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Abstract: Here we construct the basic polynomial and exponential splines which can be used for plotting surfaces.
A surface can be created if the values of the function in nodes and the values of the integrals are known.
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1 Introduction

Nowadays there are many different splines for solv-
ing different problems [1-8]. Polynomial integro-
differential splines were first used by Kireev V.I. [9].
Integro-differential nonpolynomial approximations of
one variable were suggested in [10, 11].

Local splines are useful for plotting surfaces.
Here a surface is created if the values of the function
in nodes and the values of the integrals are known.

2 Construction of the approximation

Let n, m be integer numbers, such that n > 2, m >
1, Let a, b, c,d be real numbers. Let us consider a
rectangular domain 2 = Q| JI" where

Q={(z,y)la<z<bec<y<d}

and T is the boundary of ). We introduce A,

20 <21 < ...<Tpp1 =b,Ay:c=y <y
. < Ym+1 = d. We introduce a mesh of lines on

which divides the domain € into the rectangles 2 .k

Q5 ULk,

Qir ={(z, )|z € (xj,2j11), ¥ € Wr> Y1)},

A

I is the boundary of Q;;, j = 0,...,n, k =

0,....,m, hj = xj41 — xj, hiy = Y1 — Yk

We denote wj, = u(z;,yx). We associate the
mesh A, x A, with the data: (zj,yx,ujr), j =
0,1,...,n,k=0,1,...,m. It is supposed we know

I<O> // u(z,y)dzdy,
1> Ye+1
I];k / / u(z,y)dxdy.
Tj—1
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We construct an approximation (x,y) of u(x,y) in
€1 1 in the form:

TNI/((L’, y) = uj,kwl (l’, y) + ujJrl,kWQ (33', y)+

;1 Wa(w, y) + i1 e Walz, y)+
HI Wa(a,y) + L " We(a,y). (1)

where basic splines W;(z, y) we obtain from the rela-
tions:

a(x,y) = uz,y) for u(z,y) = 1, x,y, 2y, 2%, y>.
(2)
Using the Tailor’s formula

u(@,y) = ulay,y) + (& — @) (x5, yp) +
+(y — i)y (5, y0) + 2,{ = aj) g (7, yr)+
2(z—5) (y—yn) (T, yi)+(y—yr) *ug s, yp )},

= =Pl ()3 =3 (=l (5)

+3(z = 25)(y — yn)*uifyy () + (v — yn) ugy, ()},

s = (2j+7(xj41—25), Y+ 7(Yor1—Yx)), 7 € [0,1],
we can obtain W;(x, y) from the system of equations:

Wl(x7y> + WQ(ZE, y) + W3($7y)+
—|—W4(ar,y) +I]<7,I?>W5(‘r7y) + Ij<7k_1>W6(xay) = ]-7

h;Wa(x,y)+h;Wa(z, y)+ /(a:—xj)dxdng)(ﬂ:,y)—F

Qj k
Tj Yr+1
+ / / (x — xj)dedyWe(z,y) = © — xj,
Tji-1 Yk
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haWs (e, ) + hiWalz,y) + / / (v — yi)dedy+
Qj,k

Tj Yk4+1

W (o )+ / / (y—y)dadyWs(z, ) = y—yi,

Tj—1 Yk

R2Wa(z,y)+hiWa(z, y)+ /ﬁx—xj)dedyW5(x, y)+

Qs k
Tj Yk+1
+/ / (z — 2;) dady We(z, y)=(z — ;)
Tji—1 Yk

hjth3(I7 y) + hjth4(:L‘a y)+

+ [ =)0 pdady Wi, )+
a.

j,k

TjYk4+1

+ / / (2—25) (y—y) dadyWi(,y) = (2—2) (y—).

Tj—1Yk

hiWs(xvy)Jrhinl(x?y)Jr// (y—yx) dzdy Ws(z,y)+
Q.

