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Abstract. Several formulations and methods used in solving an NP-hard discrete
optimization problem, maximum clique, have been considered in a dynamical sys-
tem perspective proposing continuous methods to the problem. A compact form
for saturated linear dynamical network recently developed for obtaining approxi-
mations to maximum clique has been given so its relation to the classical gradient
projection method of constrained optimization becomes more visible. Using this
form, a discussion on gradient-like dynamical systems as continuous methods in
finding maximum clique has been carried. To show the one-to-one correspondence
between the stable equilibria of the saturated linear dynamical network and the
minima of objective function related with the optimization problem, La Salle’s in-
variance principle has been extended to the systems with discontinuous righthand
side. In order to show the efficiency of the continuous methods experimental results
have been given comparing saturated linear dynamical network, continuous Hop-
field network, cellular neural networks and relaxation labelling networks. It has
been concluded that the quadratic programming formulation of maximum clique
problem provides a framework suitable to be incorporated with continuous relax-
ation of binary optimization variables and hence allowing to use the gradient-like
continuous systems which have been observed to be quite efficient for minimizing
quadratic costs.

1 Introduction

Maximum clique problem is to find a maximum complete subgraph of a graph. This
graph theoretical problem is computationally equivalent to some other graph theoret-
ical problems such as maximum independent set problem and minimum vertex cover
problem. Maximum clique problem and its equivalents are NP-hard optimization prob-
lems however, it is indispensable to find solution to them since these problems have
theoretical and practical importance and are encountered in a diverse domain. The
simplest idea to find the largest clique is to test all subsets of the vertices of graph to
see if they induce a complete graph. In the worst case, this idea in solving the problem
will give rise to a computing time exponentially growing with graph size. So in order to
cope with its NP-hardness, different formulations and different algorithms have been
used to solve the maximum clique problem and its equivalents. A complete review of
the formulations and algorithms developed can be found in [1,2,3,4]. In [5], the problem
is formulated as an unconstrained quadratic 0-1 program. Again in [5], it is also given
in linear programming formulation with unit simplex feasible region. In the papers that



aim to solve maximum clique and equivalents in the neural network domain [2,3,7,8,9],
energy descent optimizing dynamics is used. Yet another work is [4] which benefits the
saturated unstable linear dynamics. It is shown in [4] that, for almost all initial con-
ditions, any solution of this saturated linear gradient dynamical network defined on a
closed hypercube reaches one of the vertices of the hypercube and any reached vertex
corresponds to a maximal clique.

In the last years, there is an interest on approaches based on continuous optimiza-
tion. One of the main purposes of this paper is to show with a particular emphasize on
maximum clique problem that gradient and gradient-like systems present efficient con-
tinuous solution methods for quadratic discrete optimization problems, and dynamical
system theory provides a usefull framework for analyzing such continuous methods and
many others. Gradient dynamical systems can be described in a state equation form
whose vector field is produced by the gradient of a scalar function, called energy. Energy
descent completely stable dynamics makes them suitable for minimizing a cost function
such that the stable equilibria to which trajectories converge correspond to local min-
ima of the cost function. So called gradient-like systems covering quasi-gradient systems
in [10] and many dynamical neural networks as special cases which are, in fact, not gra-
dient systems but they also have the same kind of dynamics and hence can be used for
minimizing cost functions with continuous optimization variables. It should be noted
that continuous Hopfield network [11], Grossberg neural network [12], cellular neural
network [13] are of gradient-like systems and are used for solving several optimization
problems. Some variants of these networks such as Continuous Hopfield Network (CHN)
in [3], Grossberg type neural networks in [7], Relaxation Labeling Network (RLN) in
[2], Cellular Neural Network (CNN) in [9] and Saturated Linear Dynamical Network
(SLDN) [4] are used for finding approximate solutions to the maximum clique problem
[3-9]. This paper analyzes the dynamics of gradient-like systems which, in the case of
SLDN, gives rise to dynamical systems with discontinuous right-hand side. The analysis
shows that: i) SLDN, which is recently proposed [4] to obtain approximate solutions to
the maximum clique problem and found to be succesful, is, indeed, a continuous ver-
sion of the classical gradient-projection algorithm of optimization theory. ii) La Salle’s
invariance principle can be extended to the systems with discontinuous right-hand side,
as a special case it is extended here for SLDN.

