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Abstact: - This pgoer studies the stability arelysis of multivarible fuzzy contiol systems. Particlarly, the
stability of Takagi-Sugeno (TS systems is addresed. The results presentad in the pger make possike the
application of both iput-outpu and frequency respamse method to TS ystams identified from InputOutput
data The paper alsgoresents te Fuzy Algorithm Stability Tool (FAST) toolbox deeloped in the mject
Fuzz Algorithm for Control of Multiple-lnput Multiple-Output Fuzzy Systems (FAMIMO). Same

comparative examples illustete the application of the propeed teciques.
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1 Introd uction

The stability ardlysis of multivarigble non-linear
feedhak systans is a caeplex problen where is
diffi cult to obtain gerera results [7]. Furthemrmore,
most resits on the stability aralysis of fuzzy control
systeams are relaied to local stability arourd an
equilibrium point [13]. Only same autlors have
studied theglobal sbility involving all thespace in

which the variables as®ciated to the process to be
controlled can vary [6]. However, the techiques
presental in this paper can also e applied to the
global «ability arelysis of multivarigble fuzzy

contrd systems. These globa problems rise for
ingance, when an utadde dantis contolled with a
controller that saturates.

This paper sunmmarises several results on the
stability of multivariable fwzy contiol system
obtaingl in the FAMIMO project. The pgper
conceitrates on the stability of continuaus time
Takagi-Sugero (TS) systams. These ystems can be
easily computed fron inputoutput dta of the
proaess to be controlled [11]. Furthemore, rule-
basel heurgtic knowledye can be aso included in

the model It shalld be noted bhat several stability

anaysis techmiques caild not be applied directly to

TS models Particularly, the InputOutput am the
Frequeng Response tecigues ae straightforward
applied only to linear gsten with static

nonlinearities in the feetbadk loop [6][9][10]. The
work done in RAMIMO extends he above

Input/Output ad Frequeny Respaose stability

techiques to gystems with te process modelled by

a TS multivariable model am a fuzzy feedback
controller @ shown in Fig. la. Tlke feedack
structure in this figure is trasformed inb the

structure shown in Fi. 1b (Lur'e problem), with a
linea part and a feedhadk nonlinear part composed
by the nalineartiesof the TS modd of the process

and te fuzzy contoller.

Severd techniques could ako be aplied to

Mamdani tpe fuzzy control ystams.

Same of the more significant up-to-date sability

analsis techiques for MIMO fuzzy systans have

been mplemented in a Matlab Talbox cdled

FAST, developal in the FAMIMO project.

The pger is organied as bDllows: Section 2

summarises the main features of the toobox. Section

3 presants severd comparatve exanples, showing
the mssibilities of the different methals. Finally,

Section4 isfor the conclusions.
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Fig. 1a) TSfuzzy model wth a Fuzzy commoller.
b) Linear/Non-linear part decomposition.



2 The FAST Toolbox

A Matlab toolbox called FAST (Fuzzy Algorithm
Stability Tool) has been developed. The main
features of this tool are shown in Fig. 2. The toolbox
implements several methods for stability analysis of
MIMO fuzzy systems. Some of those methods have
been recently developed in the frame of the
FAMIMO ESPRIT Project. In the following a
description of the implemented methods
performed.

is

2.1 State space qualitative analysis of fuzzy
control systems

The tool includes traditional heuristic techniques for
the stability analysis, such as the linguistic trajectory
method and the representation of the trajectories in
the phase portrait. Furthermore, stability and

robustness indices [1] based on the qualitative theory

of non-linear dynamical systems are also being

included. These indices have been recently extended

in the FAMIMO project for the application to TS
fuzzy systems.

2.2 Frequency response methods
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A graphical tool to analyse the stability using the
Gershgorin’s bands has been implemented. The
intersection of the Gershgorin circles of the
multivariable linear system with the describing
function of the non-linear feedback system
determines the critical regions to study the stability.
A different method is based on the direct analysis of
the harmonic balance equation. Thus, the number of
encirclements of the characteristic loci of
G(jw)+ N(a) around the point,0) is studied [8].
A third method also developed in FAMIMO is based
on the robust analysis of limit cycles using singular
values. The method is applied to a system with a
multiplicative errorA model. A theorem to assure
the absence of limit cycles has been presented [3].
This theorem defines the following condition on the
model error:

F(A(jo) < 1

— ; =i 3)

o (G(jo)N(@)(l +G(jo)N(ap))
This new method for the robust analysis of limit
cycles using singular values is also available in the

Yw,vVa.

