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Abstract: We study the chaotic dynamics of a second-order nonlinear and non-autonomous electric
circuit. The circuit has only one nonlinear element, a nonlinear resistor with a piecewise-linear v-i
characterigtic of N-type. We also study chaos synchronization of two identical circuits by one-way

coupling.
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1. Introduction

The study of nonlinear electric circuits is a
convenient yet powerful experimental and
analytical tool in studying chaotic behavior in
nonlinear dynamics. The study of a series of simple
nonlinear and non-autonomous  second-order
electric circuits revealed al the routes to chaos [1-
9.

Recently, J. G. Lacy [10] presented a simple
nonautonomous  second-order  electric  circuit
(Fig.1), with a nonlinear resistor, whose v-i
characteristic is piecewise linear of N-type
(Fig.2).J. G. Lacy studied the chaotic behavior of
the circuit for asingle value of the frequency f
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Fig.1 The electrical circuit under consideration.

(f = 5.0kHz) of the sinusoida voltage source,

using its amplitude Vs as the bifurcation parameter.

In the present paper, we have studied, by
experiment and computer simulation, the dynamics
of Lacy’s circuit over a wide range of frequencies,

using a nonlinear resistor, whose picewise linear v-i
characterigtic has different break points, +Bp. We
have aso studied the chaos synchronization of two
identical circuits by one-way coupling.
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Fig.2 i-v characteristic of the nonlinear resistor Ng
of our circuit

2. Experimental Apparatusand
Differential Equations
The parameter values of the circuit of Fig.1 are
L =32.9mH, R = 700U, C = 62.9nF, By = 1.787V,
Ga = -2.2mS, Gy = 1.0mS, while Vg and fg are the
control parameters. The realization of the nonlinear

resistor is shown in Fig.3, where R, = R; = 1.0kU
and R, = 2.2kU. The two back-to-back zener diodes

(Ez = 6V) set the break points +Bp,
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Fig.3 Laboratory realization of the nonlinear
resistor

The differential equations of the circuit of Fig.1
are the following

f (H2)

1000

C(dvd/dt) =i - g(vc) 1)
L(di /dt) = - Ri, - Ve + Vsin(25ft) ©
where

9(VO)= Geve + 0.5(Ga— Go){ Ve +Bykve —Bol}  (3)

is the equation of the v-i characteristic of Fig.2.
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Fig.4 Parametric diagram, f vs. Vg, for our system

3. The Dynamics of the System vs. Vs of Fig.4. In this diagram, in the upper part,
We have studied the dynamics of the system for we can clearly observe the period-doubling route to
different fixed values of the frequency f, as the chaos. In Figs.5 and 6, the bifurcation diagramsVc

vs. Vg are shown, for f = 4.5kHz and 5.0kHz
respectively.

voltage Vs was increased. The superposition of the
bifurcation diagrams give the parametric diagram, f
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Fig.5 Bifurcation diagram, V¢ vs. Vs, for f = 4.5kHz .
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Fig.6 Bifurcation diagram, V¢ vs. Vs, for fs = 5.0kHz

Cascades of period-doubling bifur-cations have
long been recognized to be one of the common
routes to chaos, as exemplified by the one-
dimensiona logistic map Xn.1 = éXn(1-X,). As the
parameter € in the logistic map is increased, it is
known that periodic orbits are only created but
never destroyed [11]. Unlike the monotone
bifurcation behavior of the logistic map, Dawson et
a. [12] showed, that in many common nonlinear
dynamical systems periodic orbits must be both
created and destroyed infinitely often, as a
parameter is varied. They named this concurrent
creation and annihilation of periodic orbits
antimonotonicity.

Reversals of period-doubling cascades have
been observed in various nonlinear physical
systems both numerically and experimentally. In
one of the first studies of this phenomenon [13], the
occurrence of such reverse sequences was
connected to the dynamics of a cubic 1-D map. As

examples of numerical simulations, we cite the van
der Pol equation [14], Duffing's oscillator [15],
bad-cavity laser equation [16], the 1-D Chua map
[17], and a RC-ladder chaos generator [18].
Experimental manifestations of antimonotonicity
have been observed on the Belousov-Zhabotinsky
chemical reaction [19], the driven R, L, p-n
junction nonlinear circuit [20-22], a driven third-
order nonlinear electica circuit [23], and an
autonomous third-order nonlinear electrical circuit
with a nonlinear resistor, with an asymmetric v-i
characterigtic [24]. In our circuit, for 4600 Hz < fs
< 5050 Hz, we can observe period doubling
reversals, while for the rest of the frequency values
the system ends to a period-1 limit cycle by
boundary crisis[25].

4. Synchronization of Chaos
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It has been shown, that it is possible to
construct a set of chaotic systems, so that their
common signals will have identicdl or
synchronized behavior [26-28]. Generdly, there are
two methods of chaos synchronization available in
the literature. According to the first method due to
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Pecora and Carroll [26], a stable subsystem of a
chaotic system could be synchronized with the
Separate initial chaotic system under certain
suitable conditions. The second method to achieve
chaos synchronization among two identical
nonlinear systems is due to the effect of one-way
coupling [29-31], without requiring to construct
any stable subsystem.

