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Abstract: In this paper a new blind identification method for estimating the impulse responses of single-input
multiple-output (SIMO) FIR channels is proposed. This method, that relies only on second-order statistics, allows
to deal with channels affected by different unknown amounts of additive noise. Numerical simulations, based on
modelsalready considered in the literature, show therobustnessof themethod even with datacharacterized by poor
signal–to–noise ratios.
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1 Int roduction
The blind identification of dynamic systems is of great
relevance in many fields of signal processing . The
term “blind” denotestheimpossibility of measuring the
input of the system and the purpose of blind identifi-
cation is thereconstruction of the transfer function of a
transmissionchannel starting fromnoisy measurements
performed on its output.

This problem has received an increasing attention
from the researchers working in the area of signal pro-
cessing, and particular emphasis has been put on the
multi–output case. Infact, real processesof thistypeare
present inmany engineeringapplicationsintelecommu-
nications, sismology, radioastronomy, biomedical sig-
nal processing, etc.

Blind identification techniquesusually rely on alin-
ear model of the process that is described by a set of
parallel channelsdriven by an unknown sequence. The
modelsof thechannelsareoftencharacterizedby afinite
impulse response (FIR) which allows the implementa-
tion of fast numerical algorithms [1, 2].

Two different approaches can be used for solving
theblind identification problem. Thefirst relies on op-
timization techniques based on higher order statistics
[3], while the second group of methodologies (such as
maximum likelihood and cross–correlation techniques)
uses only second order statistics [4-6]. These meth-
ods, however, give good results only when the process
is characterized by high signal–to–noise ratios and the
channels areaffected by thesameamount of noise.

In this work a new method for the blind identification
of FIR multichannel systems is presented. This proce-
dure, that canbeconsideredas ageneralizationof cross–
correlation methods, has been developed on the basis
of the results obtained by the authors in the identifica-
tionof errors–in–variablesmodels[8,9]. Thisapproach
givesgoodresultsalsowhenthesystemischaracterized
by poor signal–to–noiseratiosand theoutput measure-
ments areaffected by different amounts of noise.

The paper is organized as follows. Section 2 de-
scribes the mathematical setup of the blind identifica-
tion problem for multiple–FIR–channels. Theproblem
isthenredefinedasanerrors–in–variablesidentification
scheme and in this context, Section 3 proposes anew
solution. Section 4 reports the results obtained in test-
ing theprocedureon amultichannel FIR model already
described in the literature. Finally, some concluding
remarks are reported in Section 5.

2 Statement of theproblem
Let us consider a linear, discrete, time–invariant
single–input multi–output (SIMO) system described
by M finite impulse responses with order L (FIR’s)
h1(k), . . . , hM(k) (k = 0, 1 . . . , L). Let usdenotewith
s(·) the input sequence and with x1(·), . . . , xM(·) the
corresponding M output sequences.

In absenceof noise themodel of theprocess can be
described as follows



x1(k) = h1(k) ∗ s(k)

x2(k) = h2(k) ∗ s(k)

...
... (1)

xM(k) = hM(k) ∗ s(k)

where “∗” denotes the linear convolution operator.
This multiple–FIR–channels model is useful to de-

scribe the case of a single unknown source in presence
of multiple spatially and/or temporally distributed sen-
sors; this is a situation common to many applications
of signal processing. Also the assumption of FIR chan-
nels is, in general, very common in practical applica-
tions, since any infinite impulse response (IIR) system
can be well approximated by a FIR representation, by
assumingL large enough.

It can be noted, by following the idea suggested in
[4], that the outputs of every channel pair are related
by the corresponding channel responses. In fact, by
considering relation (1) for two different channels

xi(k) = hi(k) ∗ s(k)

xj (k) = hj (k) ∗ s(k) (2)

we obtain

hj (k) ∗ xi(k) = hj (k) ∗ [hi(k) ∗ s(k)]

= hi(k) ∗ [hj (k) ∗ s(k)] (3)

= hi(k) ∗ xj (k) .