In Section 2, maximum clique problem will be defined, different formulations and
algorithms in solving maximum clique problem will be described briefly. In Section 3,
where the main contribution is given, dynamics of gradient systems will be revisited
first. Then, the dynamics of saturated linear dynamical network will be set up in a
compact form and gradient-like systems will be discussed in the view of optimization.
In this section, the stability analysis of gradient-like systems in the La Salle’s sense will
be given by extending La Salle’s [14] result on invariance principle to dynamical system
with discontinuous right-hand sides; hence it will be shown that there exists a one to
one corespondence between the stable equilibria of SLDN and the minima of objective
function. In Section 4, numerical results obtained using random graphs will be given
for SLDN, CHN, CNN and RLN.



2 Comparison of Maximum Clique Problem
Formulations

Maximum clique problem which can be related to a number of different graph problems,
is computationally intractable. Even to approximate it with certain bounds gives rise
to NP-hard problem. There is a large class of important problems that can be reduced
to maximum clique in principle. One example is the problem of finding the largest
number of simultaneously satisfiable clauses [15]. Another class of problems that can
be efficiently formulated as a maximum clique problem is the satisfiability of Boolean
formulas [16]. Applications of maximum clique problem cover a large spectrum: pat-
tern recognition, computer vision, information processing, cluster analysis information
retrival. First, definitions related to maximum clique problem will be given. Also ad-
jacency matrix and characteristic vector will be introduced and some results will be
stated by a number of facts. Then, different formulations of the cost function for the
problem will be given and the algorithms used for solving them will be compared.

In the following definitions, the graph is assumed to have no loop, no more than
one edge associated to a vertex pair and have at least one edge.

Definition “Cliqgue”: Let G = (V, E) be an undirected graph, where V is the set of
vertices and F C V x V is the set of edges. A subset S C V of vertices is called
a clique if for every pair of vertices in S there is an edge in FE, i.e., the subgraph
introduced by S is complete. O

Definition “Mazimal Clique” : A maximal clique S is a clique of which proper exten-
sions are not cliques, i.e., for any S’ if S C S’ and S # S’ then S’ is not a clique.
O

Definition “Maximum Clique” : A maximum clique of G is a clique for which the
cardinality is maximum. O

Maximum clique problem is to find the maximum cliques for a given graph.

For the formulations that will be introduced in the sequel the notion of adjacency
matrix and characteristic vector is needed.

Definition “Adjacency Matriz” : Let G = (V, E) be an undirected graph. Let n = |V|
the number of vertices and let v; € V, i = 1,2, .., n denote the vertices A € {0, 1}"*"
is the adjacency matrix of G, i.e., fori,j =1,2,..,n,a;; = a;; = 1 iff (v;,v;) € E. O

While A denotes the adjacency matrix of G, A denotes the adjacency matrix of the
complement graph G. Since G is an undirected graph and has no loops it follows that
A is a symmetric matrix with a;; =0 for ¢ = 1,2,...,n.

Definition “Characteristic Vector” : Let S C V be a subset of vertices, x* € {0,1}"
is the characteristic vector of S iff: i) zf =1 iff v; € S ii) 2} = 0 iff v; ¢ S for
i=1,2,.,n.0

Two results following these definitions will be given without proof by Facts 1 and 2:



Fact 1: A € {0,1}"®" is an indefinite matrix. O

Fact 2: S is a maximal clique iff its characteristic vector x° satisfies the quadratic
equation (x*)TA(x%) =0. O

Fact 2 does not characterize maximal clique S completely, but it shows that adjacency
matrix A is closely related to the characterization of clique.

The complete characterizations of the maximal cliques will be given by means of
the following formulations. From the large number of max-clique problem formulations
and algorithms only fundamental ones will be renewed. First linear programming for-
mulation, then quadratic 0-1 programming formulation will be stated. Then different
algorithms used and approaches dealing with the problem will be given for quadratc
formulation.

2.1 Linear Programming Formulation

The maximum clique problem can be formulated as the simplest type of constrained
optimization problems, i.e. linear programming, as follows:

minimize fi(x) = —elx, subjectto z; + z; <1, V(vy,vj) €E x€e{0,1}"

A solution x* to this program defines a maximum clique S for G as follows: if z; =1
then v; € S and if 27 = 0 then v; ¢ S and the cardinality of S, |S| = —f1(x*). This
formulation can be carried to quadratic formulation which will be renewed in detail in
the sequel by stating the constraints in the following way. Since for z;,z; € {0,1} and
V(vi,v;) € E, z; +x; < 1, holds iff z; - x;= 0, the constraints in linear programming can
be removed by adding quadratic terms to the objective function twice. It is well known
that the linear programming formulation of maximum clique problem is not suitable
for continuous methods since the continuous relaxation of the integer variables may
lead to noninteger solutions.