The existing frequency response techniques for the FAST toolbox.

analysis of fuzzy control systems have been
traditionally applied to systems with a known linear

model of the process and a non-linear feedback
(fuzzy controller). This model requirement was a
significant limitation for practical usage in fuzzy

control  engineering. However, using the

transformation presented above, the stability of TS
systems can be studied with these methods.

In FAMIMO the harmonic balance equation has

been used to search for limit cycles. In this case this

equation leads to
G(jo)N(a)y=-y 1)

where y, = a.e!“** are the complex representation
of sinusoids,G(jw )is the frequency response of the

linear part, andN(a) is the describing function of the
non-linear part (see Fig 1b). The describing function
matrix of the feedback non-linear part is computed
by obtaining its response to sinusoidal inputs and
calculating the first harmonic of this response.

For a limit cycle to exist (1) should have a nontrivial
solution. To solve that equation, in the case where
the non-linearity is additively decomposable a

method suggested by Mees can be used [6]. For a

squareG this method is based on the fact that (1) can
only have a solution ilG *(jw) + N(a) has at least

2.3 Input-Output stability

If Gis a linear time-invariant representation of the
process to be controlled, its gain can be easily
computed using its frequency response:

9(G) =sup, 7 (G(jw)) (4)

where o is the maximum singular value of the
matrix G(jw). Furthermore, ifH is a non-linear

static fuzzy controlletd =¢(e ) its gain can be
obtained as:

g

The small gain theorem states that a sufficient
condition for the stability of the closed-loop system
in Fig. 1.b is thatg(G)g(H)< 1 That is, the

product of the gains should be lower than 1.

Several stability criteria can be stated from the
applications of the above concepts. Particularly, the
circle criterion has been applied for the stability
analysis of both SISO and MIMO Mandani type
fuzzy control systems [9]. The conicity criterion
(Multivariable Circle Criterion) can be used to
generalise the above results. This criterion leads to
the following sufficient conditions for the stability of

(5)

one zero eigenvalue. To check whether that happensthe fuzzy control system [7]i, <1 where i, is

the Gershgorin theorem is employed [10]. This
theorem leads to the stability condition:

called the conicity index, which is defined as
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Figure 2. Fuzzy Algorithm Stability Toolbox for Matlab.
i =r,/ry, where r,(C)=g(H-C) is the conic linear part, optimal linear feedback and optimisation

with the gradient descent method.
deviation andr (C) =1/ g(G(l +CG)* i the conic d

robustness. In the above expressidhss called 2.4 Lyapunov analysis using LMI: quadratic
centre of the cone. Thus, stability analysis is reduced stability and piecewise quadratic stability

to find a centre such that <1. A continuous time linear TS fuzzy model is
Usually, these methods are difficult to apply, and composed of rules such as:
require training to perform block transformation in IF x is L; THEN %= AX+BU i=1-M  (6)

the control loop and to select parameters. The tool
helps to overcome these practical problems. For
example, three different methods have been
implemented in FAST to obtain a centre:

computation of the closest linear system to the non-

This system can be considered as a polytopic linear
differential inclusion (PLDI). Stability analysis of
PLDI and, consequently, of linear TS systems, is
reduced to find a common matrix [11][13], valid



for a set of linear matrix inequalities on the form
P>0and PA+ATP<0, that can be solved by

means of new convex optimization techniques [2].
The quadratic Lyapunov function is given by

V(x) =x"Px.

The Lyapunov approach is usually very

conservative. Thus, it is not possible to find

quadratic Lyapunov functions of many stable fuzzy
control systems. However, in case of membership
functions with local support, which induce a

partition in the space of the input variables,
piecewise quadratic Lyapunov functions [5], offer

many solutions to stability problems that cannot be
solved with conventional techniques. A matrik

has to be computed for every region and the
Lyapunov function is defined by (x) =x"Px.

These developments came from the work on the
stability of heterogeneous control system. Thus, a
tool for the implementation of Lyapunov stability

analysis of fuzzy multivariable systems using the
LMI software provided by another partner of the

FAMIMO project [4] has been used. That includes
the computation of a matrix to satisfy the quadratic
stability of piecewise linear systems (globally

quadratic Lyapunov function), or a set of matrices to
satisfy piecewise quadratic stability. The FAST tool
facilitates the application of the Lyapunov method to
TS systems generating automatically the fuzzy
partition and obtaining the LMI input data from the

fuzzy system definition.