It is thus possible to write an overdetermined set of lin-
ear equations involving the unknownshi(k) andhj (k)

which, under suitable identifiability conditions, can be
uniquely determined up to a scalar factor.

More specifically, relation (3) leads toN − L linear
equations (whereN denotes the number of samples) in
the unknownshi(k) andhj (k) (k = 0, . . . , L):

[
Xi(L) | Xj(L)

] [
cj

−ci

]
= 0 , (4)

where

cm =
[
hm(L), . . . , hm(0)

]T
(5)

and

Xm(L) =




xm(0) . . . xm(L)

xm(1) . . . xm(L + 1)
...

...

xm(N − L − 1) . . . xm(N − 1)


 , (6)

with m = i, j . In the following, for the sake of simplic-
ity, we will consider a multiple–FIR–channels model
with only two outputs,x1(·) andx2(·).

By introducing the covariance matrix of the bivariate
process [x1(·) | x2(·)]T, defined as

6̂L = lim
N→∞

1

(N − L − 1)

[
X1(L) | X2(L)

]T

×
[
X1(L) | X2(L)

]
(7)

relation (4) can be rewritten as

6̂L

[
c2

−c1

]
= 0 . (8)

It can be proved [4, 7] that the coefficientsh1(k) and
h2(k) can be uniquely determined (up to a scalar factor)
under the assumption that the polynomials

Hm(z) = hm(0) zL + hm(1) zL−1 + . . .

+ hm(L − 1) z + hm(L) m = 1, 2 (9)

are coprime and the inputs(k) is persistently exciting
of sufficient order.

When the data are corrupted by additive noise, the
channel outputsx1(·) andx2(·) are not directly accessi-
ble and only the noisy signals

y1(·) = x1(·) + n1(·)
y2(·) = x2(·) + n2(·) (10)

can be measured. With reference to model (10) we will
introduce the following assumption.

Assumption 2.1

– the processesn1(·)andn2(·)are zero–mean, mutu-
ally uncorrelated white noises, with unknown vari-
ancesσ ∗

n1
andσ ∗

n2
, respectively.

– the processesn1(·) andn2(·) are uncorrelated with
the unknown inputs(·) and, therefore, with the
noise–free signalsx1(·) andx2(·).

Under these assumptions, the blind identification prob-
lem can be stated as follows.

Problem 2.1– GivenN noisy observations of the chan-
nel outputsy1(·), y2(·), determine the variancesσ ∗

n1
and

σ ∗
n2

of the noises and the coefficientsh1(k) andh2(k)

(k = 0, . . . , L).

Of course, Problem 2.1 is a basic step for channel equal-
ization, i.e. for the reconstruction of the unknown input
s(·).
The block diagram of the unknown multiple–FIR–
channels model is shown in Figure 1.



Figure 1: Block structure of the process
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In the noisy case, relation (8) does no longer hold since
the covariance matrix6L of the noisy bivariate process
[y1(·) | y2(·)]T is non singular (positive definite); under
Assumption 2.1 the following relation holds

6L = 6̂L + 6̃∗
L , (11)

where

6̃∗
L = diag

[
σ ∗

n1
IL+1, σ ∗

n2
IL+1

]
(12)

is the covariance matrix of the bivariate process
[n1(·) | n2(·)]T .

3 Blind identification
Let us consider the covariance matrices6` related to
different orders,̀ , of the FIR models, built according
to relations (6) (7).