2.2 Quadratic 0-1 Programming

As mentioned in the previous part on linear programming formulation, constrained lin-
ear optimization problem can be restated as unconstrained quadratic programming. In
[5] unconstrained quadratic 0-1 programming formulation is given not only for maxi-
mum clique problem but also for maximum independent set and minimum cover prob-
lems. Here only the formulation for maximum clique will be renewed.

Proposition 1: The maximum clique problem for the graph G is equivalent to solving
the following quadratic 0-1 program. minimize fa(x) = x![A — I]x, such that
x €{0,1}". O

The following theorem gives the correspondence between discrete local minima and
maximal subgraphs.



Theorem 1: Any x € {0,1}" that corresponds to a maximal subgraph of G is a
discrete local minimum of f5(x) in formulation given in proposition 1. Conversely,

any discrete local minimum of the function f(x) corresponds to a maximal subgraph
of G. O

A branch and bound algorithm which is based on this model is used in [5]. Branch
and bound algorithms are set to find a global optimum by searching entire branch and
bound tree. This search is done by decomposing the given problem into subproblems.

Another quadratic 0-1 programming formulation [4], on which the SLDN is based,
for the maximum clique problem is given as follows.

min f3(x) :=x  Ax —elx , x € {0,1}" | (1)

Fact 3 : Any x* € {0,1}" is a (discrete) global minimum of f3(x) given by (1) iff the
set S such that x° = x* is a maximum clique for G. O

2.3 Motzkin-Straus Formulation

In [2,6], maximum clique problem is formulated as an indefinite quadratic optimization
problem but this time it is continuous and linearly constrained. In both of the papers
[2] and [6] to be mentioned, the methods are based on Motzkin-Straus theorem [13].
The formulation used in those papers is restated here:
1 T n T
maxf4(x):§x Ax xer={xeR"|e'x=1, z; >0}
It has to be noted f4(x) is indefinite and feasible region is the unit simplex. The following
theorem which relates the maximum clique problem to the above stated formulation is
reproduced from Motzkin-Straus theorem [2,6].
1

12«
This maximum can be attained by setting z; = % ifvpe Sand z; =0ifv; ¢ S. O

Theorem 2: If &« = max f4(x) over s then G has a maximum clique S of size k =

This theorem gives an approach to find the size of the maximum clique not the clique
itself. Theorem given below is from [6] and it presents a relationship between the set of
distinct global maxima of f4(x) over x and the set of distinct maximum cliques of the
graph G.

Theorem 3: Every distinct maximum clique of a graph G corresponds to a distinct
global (hence local) maximum of the function f4(x) over x . The converse is false.
O

In [6] to determine the vertices in the maximum clique an algorithm is presented, but it
is reported in [2,6] that the computational cost is excessive. Yet another approach based
on the same formulation using Theorem 3 and a local version of it is given in [2]. In this
case, the formulation stated above is executed by relaxation labeling network (RLN).
Like other clique finding neural network models [3,8,9], number of the computational



units used are as much as the number of vertices in the graph. Since this approach is
suitable for parallel hardware implementation, the computational cost problem in [6]
is reduced. Here, the algorithm is based on the dynamics of the RLN which performs
a gradient ascent search. If the solution obtained by RLN has the particular form of
x; = + for some i and z; = 0 for the others, then this solution corresponds to a maximal
clique. In this sense, the approach does not give rise to invalid solutions, but spurious
solutions which are in the above particular form may arise. A benefit of the approach
in [2] over the one in [6], there is no need to calculate some parameters heuristically
during the execution.