3. Examples

This section presents some examples of the stability
analysis of fuzzy systems. Firstly, in order to show
the relevance of global stability analysis it will be
considered an unstable fuzzy system controlled by a
fuzzy controller. When no saturation of the control Figure 3.a) System without control action

action exist, the fuzzy controller is able to globally saturation. b) -60 € < 60. c) -20 <u <20.

stabilise the system (see Fig 3.a). However, if the

control action is saturated, new equilibria and limit The premises of the rules induce a state space
cycles could appear, as the saturation level is partition into 25 regions (9 operating regions and 16
increased (see Fig 3b-3c). These phenomena couldinterpolation ones). Using PWQL (see Section 2) it
not be detected with conventional techniques as is possible to compute a matriX for every region,

Lyapunov direct method or Conicity criterion. that ensures the stability of the global system:

Example 1: Affine TS system
This example deals with an affine TS system, and ™~
has been proposed by Johansson et al. [5] to
illustrate the use of piecewise quadratic Lyapunov
(PWQL) functions in a two dimensional case (see
Fig. 4).

0.0060 0.0054 0.0032 Pos =
-0.0002 0.0032 0.04

0.0020 0.0042 0.0059
0.0026 0.0059 0.0235

0.0084 0.0060 -0.00382

0.0043 0.0020 0.0036

Therefore, the global asymptotic stability is assured.
In order to apply conicity and harmonic balance
eqguations, the affine system is split into a linear part
and a non-linear part. The cone centre
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provides a conicity index of: 0.9965, and therefore,
the system is stable (see Section 2).
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(\\ ﬁ ' Figure 5. Globally stable system without saturation.
I \ﬁ\
K Jg \ Z Example 3: Control action saturation
N ‘A\/ If a saturation in the control action exists
w\v ’ (i.e.,-7.5<u<75), an unstable limit cycles appears
as shown in Fig. 6.

Figure 4. Globally stable system and Lyapunov
level curves.

To apply the harmonic balance method, the dual
describing function has been used, to deal with the
non-symmetrical characteristic of the nonlinearities
in the fuzzy control system. A solution exists if the
two indexes, |, =detG(0)N,(a,,&)+1) and

I, =detG(jow)N,(ay,8,)+1), are zero. In this
way, the results shown in Table 1 are obtained. Such
results are congruent with the previous ones.
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Figure 6. Unstable limit cycle due to saturation.

Using piecewise quadratic Lyapunov function or
Example 2: TS Model + TS Controller conicity criteria no stability results were obtained.
This example considers a TS model with a feedback However, using the harmonic balance equations a
TS controller without saturation in the control gspjution exists, and a limit cycle, with frequency
action. In this case the system is globally stable as , = 37310, is detected (see Table 1). Therefore the
can be verified by simulation (see Fig. 5). For this system is not globally stable. This example shows a

example a piecewise quadratic Lyapunov function case where frequency methods are substantially
was not found, and therefore no conclusions about more powerful than the other methods.

stability could be done.

However, applying the conicity criteria or harmonic Example 4: Saddle points

balance equations, the stability of the system can be tpe |35t example corresponds to a system with two

stated. A conicity index of 0.9962 is obtained for the ;4qje points (see Fig. 7). Again, Lyapunov and

cone centre conicity criteria can not provide stability
[1'0029 O'OOOﬁx 10" conclusions. Nevertheless, a solution to the
0.0002 0.994 harmonic balance equation is obtained (see Table 1),

In the case of harmonic balance equations, stability where o close to zero(w=0.0001)is usually

can be also assured (see Table 1). referred in the literature as a new equilibrium point.
Example 1 I, a a' o Conclusion
1 3.2307 0.0277 [0.0127 0.4298] [1.98700.4747] 0.8897 Stable
2 0.007 0.003 [0.4686 0.5019] [0.9262 0.9846] 3.0701 Stable
3 4.3149x 10° | 2.6320x 10° | [0.0117 0.0108]| [1.6031 1.0063] 3.731j0 Unstable Limit Cycle
4 3.1465x 10 | 1.6839x 107 | [0.5577 0.8535]| [0.9569 1.5991]  0.00QMultiple Equilib. Points

Table 1: Results of Frequency Response analysis



implement Lyapunov analysis using LMIs has been
provided by the FAMIMO partners of the Lund
Institute of Technology.
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