By one-way coupling we mean, that the
behavior of one (response) system is depended on
the behavior of another identical (drive) system, but
the second one is not influenced by the behavior of
the first. In addition, the response system can have
a different set of initial conditions, other than that
of the drive system. As time progresses, the two
identical chaotic systems can achieve a perfect
synchronization among their state variables and
maintain it, depending upon the one-way coupling
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strength.

The schematic circuit realization of the two
identical circuits with one-way coupling is shown
in Fig.7. The two circuits are coupled by a linear
resistor Rc and a buffer. The buffer acts as a signal
driving element, which isolates the drive system

variables, being affected by the response system
variables, thereby providing one-way coupling.
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Fig.7 The schematic circuit realization of the two identical circuits of Fig.1 with one-way
coupling.
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Fig.8. The bifurcation diagram (Ve — vey) vs. a for
f=5.0kHz and Vs = 2.28V.
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Fig.9. The bifurcation diagram (Ve — vey) Vvs. a for
f=5.0kHz and Vs = 4.70V.
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Fig.10. The bifurcation diagram (vVc, —Vey) VS. @
for f=4.5kHz and V5= 1.95V.

Fig.11. The bifurcation diagram (vVc, —Vcy) VS. @
for f=4.5kHz and V5= 3.50V.

Fig.12. The bifurcation diagram (vVc, —Vey) VS. @
for f= 4.5kHz and V5= 4.40V.

We have studied the chaos synchronization of
the coupled circuits for different chaotic regimes,
using a= R¢/R asthe control parameter. In Figs. 8-
12, we have plotted the bifurcation diagrams (v'c —

Vc) = (Ve2 — V1) vs. a for the different chaotic
regimes of the bifurcation diagrams of Figs.5 & 6
using the same initial conditions. We observe, that
the onset of synchronization is different in each
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diagram, meaning that is depended on the
amplitude and the frequency of the driven signal.
The onset of synchronization is aso depended on
theinitial conditions.
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5. Conclusion

In this paper we have studied the chaotic
dynamics of a second-order non-linear circuit
driven by a snusoidaly voltage source. We
observed forward and reverse period-doubling
bifurcations, i.e. the phenomenon of antimono-
tonicity.

We have a so studied the synchronization of two
identical circuits by one-way coupling in different
chaotic regimes. The onset of synchronization is
depended on the amplitude and frequency of the
driving signal, on the initial conditions, and on the
coupling parameter a.

According to Carroll and Pecora [32], periodi-
cally forced synchronized chaotic circuits are much
more noise-resistant than autonomous synchronized
chaotic circuits, so our circuit could be a good
candidate for secure communications.

References:

[1] P. S. Linsay, “Period Doubling and Chaotic
Behavior in a Driven Anharmonic Oscillator”,
Phys. Rev. Lett., vol. 47, 1981, pp. 1349-1351.

[2] Y. Ueda and N. Akamatsu, “Chaotically
Transitional Phenomena in the Forced Negative-
Resistance Oscillator”, IEEE Trans. Circuits Syst.,
vol. 28, 1981, pp. 217-223.

[3] J. Testa, J. Perez and C. Jeffries, “Evidence for
Universal Chaotic Behavior of a Driven Circuit”,
Phys. Rev. Lett., vol. 48, 1982, pp. 714-717.

[4] Y. Ueda, “Random Phenomena Resulting from
Nonlinearity in the System Described by Duffing's
Equation”, Int. J. Non-Linear Mechanics, val. 20,
1985, pp. 481-491.

[5] M. P. Kennedy, K. R. Krieg and L. O. Chua,
“The Devil’s Staircase: the Electrical Engineer’s
Fractal”, IEEE Trans. Circuits Syst., vol. 36, 1989,
pp. 1133-1139.

[6] M. L. Perani, Ch. Karakotsou, I. M.
Kyprianidis, and A. N. Anagnostopoulos,
“Characterization of the Attractor Governing the
Neon Bulb RC Relaxation Oscillator”, Phys. Rev.
E, vol. 49, 1994, pp. 5863-5866.

[7] K. Murdi, M. Lakshmanan and L. O. Chua,
“The Simplest Dissipative Nonautonomous Chaotic
Circuit”, IEEE

Trans. Circuits Syst.-1, vol. 41, 1994, pp. 462-463.
[8] K. Murdi, M. Lakshmanan, and L. O. Chua,
“Bifurcation and Chaos in the Simplest Dissipative
Nonautonomous Chaotic ~ Circuit”, Int. J.
Bifurcation and Chaos, vol. 4, 1994, pp. 1511-
1524,

[99 L. O. Chua, M. Komuro, and S. Tanaka,
“Simplest Chaotic Nonautonomous Circuit”, Phys.
Rev.A, vol.30, 1984, pp. 1155-1158.

[10] J. G. Lacy, “A Simple Piecewise-Linear Non-
autonomous Circuit with Chaotic Behavior”, Int. J.
Bifurcation and Chaos, vol. 6, 1996, pp. 2097-
2100.