2.4 Hopfield Network

Among the neural network based approach used in maximum clique problem [2,3,7-9],
the one using Hopfield Network [3] will be renewed here. The continuous dynamics and
the energy function of the continuous Hopfield network are given below.

x=-—x+g\(y)

v =1+ Zwijxj , XE [0, l]n
J

1
E = —Exwa —I'x+e'g

g= [ otws [Cot@is e [ g o]

0

Where, x stands for the time-derivative of the state-vector x. I = [1,1,...,1]7 is the bias
vector. W is the weight matrix defined as: wy; = 0, w; ; € {p, 1} for all i # j with p <O0.
wj; = wj,; = 1 iff there is an edge between the nodes 7 and j. Note that the weight ma-
trix is not the adjacency matrix but closely related to it. gx(-) = [ga(), ga(*)s -, gx ()]F
is a separable function each element g)(-) of which is the sigmoidal function defined
as: gx(z) = ﬁ with the gain factor A. In this mentioned work [3], rather than
considering the quadratic objective function and equating the energy function to this
objective, the well-known Greedy algorithm is mapped into the dynamics of CHN to
find maximum clique. In the suggested implementation of the CHN, forward Euler
method is used for the discretization, the number of iterations is chosen as the same
with the graph vertex number n, and furthermore p = —4 -n, I = ‘%. It is stated in
[3] that the stable equilibrium points of the considered CHN are maximal cliques of a
graph G defining the weight matrix.

3 Gradient-like Systems
A dynamical system of the form
x = —Ve(x) (2)

is called gradient system and Ve(x) is the gradient vector of a scalar n-dimensional
function ¢(-). The following well-known property of gradient systems [19] make them



versatile in optimization problems.

Theorem 4: ¢(x) <0 for all x € R", é(x) = 0 iff x is an equilibrium of (2). O

As the theorem (4) motivates, if the objective function of the optimization problem con-
sidered can be formulated as ¢(-) in (2) which is also called “energy” due to the physical
interpretation of (2) in many problems of mechanics etc., then the equilibrium points
of the gradient system will coincide with the local minima of the objective function. As
follows from the above discussion, the applicability of gradient systems in optimization
problems is due to the one to one correspondence of the stable equilibria of the gradient
system and the minima of the objective function. This approach to the optimization
can be extended to the (non-gradient but) completely stable dynamical systems since
every trajectory of a completely stable dynamical system ends in one of the equilibrium
points as in all gradient systems. If it is possible to formulate the objective function
such that its minima coincides with the stable equilibrium points of a completely sta-
ble dynamical system, the dynamical system will solve the optimization problem since
the minimum points will be its steady-state solutions. This is done to some extent in
[10] by generalizing gradient systems and forming so called quasi-gradient systems, and
furthermore, as done here, by considering all gradient-like systems in the same context.
It is shown in [10], continuous versions of the methods as steepest descent, Newton,
Branin can be implemented as quasi-gradient systems of the following form by choosing
a suitable positive definite R(x) matrix: x = —R(x) © - Ve(x). In the sequel, it will
be shown that SLDN [4], which is succesfully used for solving the discrete optimization
problem of maximum clique, constitutes an interesting class of gradient-like systems
which are not gradient and also not quasi-gradient. To do that, first a compact form is
presented for SLDN originally proposed in [4] to minimize a quadratic cost so its mini-
mums are seeked after continuous relaxation of variables on unit hypercube. From this
compact form, it will be evident that SLDN has a state equation form with discontin-
uous right-hand side, but still the solutions do exist and are uniquely defined as shown
in [4,21]. An alternative ( in a sense more rigorous ) way to the derivation of complete
stability of SLDN in [4] will be given here using La Salle’s invariance principle [14].
Since La Salle’s invariance principle is derived for dynamical systems with continuous
right-hand sides, an extension to the systems with discontinuous right-hand sides will
be given.

In view of the gradient-like systems as solution methods for optimization problems,
as will be evident by the given compact form, the most important fact about SLDN
is that SLDN is indeed a continuous version of the well-known gradient projection
method of the constrained optimization. This means that SLDN and its variants [18]
can be used not only for the maximum clique problem but also for other constrained
optimization problems such as indefinite quadratic integer optimization problems and
indefinite quadratic optimization defined over a polytope constraint set, etc.

SLDN is based on the 0-1 quadratic formulation in (1). The cost function E(x) =
f3(x) = x Ax—e"x is taken as “energy” hence the gradient-descent dynamics of SLDN
is obtained as x = —%VE(X) = %e — Ax. Also, to handle 0-1 integer constraint within
this continuous dynamics, x € {0,1}" integer constraint is relaxed to yield x € [0, 1]™.