When Assumption 2.1 is satisfied and the length of
the sequencesN → ∞, the solution of Problem 2.1 can
be obtained analyzing the properties of the sequence
of increasing-dimension matrices (61, 62, . . .). Let us
consider, for this purpose, the family of matrices6̃` =
diag[σn1I`+1, σn2I`+1] such that

6̂` = 6` − 6̃` ≥ 0 (13)

It has been proved [8] that, for every`, the compatible
matrices6̃` are defined by the points of a convex curve,
belonging to the first quadrant of the noise plane, whose
concavity faces the origin. Every pointP = (σn1, σn2)

on this curve satisfies the relation

6̂`(P ) = 6` − diag [σn1I`+1, σn2I`+1] ≥ 0 . (14)

The related FIR modelsc1(P ), c2(P ) can be obtained
from the relation

6̂l(P ) vl(P ) = 0 , (15)

wherevl(P ) = [cT
2 (P ) −cT

1 (P )]T .

It has also been shown that every curve includes all
subsequent ones i.e. those associated with higher values
of `.

When Assumption 2.1 is satisfied andN → ∞, the
pointP ∗ = (σ ∗

n1
, σ ∗

n2
), corresponding to the actual vari-

ances of the noises, belongs to all curves associated with
models with order̀ ≥ L. The models corresponding
to this point are characterized by the actual coefficients
(up to a scalar factor)c1(P

∗), c2(P
∗). In this theoret-

ical context, the determination of the common point in
the noise plane leads to the solution of Problem 2.1.

When Assumption 2.1 is not satisfied and/or the
lengthN of the sequences is finite, the curves corre-
sponding to orders̀ ≥ L do not present any common
point. Their distance should however decrease in the
neighbourhood ofP ∗. This property can be used to ob-
tain an estimate for the orderL of the channels. Once
that this order has been choosen, a single solution for the
identification problem can be obtained by introducing
a suitable criterion. Possible procedures can be devel-
oped by using, for istance, the rank deficiency proper-
ties of the matriceŝ6`(P

∗) (` ≥ L). In fact, when
Assumption 2.1 is satisfied andN → ∞ the following
properties hold:

i) if ` ≥ L the dimension of the null space of
6̂`(P

∗) and, consequently, the multiplicity of its
least eigenvalue, is equal to(` − L + 1);

ii) for ` > L all linear dependence relations between
the vectors of the matriceŝ6`(P

∗) can be de-
scribed by the same sets of coefficientsc1, c2.

For example, wheǹ = L + 1 it can be easily verified
that

ker [6̂L+1(P
∗)] = im




c2 0
0 c2

−c1 0
0 −c1


 . (16)

When Assumption 2.1 is not satisfied and/or the length
N is finite this condition does no longer hold; in this case
the models and the noise variances can be estimated as
follows [9]. Let us consider two pointsP = (σn1, σn2)

andP̄ = (σ̄n1, σ̄n2) on the curves of orderL andL+1,
respectively, linked by the following relation

σn1

σn2

= σ̄n1

σ̄n2

. (17)



P andP̄ are thus points belonging to the straight line
with slope–rate (17) from the origin. It is possible to
prove [10] that the coordinates of̄P are given by

σ̄n1 = σn1

λM
σ̄n2 = σn2

λM
, (18)

where

λM = max eig
(
6−1

L+1 diag[σn1IL+2, σn2IL+2]
)

.

(19)
It is then possible to search among the solutions
vL(P ) = [cT

2 (P ) −cT
1 (P )]T satisfying condition (15)

the one which minimizes the cost function

J (P, P̄ ) = trace







c2(P ) 0
0 c2(P )

−c1(P ) 0
0 −c1(P )




T

× 6̂L+1(P̄ )




c2(P ) 0
0 c2(P )

−c1(P ) 0
0 −c1(P )





 . (20)

Note that when Assumption 2.1 is satisfied andN → ∞
we haveJ (P ∗) = 0, i.e. the minimum of the cost
function (20) is achieved in correspondence of the point
associated with the actual noise variances.
On the basis of previous considerations, the following
algorithm can thus be devised for the real cases.

