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Abstract : In this note, the problem of the robust stability for a two-dimensional (two-variable)
Schur polynomia which is the characteristic polynomia of a discrete-time linear time-invariant
system is investigated. A new approach based on the Rouché's theorem is adopted. The extension
for multidimensional (multivariable) polynomias robust stability is also provided. Interesting
sufficient conditions for such robust stability are derived. A two-dimensiona example is included

to support the theoretical result.
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1. Introduction and
formulation

problem

It is well known that a discrete variables 2-D
(two-dimensional) system must be Schur stable
in order to ensure that any bounded input will
produce a bounded output. Otherwise, the
system is not useful for any practica
application. Consider a shift-invariant, causal,
sngle-input single-output, discrete variables
2-D system described by the transfer function:

G(z,.2,) =% ®

A(zl,zz) and B(zl,zz) are  coprime
polynomials with rea coefficients in the
independent complex variables z, and z,. Itis

assumed that there are no nonessential
singularities of the second kind on the closed
unit bidisk, i.e. there are no points (z,z) with

|z,| £ 1and z,|£1 such that
A(zl, zz)z B(zl, ZZ)=O. Itisalso well known

— Huang's Theorem - that the system (1) is
Schur stable if and only if

B(0,z,)1 0, for |[z]£E1
(2.2)

B(z,2,)t 0, for |z]£1 |z|=1
2.2)

Equation (2.1) isrelatively easy to check using
any 1-D stability test. Equation (2.2) is more
difficult since it includes two variables. The
polynomia  B(z,,z,) is sad to be Schur

stable if and only if (21) and (2.2) are
fulfilled.

The problem of the robust stability of one-
variable polynomials has attracted much
attention in recent literature in which the most
notable result is Kharitonov's theorem (Ref.1)
and its various genaraizations. According to
Kharitonov's theorem, a whole class of
polynomials is Schur if and only if four
specia, well-defined polynomids are Schur
polynomials. A great number of recent papers
present  various  proofs,  applications,
generalizations and interesting results of this
sgnificant theorem (Refs. 1-5). In this note,
the following two-dimensiona robust stability
problem is stated and discussed:



Suppose that the polynomia

N; N

\(z.2)=ada,.zz

i=0 j=0
a, R z,z1C @

is Schur stable that is (2.1) and (2.2) are
fulfilled i.e

f(0,2,)t 0, for |z]£1 and

f(z,2,)t 0, for |z|£1 |z]|=1
. Find the maximum R (R>0), such that all the
N; N, o
polynomids 9(z,2,)=4 A b,z with
i=0 j=0
b,7la,-Ra,+R,  i=0L..N,
j=01,...,N, tobe Schur stable.

2. Robust Stability for Two-
Dimensional Polynomials

The approach which is attempted here is based
on the following theorem, due to E. Rouché
(Ref.6).

Rouché's theorem : If the two one-variable
complex functions f(z) and g(z) are

analytic in a region G of the complex plane
and if

9(2)- t(z)<|f(z) @

holds at every point z of the boundary G of
G, then the two functions f(z) and g(2)
have the same numbers of zerosin G.

Now, one can easlly prove the following
Theorem.

Theorem 1. Consider the two two-variable
complex  polynomials f(zl, ZZ) and
g(zl, 22) in the unit bi-disk of the complex
bi-plane. If

90.2)- 10.2)<[f02) [z]=1
(5.1)

|g(21,22)- f(21,22)| <|f(21,22)|
2| =|z,| =1 (5.2)

and f(z,2,) is Schur stable, then g(z,,2,)
is also Schur stable.

Proof: It is based on Huang's and Rouche's
Theorem and is omitted for the sake of brevity

Using Theorem 1, one can easly find the
following sufficient condition for the inequality
(5.1

92 )
& e, - by 21| <|f(0.2) (61
j=0

or , since |z,| =1, the following sufficient
condition can be formulated

(N, +1)>R<|f(0,2,) with |[z,|=1

from which one finds the condition

min| (0, z,)
<
N, +1

|z|=1

(7.1)

Usng Theorem 1, one can easly find the
following sufficient condition for the inequaity
(5.2

a ;- bi,j||zizzj| <|f(21,22)|
(6.2)

NN
aa
i=0 j=0
or , since |z|=|z,|=1, the following

sufficient condition can also be formul ated

(N, +D(N, +DR<|f(z,2,) with
2] =z[=1

from which one finds the condition



min| f(zla sz |22|=] 25| =1
S TN (N, +1)
(7.2)