Then, the solutions of SLDN are restricted in the closed unit hypercube [4]. Following
this discussion the dynamics of SLDN is derived in [4] as follows:

0 if zi=1and - (Ax); >0
T = 0 if zi=0and ;- (Ax); <0 (3)
% — (Ax); if otherwise

The above dynamics shows that, as long as the solutions are inside the hypercube,
the trajectories follow the pure gradient descent direction, and that, as the solutions
hit a surface of the hypercube, now the trajectories slide on the surface following the
projected gradient descent direction. This fact explains that SLDN behaves like the
classical gradient projection algorithm of optimization [17]. So, the compact form in-
troduced here is derived incorporating the following projection matrix Py, [20].

P;, =[I-B] (B;,B]) 'By,]

Where, I,(x) is the index set of active constraints which is the union of Iy and I, i.e.,
I, := Iy U I;. The disjoint sets Iy, I; indexing the active linear inequality constraints
are defined as follows:

1 _
Iy(x):={i e N|z; =0 and 5—(Ax),~ < 0}

1
Li(x):={ieN|xz;=1 and 5—(Ax)i>0}

By, is an || x n dimensional matrix whose j(i)'th row, (By,);(; is defined as:

(B1.) s = bT(@) if iel
L)@ = —pT'(3) if i€l
Here, j(i) € {1,2,...,|I,|} is an index used for renumbering the active constraints

indexed by ¢. The j’th row of B;, depends on index ¢, so the number of rows of By, is
as much as the number of active constraints. b(i) € R"™ is defined as:

(b(i))i = {(1) o

Now, the formed projection matrix P;, can be given as follows:
0 LF ]
[P[a (X)]z’j =<1 1=7 € 1,
0 1=45€l,
It should be noted that, for any active set as I,, this Py, is idempotent, i.e, Py, =

P; P, , nonexpansive and furthermore ||Py || < ||z||. Now the dynamics related to
SLDN given in (3) can be written as follows:

% = ~Py,(x)VE(x) (4)



Eventhough the right-hand side of Equation (4) is discontinuous in x, it is known
[4,21] that, for any initial condition x(0) € [0,1]", there exists a unique solution which
is continuous, nondifferentiable but right differentiable with respect to time, and also is
kept in the hypercube [0, 1]"”. The analysis, which will be given in the sequel, relies on
the right differentiability of the solutions. In [21], a model having the same dynamics
with (4) is considered, and it is described to have right differentiable solutions. To avoid
repetitions, the characteristics of the solutions of (4) will not be taken into the recon-
sideration. But, the concern of [21] is on the derivation of global asymptotical stability
results which are useless for System (4) possessing multiple equilibria completely stable
dynamics.

This dynamical system is not in the form of gradient system. Also, it is not a
quasi-gradient system since Py (x) is not a positive definite matrix. But still, a dis-
cussion similar to the one given above dealing with applicability of gradient systems
in optimization problems can hold if it can be shown that “energy” function E(x) is
nonincreasing along the trajectories of (4) and equilibria concide with the local minima.

For this purpose, La Salle’s invariance principle which is originally given for systems
having continuous right-hand side will be extended here to the systems with discontin-
uous right-hand side. Consider first Theorem 5 stating La Salle’s invariance principle
for autonomous systems as x = h(x) with continuously differentiable right-hand side
[23].

Theorem 5: If there exists a continuously differentiable Lyapunov function V'(-)
R" — R! such that i) the set 2, = {x € R"|V(x) < r} is bounded for some r > 0,
ii) V() is bounded below over such a set {2, and iii) V < 0 Vx € {2,, then any
solution x (¢, xg, 0), starting from xy = x(0) € (2, tends to the largest invariant set
contained in S := {x € 2,[V(x) =0} C ©2,. O

The largest invariant set mentioned in Theorem 5 consists of equilibrium points if the
conditions of Theorem 6 [22] are satisfied.

Theorem 6: The autonomous system x = h(x) is completely stable, namely the in-
variant set which the trajectories tend to is made up of the equilibrium points if
i) the solutions of the system are bounded, ii) there exists a continuously differen-
tiable Lyapunov function V() such that V' < 0 Vx € R™ except for the equilibrium
points where it vanishes. O

The system given in (4) has only bounded solutions, thus the first condition of
Theorem 6 is satisfied. However, Theorem 6 can not be used to show the complete
stability of (4) due to the discontinuous right-hand side of (4).