J,k

TjYk+1

+ (y — i) dedy We(z,y) = (y — yi)*-

Tj—1Yk
The value of determinant of the system is the next:
D = —(1/6)h]6h2. We obtain:

Wi(x,y) = —1/(2h%h?)(—4h§y2 - 4h?h%k2 +
6hryhs — 6hikh? + xh;hi — jhihi + x°hj +
j2h?hi+8h?hkyk:—2hjhkxy+2hjhixk+2h?hkjy—
2h3hi gk — 2xjhihi — 2h3h3),

Wa(z,y) = 1/(2hih3) (xhshj, — 3G +2°hi —
2ajhih} 432 h3h; —2hjhyey+2h;hiak-+2h3hy.jy—
23Ny gk + 2h5y® — 4hZhyyk + 205 hik? — 2hyyhs +
2h3kh3),

Ws(z,y) = —1/(2h%h§)(m2hi — 2xjhih? +
52h2h2 — Ah2y? + 8h2hyyk — Ah2h3k? — whih? +
Jh5hE + 2hgyhs — 2hikh3 + 2h;hyxy — 2h;hixk —
2h3hyjy + 2h3higk),

Wy(z,y) = 1/(2h%h?)($2hz — 2xjhjh? +
J2h3hG + 2h3y? — Ah3hyyk + 2h3hik? — 2hyyh’ +
2hZkh? — xh;h? + jh2h} + 2h;hpwy — 2hih3ak —
2h2hyjy + 2023 k),

Ws(z,y) = —1/(h3h3)(5h3y? + 5h2hZK? —
10h3hiyk — 2xjhihi — Shiyh’ + 5hikh3 + x*hi +
j2h2h3 — xhihd + jh3h3),
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We(z,y) = 1/(hIh})(=h3y* — hihih® +
2h3hyyk — 2wihih? + hgyh? — BIkh2 + 2?h +
J2h3h;, — whihi + jhihi).

If hy = hj =h,r = x; +th,y =z}, + t1h then
we have Wy (x; + th,yr + t1h) = —(1/2)t% + 23 —
3ty — (1/2)t + tty + 1,

Wa(zj+th, yp+t1h) = —tt1+13—t1+(1/2)t2+
(1/2)t,

Wg(xj + th,yr + t1h) =
(1/2)t% + (1/2)t,

Wa(zj+th, yp+tih) = tt —Hﬁ —t1+(1/2)t? —
(1/2)t,

, Wslaj + thye + tih) = —(1/h*) (56 = 5t1 +
2 —t),

We(zj+th, yp+t1h) = (1/h2)(—t3+t1+t2—1).

Figure 1 shows the basic functions Wi (zx,y),
Wo(x,y), h = 1. Figure 2 shows the basic functions
Ws(z,y), Wa(x,y), h = 1. Figure 3 shows the basic
functions Ws(x,y), Ws(z,y), h = 1.

—tt] + 283 — t —

SRRt \Q\
SRR 3233‘{333&
Rttt
‘:“‘8“8\\““
S
O

Figure 3: Plots of W5(z,y) (left), Ws(x,y) (right)

Example 1. Let us take Q@ = [-0.5,0.4] x
[—0.5,0.4], h = 0.1.

Table 1 shows the error of approximation:
max; i [u(sjk) — u(sjk)l, sjn = (2 +0.05,yx +
0.05). Calculations were made in Maple with Dig-
its=10.
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Table 1.
N | u(z,y) max [u(sjk) — ulsjn)l
1 | 222 0.208334¢ — 5
2 | (sin(x) cos(y))? | 0.247076e — 5
3 | oyt 0.319319¢ — 5
4 | sin(3z + 3y) 0.502999¢ — 4
5 | sin(bx + 5y) 0.385416e — 3

2.08334¢
2.083335¢
2.08333¢

Figure 4: Plots of u(s; ) (left) and u(s;x) — u(sjk)
(right), u(z,y) = 2%y
Figure 4 shows u(s; ) and u(s; k) — u(sjk) in

Q if u(z,y) = x*y*. Figure 5 shows u(s;x) and
u(sjr) — u(s;x)in Qif u(z,y) = sin(5x + 5y).

Figure 5: Plots of u(s; ) (left) and u(s; ;) — u(s; )
(right), u(z,y) = sin(bz + 5y)

Figure 6 shows u(s; 1) —u(s; ) in Qif u(z,y) =
(sin(z) cos(y))?, u(z, y) = sin(3z + 3y).