[11] J. Milnor and W. Thurston, in Lecture Notesin
Mathematics, vol. 1342, Dynamical Systems,
Springer, 1988, p.465.

[12] S. P. Dawson, C. Grebogi, J. A. Yorke, I. Kan,
and H. Kogak, “Antimonotonicity: Enevitable
Reversals of Period-Doubling Cascades’, Phys.
Lett. A, vol. 162, 1992, pp. 249-254.

[13] M. Bier and T. C. Bountis, “Remerging
Feigenbaum Trees in Dyna-mical Systems’, Phys.
Lett. A, vol. 104, 1984, pp. 239-244.

[14] U. Parlitz and W. Lauterborn, “Period-
Doubling Cascades and Devil’s Staircases of the
Driven van der Pol Oscillator”, Phys. Rev. A, val.
36, 1987, pp. 1428-1434.

[15] U. Parlitz and W. Lauterborn, “ Superstructure
in the Bifurcation Set of the Duffing Equation”,
Phys. Lett. A, vol. 10, 1985, pp. 351-355.

[16] T. Ogawa, “Quasiperiodic Instability and
Chaos in the Bad-Cavity Laser with Modulated
Inversion: Numerical Analysis of a Toda Oscillator
System”, Phys. Rev. A, vol. 37, 1988, pp. 4286-
4302.

[17] R. Lozi and S. Ushiki, The Theory of
Confinors in Chua's Circuit: Accurate Analysis of
Bifurcations and Attractors’, Int. J. Bifurcation and
Chaos, val. 3, 1993, pp. 333-361.

[18] M. J. Ogorzalek, Chaos and Complexity in
Nonlinear Electronic Circuits, World Scientific,
1997, Chap. 5, pp. 69-80.

[19] K. Coffman, W. D. McCormick, and H. L.
Swinney, “Multiplicity in a Chemical Reaction
with One-Dimensional Dynamics’, Phys. Rev.
Lett., vol. 56, 1986, pp.999-1002.

[20] R. van Buskirk and C. Jeffries, “Observation
of Chaotic Dynamics of Coupled Nonlinear
Oscillators’, Phys. Rev. A, vol. 31, 1985, pp. 3332-
3357.

[21] J. Cascais, R. Dilao, and A. Noronha da Costa,
“Chaos and Reverse Bifurcation in a RCL Circuit”,
Phys. Lett. A, vol. 93, 1983, pp. 213-216.

[22] T. Klinker, W. Meyer-lIse, and W. Lauterborn,
“Period Doubling and Chagtic Behavior in a Driven
Toda Oscillator”, Phys. Lett. A, val. 101, 1984, pp.
371-375.

3247



[23] L. Pivka and V. Spany, “Boundary Surfaces
and Basin Bifurcations in Chua's Circuit”, J.
Circuits Syst. Comput., vol. 3, 1993, pp. 441-470.
[24] Lj. Kocarev, K. S. Halle, K. Eckert and L. O.
Chua, “Experimental Observation of Antimono-
tonicity in Chua's Circuit”, in Chua's Circuit: A
Paradigm for Chaos, ed. R. N. Madan, World
Scientific, Singapore, 1993, pp. 137-144.

[25] C. Grebogi, E. Ott, and J. A. Yorke, “Chaotic
Attractors in Crisis’, Phys. Rev. Lett.,, vol. 48,
1982, pp. 1507-1510.

[26] L. M. Pecora and T. L. Carroll, “Synchro-
nization in Chaotic Systems’, Phys. Rev. Lett., val.
64, 1990, pp.821-824.

[27] L. O. Chua, M. ltoh, Lj. Kocarev, and K.
Eckert, “ Chaos Synchronization in Chua’'s Circuit”,
J. Circuits Syst. Computers, vol. 3, 1993, pp. 93-
108.

[28] K. Murdi and M. Lakshmanan, “Synchro-
nizing Chaos in Driven Chua's Circuit”, Int. J.
Bifurcation and Chaos, vol.3, 1993, pp. 1057-1066.
[29] K. Murdi and M. Lakshmanan, “Drive-
Response Scenario of Chaos Synchronization in
Identical Nonlinear Systems’, Phys. Rev. E, vol.
49, 1994, pp. 4882-4885.

[30] T. Kapitaniak, L. O. Chua, and G.-Q. Zhong,
“Experimental Synchronization of Chaos Using
Continuous Control”, Int. J. Bifurcation and Chaos,
vol. 4, 1994, pp. 483-488.

[31] K. Murdi and M. Lakshmanan, “Controlling
and Synchronization of Chaos in the Simplest
Dissipative Non-Autonomous Circuit”, Int. J.
Bifurcation and Chaos, vol. 5, 1995, pp. 563-571.
[32] T. L. Carrall and L. M. Pecora, “Synchroni-
zing Nonautonomous Chaotic Circuits’, |IEEE
Trans. Circuits Syst.-Il, vol. CAS-40, 1993, pp.
646-649.

3248