The key point in the proofs of Theorems 5-6 is the exploitation of the condition
V(x) = [VV(x)]Th(x) < 0. This condition together with the other technical assump-
tions implies that the function V' (x) is decreasing along trajectories until reaches an
equilibrium point where it takes a constant value. For the system in (4), x is not a
differantiable function of time ¢, special care has to be paid in using the time derivative
of V(-) and the chain rule V(x) = [VV(x)]"%. In the sequel, right derivative and the



corresponding chain rule will be used to handle this problem. To handle another patho-
logical case, La Salle’s paper [14] used lower right derivative since there, the solutions
were not unique for the considered continuous right-hand sided differential equation.
For the state equation (4), it is known [4,21] that the solutions are unique, so to use
lower right derivative is too restrictive. Instead, since the right limit of the right-hand
side of (4) exist for all ¢, the right derivative ! will be used. So in Lemma 1, chain rule
will be derived in the sense of right differentiability.

Lemma 1 : Consider the functions ¢(:) : Dy C [0,00) = Dy, C R" and g(-) : Dy C
R"™ — R. Let t € Int(D,). Assume that g(-) is continuously differantiable at (%),
and 1(-) is right differantiable at ¢. Then, g o 1) is right differentiable at ¢ and

AT = (Vg ()] G

Proof :
t € Int(D,y) implies 4 (t) € int(Dy). Because, (-) is right continuous due to the
right differentiability. Hence, by the definition of right derivative,
dgo)(t) _ . glblt+ A) ~ g(b(@)

dt+ = Aho A

As g(-) is differantiable at 1 (t), by mean value theorem,
g((t + A)) = g(9(1) = V(O [9(t + A) —(#)]
for some ¢ € [t,t + A]. Then,

Jlim, gt + AZ —9(4(@) _ Ali_)r{)l+[Vg(A(§))]T[ A

Since g(1(+)) is differentiable, it can be written:

lim Vg(4(£)) = Vg(¥(£)) -

A—0+

By the assumption of right differentiability of (),

L B A) () _ ()

A0+ A dtt

The limits of two sequences exist and the limit of the product sequence also exists,
then this limit is equal to the product of the individual limits. This fact implies
that g o ¢ is right differantiable:

0200 o g

So, Lemma 1 provides the needed chain rule as used in Lemma 2.

! The right derivative of a function x(-) : R — R™ is defined as ddxt—(i) = lim 5 _,q

A — 0" means that A approaches zero through positive values only.

J =HARO) o



Lemma 2 : Consider the system (4) and the corresponding “energy” function E(x) =

x!'Ax — e’'x. Then, % <0 Vx € [0,1]" and moreover it is equal to zero iff
x is an equilibrium point.

Proof :
The quadratic energy function E(x) is continuously differentiable with respect to x
and the solutions x(t) of (4) are unique and right differentiable. So, due to Lemma 1,
B — [VE(x)|" 1) — _[VE(x)]" Py, (x)VE(x). Since Py, (x) is idempotent,
% = —||V[E(x)]T P, (x)||? in terms of the Euclidean norm. Now, %
is equal to zero iff the vector Pr, (x)VE(x) is equal to zero. This specifies the
equilibrium points of system (4). O

Lemmas 1 and 2 provides an extension of Theorem 6 to the considered discontinuous
right-hand sided differential equation (4).

Theorem 7 : (Invariance Principle) Consider the autonomous system (4) where the
scalar function E(x) = x’ Ax — e’'x. Then, every trajectory that starts in [0, 1]”
ends one of the equilibrium points.

Proof : For xy := x(0) € [0,1]", let x(t,xp,0) be the solution starting from xq .
Due to the definition of the gradient projection operator, any such solution of (4)
is bounded and is kept in the closed hypercube [0, 1]". Since the function F(x) is a
continuous function, then it is bounded below over [0, 1]™. It is known from Lemma
2 that % < 0Vx € [0,1]". By the definition of the right derivative, % <0

Vx € [0,1]" implies E(x(,x0,0)) is nonincreasing for all x € [0, 1]”. This property

together with the fact that E(x) is bounded below over [0,1]" yields: E(x(t,x0,0))

converges to a limit £*, i.e.