Figure 6: Plots of 4 — u, u(z,y) = (sin(z) cos(y))?
(left), u(z,y) = sin(3x + 3y)(right)

3 Second order approximation

Now it is supposed we know

Ij<718> :// u(z,y)dxdy.
Qj,k
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1) We construct an approximation u(x,y) of u(zx,y)
in €2, in the form:

ﬂ(.%‘, y) = U($]7 yk)Wl,j,k(x7 y)+

+u(xj+17 yk)WQ,j,k(x7 y) + I]<7]S>W]fko> (.’B, y)v

where basic splines Wy ji(x,y), Wa,r(z,y),
Wj<k0> (x,y) we obtain from the relations:

u(x,y) = u(z,y) foru(z,y) = 1, z,y.

Using the Tailor’s formula

u(x,y) = u(zj, yp) + ( — z5)uy (x5, ye)+

+(y — yr)uy (5, yx) + 1,

where

ro= g{l@ = 2)*u,(s) + 2 — 2)(y —
Uiy (5) + (1 — yie) iy (5)

s = (zj+7(2j41— ), yu +T(Yk+1—Yk)), T €
[0,1],

we obtain W1 j (2, ), Wa j k(x,y), W37 (2,)
from the system of equations:

Wi k(2 y) + Wajk(z,y) + If;?>Wf;?>(w, y) =1,

th2,j,k($7y)+// (fc—xj)dwdyWﬁ?>(x,y) = =Ty,
ijk

// (y — yw)dedyW 5~ (z,9) = y — yx-
S

The value of the determinant of the system is the next:
D= h?hi/z

We find:

W1,j7k(x,y) = (hjhk — hpx + hjhkj — hjy +
hihjk)/(hjh),

Woin(@,y) = —(=hwx + hjhrj + hjy —
hihjk)/(hjh),

W™ (x,y) = =2(—y + khy) /(I 1),

If hj = hy = h, and we put x = x; + th,y =
Y + t1h then we have W1 ;i (x; + th,yr + t1h) =
1—t—1, t,t1 € [0, 1],

Wg,j,k(xj +th,yr +t1h) =t —t1.

VVJ§€O>($]' + th, Y + tlh) = 2t1/h2.

2) We construct an approximation fL:L(:c, y) of
u(x,y) in 2y, in the form:

ft(x, y) = U(J,‘j, yk)Wl,j,k(‘T’ y)+

+u(zjn, ye) Wa gk (z,y) + L WS~ (2, y),
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where basic splines Wy jr(z,y), Wajr(z,y),
VVj<k9 ~(x,y) we obtain from the relations:

(z,y) = u(z,y) foru(z,y) = 1,e%, €Y.
Example 2. Let us take Q = [-0.5,0.4] x

[—0.5,0.4], h = 0.1. Figure 7 shows u(s; 1) —u(s; )
in Qif u(z,y) = sin(5z + 5y), u(z,y) = z*y*.

Figure 7: Plots of & —u, u(x, y) = sin(5z+5y) (left),
u(z,y) = z*y* (right)

Table 2 shows the errors of approximations
manx [ii(sj ) — u(sjk)| and max[ii(s;k) = uls;k)l

qfthe function u(x,y), sjx = (x; +0.05, y, +0.05),
Q =[-0.5,0.4] x [-0.5,0.4], h’=0.1.

Table 2.

N | u(z,y) max |t — u| | max |u — u|
1| 222 0.33819¢—3 | 0.24576e—2
2 | sin?(x) cos?(y) | 0.82393e—3 | 0.91366e—3
3 | atyt 0.16815¢—2 | 0.82013e—1
4 | sin(3z +3y) | 0.74588¢—2 | 0.81701e—2
5 | sin(bx + 5y) 0.20609e—1 | 0.21895e—1
6 | eTe? 0.20504e—2 | 0.49988¢—4
7 | e®+e¥ 0.13071e—2 | 0.

4 Conclusion

If the values of the integrals are unknown we can use
cubature formulas. The order of the approximation
can be obtained using the Tailor’s formula.
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