Algorithm 3.1

1) Start from a generic pointP on the curve of order
L and compute the modelvL(P ) = [cT

2 (P ) −
cT

1 (P )]T ;

2) Compute the corresponding pointP̄ on the curve
of order orderL + 1 by means of relation (18);

3) Compute the value of the cost function (20).

4) Use a search procedure on the curve of order` to
obtain the point associated with the minimum of
the function (20).

4 Numerical results
In this section the performance of the proposed method
is illustrated by means of simulations. For this purpose
the following two–FIR–channels model, extracted from
[5], has been considered

H1(z) = − 1.1836z5 + 0.4906z4 − 0.3093z3

+ 0.4011z2 + 0.1269z − 1.8522

H2(z) = 1.2965z5 + 0.0525z4 + 0.3410z3

− 0.0260z2 + 0.3991z + 0.8817.

Note thatH1(z)has 4 nonminimum phase zeros. The in-
put sequences(·) is a coloured stochastic process with
unity variance and lenghtN = 500. The output se-
quencesx1(·) andx2(·) have been corrupted by adding
white noisesn1(·) andn2(·) with standard deviations
std(n1) and std(n2) ranging from 10% to 40% of the
standard deviations of the noise–free signals. Note that
the noiseless signals are characterized by different stan-
dard deviations (std(x1) = 2.35 and std(x2) = 1.56) so
that the same percent amount of noise actually corre-
sponds to different amounts of noise on the channels.

In correspondence to every percent amount of addi-
tive noise, one–hundred different simulations and iden-
tifications have been performed. The results are sum-
marized in Figures 2–3, that report the true zeros of the
channels and the estimated ones for noise levels ranging
from 10% to 40%.
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Figure 2: True and estimated zeros ofH1(z)

The performance has then been expressed by means
of the normalized root–mean–square–error (NRMSE)
defined by

NRMSE= 1

‖c‖

√√√√ 1

R

R∑
i=1

‖ĉi − c‖2 (21)

whereR is the number of runs and̂ci is thei–th estimate
of the coefficientsc = [

cT
1 cT

2

]
. Figure 4 shows the

NRMSE versus the signal–to–noise ratio (SNR)

SNR= 20 log
std(xi)

std(ni)
(dB) i = 1, 2 . (22)

The obtained results show good estimates of the the
FIRs coefficients even with low signal–to–noise ratios.
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Figure 3: True and estimated zeros ofH2(z)
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Figure 4: NRMSE versus SNR for 100 runs

5 Conclusion
In this work the blind identification of multiple–FIR–
channels from noisy output measurements has been
approached by extending an identification procedure
developed by the authors in the context of error–in–
variables identification.

This method allows to deal with output measure-
ments affected by different amounts of noise on the
channels. This unique feature of the proposed method is
not shared by any of the presently available procedures.

The approach has been tested on a simulated system
taken from the literature and has shown a superior per-
formance also in presence of data characterized by poor
signal–to–noise ratios.

References

[1] L. Tong , G. Xu and T. Kailath, Blind identification
and equalization based on second-order statistics:
a time domain approach,IEEE Transactions on
Information Theory, Vol. 40, No. 2, 1994, pp. 340–
349.

[2] E. Moulines, P. Duhamel, J.F. Cardoso and S.
Mayrargue, Subspace methods for the blind iden-
tification of multichannel FIR filters,IEEE Trans-
actions on Signal Processing, Vol. 43, No. 2, 1995,
pp. 516–525.

[3] N. Kalouptsidis,Signal processing systems: the-
ory and designJohn Wiley & Sons, 1997.

[4] G. Xu, H. Liu, L. Tong and T. Kailath, A least–
squares approach to blind channel identification,
IEEE Transactions on signal processing, Vol. 43,
No. 12, 1995, pp. 2982–2993.

[5] K. Abed-Meraim, E. Moulines and P. Loubaton,
Prediction error method for second-order blind
identification, IEEE Transactions on signal pro-
cessing, Vol. 45, No. 3, 1997, pp. 694–705.
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