tl_l)rg) E(x(t,%0,0)) = E* .
Due to the continuity of E(x), when E(x(t,x0,0)) goes to E*, x(¢,x0,0) goes to
some constant vector x*. x* is, indeed, in the positive limit set L of the trajectory
x(t,%0,0). Since all sequences {E(x(t,,%0,0))},~, has the same limit E*, then
E(x) = E* for all x € L. As known [23], the positive limit set L, is an invariant
set, i.e. x(t,%,0) € Ly for all x € L. Hence, E(x) becomes constant along any
trajectory starting at a point in L:

dE(x(t,x,0))

Now, by Lemma 2, the positive limit set L of the trajectory x(, x¢,0) must consist
of equilibrium points which are necessarily unique. O

Theorem 7 shows that the system (4) has completely stable dynamics, meaning
any trajectory of it converges to an equilibrium point. These equilibrium points are,
indeed, local minima, maxima and saddle points of the quadratic energy function E(x
over the constraint set [0, 1]™ [4]. So, any stable equilibrium point, which all trajectories
starting at points in some neighborhood constrained to [0, 1]" converge to, corresponds
to a continuous local minimum point of E(x. It is proved in [4] that these continuous



minima coincide with the discrete minima of £/ (x under the hypercube constraint [0, 1]".
Therefore, calculating the steady-state solutions of the differential equation system (4)
with E(x) = x” Ax — e'x is equivalent to finding maximal cliques of a graph given
with the adjacency matrix A.

4 Experimental Results

Performance of different clique finding methods were compared in Table 1 for random
graphs of different vertex size and densities for SLDN, CHN, CNN, RLN. Average
maximum cliques where the averages is taken over the test graphs generated with
the same characteristics, i.e., the vertex size and densities, is considered as a primary
performance measure. Another performance measure is also considered, in which the
averages are computed for the same test set but taking into account only the best results
obtained on each graph in 5 and 10 independent runs with random initial conditions.
This measure shows the ability of the methods to find different search directions when it
is started from different initial point. The results are summarized in Table 2. Since the
RLN starts always with the same initial states results for this method are not included.

Table 1. Average Cliques Sizes found for 100- and 500-graphs with density of 0.25, 0.50 and
0.75.

Overall Average
|V||Density|[SLDN] CHN | CNN [RLN
0.25 483 | 4.48 |4.176|5.16
100 0.5 8.07 | 7.38 | 7.096 | 8.48
0.75 || 15.05 | 13.87 |13.562|16.31
0.25 5.8 |5.617|5.155|6.02
500[ 0.5 1/10.387|9.605 |9.186|10.28
0.75 {|21.022|19.443|19.318| -

Table 2. Averages over Bests among 5 runs and Bests among 10 runs for a 100- and 500- graphs
with density of 0.25, 0.50 and 0.75.

Av. over Bests among 5 Runs|Av. over Bests among 10 Runs
|V||Density[SLDN[CHN| _ CNN____|SLDN[CHN| __ CNN
0.25 5.21 | 4.58 4.84 5.30 | 4.62 5.14
100| 0.50 || 8.47 | 7.59 8.07 8.60 | 7.66 8.32
0.75 | 15.63|14.24 14.69 15.76 | 14.40 15.18
0.25 || 6.476|6.169 6.285 6.80 | 6.38 6.551
500/ 0.50 || 11.34|10.26 10.74 11.83]10.41 11.18
0.75 |22.437|20.593 21.67 23.00)20.875 22.20




5 Conclusion

Maximum clique problem which is an NP-hard discrete optimization problem is re-
viewed here. Some basic formulations and methods used in solving this problem are
summarized, especially with emphasize on continuous methods. The main contribution
of this work is given in Section 3. In this section, gradient and quasi-gradient systems
are discussed, and it is shown that, even a system which has discontinuous right-hand
side and hence can not be classified as both of these, still a discussion similar to the
above mentioned systems’ optimizing dynamics can be given. This discussion is carried
on for a recently proposed dynamic optimizer, namely the saturated linear dynamical
network, and to show gradient-like (more precisely, completely stable) dynamics of such
systems La Salle’s invariance principle is extended to the systems with discontinuous
right-hand side. Experimental results for continuous methods, namely SLDN, CHN,
CNN and RLN are given. It is concluded that gradient-like dynamical systems as con-
tinuous solution methods can be applied to the quadratic formulation of the maximum
clique problem with offering good approximations.
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