firm Fi is

πi ≡ πi(hi, ei, hj , ej ; tj)
= (pi − ci)hi + (pj − ci)ei − tjei ,

where ci ≥ 0 is the firm Fi’s unitary production cost.
The custom revenue CRi of the country Xi is given
by

CRi ≡ CRi(ej ; ti) = tiej .

The consumer surplus CSi in the country Xi is given
by

CSi ≡ CSi(hi, ej) =
1

2
Q2

i .

The welfare Wi of the country Xi is

Wi ≡ Wi(hi, ei, hj , ej ; ti, tj) = CRi + CSi + πi .

3 Costs uncertainty
In this section, for every pair of tariffs, we compute
the home and export quantities practiced by both firms
at the Bayesian-Nash equilibrium for the second stage
game.

We suppose that each firm has two different tech-
nologies L and H and uses one of them according to a
certain probability distribution. The use of one or the
other technology affects the unitary production cost

ci : {L,H} → IR+
0 ,

where ci,L < ci,H for i ∈ {1, 2}. For k ∈ {L,H} and
i ∈ {1, 2}, let θi,k be the probability of the firm Fi

to use technology k. Hence, θi,H ≥ 0, θi,L ≥ 0 and
θi,H + θi,L = 1.
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The home quantity hi and the export quantity ei
of firm Fi are random variables

hi : {L,H} → IR+
0 and ei : {L,H} → IR+

0 .

The ex-ante profit πA
i : {L,H} → IR+

0 of firm Fi is

πA
i (hi, ei, hj , ej ; tj)(ki)

= Ej

(
πi(hi, ei, hj , ej ; tj)

)
(ki)

=
∑

kj∈{H,L} πi(hi(ki), ei(ki), hj(kj), ej(kj); tj) .

Let Ei ≡ E(ci) be the expected cost of the firm
Fi. The cost difference ∆i : {L,H} → IR is

∆i(ki) = ci(ki)− Ei .

The complete maximal tariff of the government of
state Xi is denoted by

TE
i ≡ Ti(Ei, Ej) =

α+ E(ci)− 2E(cj)

2
.

The incomplete maximal tariff T̄i of the government
of state Xi is

T̄i = TE
i − 3

4
∆i(H) .

Assumption 1: For all i, j ∈ {1, 2} with i ̸= j, we
have T̄i > 0 and

0 ≤ ti ≤ T̄i .

The Bayesian-Nash equilibrium of the second
stage game is determined by the home quantities and
the export quantities that maximize the ex-ante profit
of both firms.

Theorem 1 Let (ti, tj) ∈ [0, T̄i] × [0, T̄j ]. Under as-
sumption 1, the Bayesian-Nash equilibrium of the sec-
ond stage game for the home consumption hBi (ti) :
{L,H} → IR+

0 is

hBi (ki; ti) =
1

3

(
2TE

j + ti
)
− 1

2
∆i(ki) ;

and for the export quantity eBi (tj) : {L,H} → IR+
0 is

eBi (ki; tj) =
2

3

(
TE
j − tj

)
− 1

2
∆i(ki) ,

for i, j ∈ {1, 2} with j ̸= i.

Proof: (see [3]).

From Theorem 1, we obtain the following ex-
pected economic quantities. The ex-post Bayesian-
Nash profit

πB
i (ti, tj) : {L,H}2 → IR

is

πB
i (ki, kj ; ti, tj) ≡ πB

i (ci(ki), cj(kj), Ei, Ej ; ti, tj)

=
(
pBi (ki; ti)− ci(ki)

)
hBi (ki; ti)

+
(
pBj (kj ; tj)− ci(ki)− tj

)
eBi (kk; tj)

= 1
9

[
(2TE

j + ti)
2 + 4(TE

j − tj)
2
]

+
4TE

j +ti−2tj
6 ∆j − 1

2∆i∆j +
1
2∆

2
i .

Let Vi ≡ V (ci) be the variance cost. The expected
Bayesian-Nash profit is

E(πB
i (ti, tj)) =

(2TE
j + ti)

2 + 4(TE
j − tj)

2

9
+

Vi

2
.

The Bayesian-Nash custom revenue

CRB
i (ti) : {L,H} → IR

is

CRB
i (kj ; ti) =

2ti(T
E
i − ti)

3
− ti

2
∆j(kj) .

The Bayesian-Nash consumer surplus

CSB
i (ti) : {L,H}2 → IR

is

CSB
i (ki, kj ; ti) =

1
18(2T

E
i + 2TE

j − ti)
2

+( ti6 − TE
i +TE

j

3 )(∆i +∆j)

+
∆i∆j

4 + 1
8(∆

2
i +∆2

j )

4 Welfare and the Prisoner’s
dilemma for tariffs

In this section, we find the subgame perfect equilib-
rium that it is characterized by the the Bayesian-Nash
tariffs that maximize the welfare of the countries using
the Bayesian-Nash home and export quantities found
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in the previous section. Then, we show that the deci-
sion of the governments to impose or not a tariff can
be interpreted as a game that it is like the Prisoner’s
Dilemma.

The ex-post Bayesian-Nash welfare

WB
i (ki, kj ; ti, tj)

of the country Xi is

WB
i (ki, kj ; ti, tj) = πB

i (ki, kj ; ti, tj) + CRB
i (ki; ti)

+CSB
i (ki, kj ; ti) .

The expected Bayesian-Nash welfare E(WB
i (ti, tj))

of the country Xi is

E(WB
i (ti, tj)) =

2
9 [(T

E
i + TE

j )2 + 4(TE
j )2

+(2TE
i + TE

j )ti − 4TE
j tj)]

− t2i
2 +

4t2j
9 + 1

8(5Vi + Vj) .

Hence,

∂E(WB
i )

∂ti
=

2

9
(2TE

i + TE
j )− ti .

and
∂2E(WB

i )

∂t2i
= −1 < 0 .

The subgame perfect equilibrium consists in finding
the tariffs that maximize the expected Bayesian-Nash
welfare of both countries. Hence, if 2TE

j < 5TE
i and

2TE
i < 5TE

j then, the Bayesian-Nash tariffs (tBi , t
B
j )

are

(tBi , t
B
j ) =

(
2

9
(2TE

i + TE
j ) ,

2

9
(2TE

j + TE
i )

)
.

Theorem 2 If TE
i /TE

j ∈ [0.64, 1.57], then for the ex-
pected Bayesian-Nash welfares of the both counties
we have

E
(
WB

i (tBi , 0)
)
> E

(
WB

i (0, 0)
)
> E

(
WB

i (tBi , t
B
j )

)
> E

(
WB

i (0, tBj )
)
.

Therefore, the inequalities obtained in Theorem 2
for the expected welfares of both countries show that
the decision of the governments to impose or not a
tariff can be interpreted as a game that it is like the
Prisoner’s Dilemma.
Proof: (see [3]).

5 Conclusions
We proved that the expected profit of each firm in-
creases with the variance of its production costs. We
showed that the expected welfare of each government
increases with the variances of both production costs.

We showed that the decision of the governments
to impose or not a tariff can be interpreted as a game
where the utilities are the expected welfares of the
countries. We show that this game is like the Pris-
oner’s Dilemma because the welfares of the countries
are higher in the case where both governments do not
impose tariffs than in the case where both govern-
ments decide to impose the Bayesian-Nash tariffs.
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