So, a sufficient condition for (5.1) and (5.2) to
hold simultaneoudly is

Lmin| £(0,2,)| m|n|f(zlz)|
R < minj ==t ,

lzlHzl= ],

(N, +1)(N, +1)
(8)

T N2+1

Therefore the calculation of an R that satisfies
(8) includes one 1-dimeniona and one 2-
dimensona minimization problem. Both of
them can be solved numericdly. This

minimization is actually achieved by
2

minimizing the functions | £(0,2,) and

RICES

|z|=1

Z,|=1

These two functions are differentiable, since
after some algebraic manipulation, it is verified
that

f0z) =8a +25'% cos(Iq],)
| (0’ ZZM |z,|=1 a:~ 0J 21 EO 0,j+
(9.1)
and
RICTA v 1—aaa +
1al=1| i=0 j=0
Ny Ny Np-k Ny-|
+2 é. é. é. é. a1 a1+kj+| Coqkql-'-lq )
k=01=0 i=0 j=0
(k.)* (0,0)
(9.2)

One can aso write them in the following
form:

T —C:

n-1

> (D

) J ) N nék ngn l]
H2)f(z)=ca & [2d a3, |2 aa.| |22 aa., G
B=o0 i=0 i=0 i=0 9]
¢ 1 1
gcosq ﬂ
e : au (101
€ oska ¥
actoskq
e :
€ u
gcosng g
and
2 — ik iNg
| 1(z,2,) =Re{fl - el eN | x
|z|=|z|=1
é NN ) N;-ON,- N, U
& aaa; 23 & a3, >
A o ¢ 1 0
e U . g
k —_— % g
e 28 a8 ;8u.. @ge‘ E
e Yoy
?N-N]N%O N;- Ny Np- N, E%IN%H
28 4 a8, 28 aaaN.N
8 =0 j=0 0 el

(10.2)

and

|z|=1

Therefore the functions | f (0, )

| (2, 22]|‘Z‘:‘Z -, aedifferentiable functions

in g, and q,,q, and their minimum for

0£q,£2p and
0£q,£20, 0£g,£2pcan be found
using any numerica technique (Ref.7).

Furthermore,  generalizing the  a&bove

formulated problem one can give various
weights to the interval of the coefficients b, |
ie. bifa-1,Ra +IR] . >0
i=01...,n j=01...,N, andfollowing the

same steps one finds the following sufficient
relation for robust stability



v Suppose that the polynomial
fm'”l foz), 2 min| £zl a &g o
R<minj——g F y f(z,..z,)=a--aa , z.zr with
. Al aal, : =0 inz0
1 j=0 i=0 j=0 b . e
(11) a ;I R, z'..zn1 C is Schur stable that

is (121) and ... and (12.m) are fulfilled
for f(zi,...,zm). Find the maximum R (R>0)
3. Robust stability for such that al the polynomials
multivariable polynomials 3 .
poly 9(z.2,)=4 ab.l ..... W ZeZy with
An mD (mdimensiond) system =0 Im=0
Az,nz,) . . b WA, Ra11 ..... . TR,
G(zl,...,zm):— is  Schur
B(zi,...,zm) Iy —O,L..., I —O,L...,Nm to be Schur
stable if and only if stable.
B(,..0,z,)t 0, for |z,|£1 Based on the Rouche's theorem as well
as on the m-dimensional Huang's theorem, we
(12.2) can derive the following:
B(0...02,,2,)* 0, for |[z,,]EL |z,|=1 Theorem 2: Consider the two m-variable
(12.2) complex  polynomias f(zi,...,zm) and

B(z1 ..... zml,zm)lo, for |z|£1 |z|=1 ..., |z| =

when A(zi,. )and B(z1 ) are coprime
polynomials with rea coefficients in the
independent complex variables z,, z,, ...,
Z,. It is aso assumed that there are no

nonessential singularities of the second kind on

g(zi,...,zm) in the unit m-disk of the
complex bi-plane. If

9(0....0,2,,)- £(0.....0,2,) <| £(0....0,2,)

for |z

m| -
(13.2)
and

l9(0...., 02m1 z,)- 1(0...0,2,.,2,) <|f(0....0,2,)
|2t =1 |z =1 (132)

the closed unit m-disk, i.e. there are no points and
(z,.z,) with |z|£1, ..., |z,|£1 such that
A(zi,...zm)z B(zi,...zm)zo. (“m-dimen-

and

siona Huang's Theorem™)

The polynomia B(zi,...zm) is said to

be Schur Stable if and only if (12.1) and ...and
(12.m) are fulfilled. In this paragraph, the
extenson of the previousdy presented 2-D
inverse robust stability problem to m-D
polynomials is examined. The problem is
stated as follows:

|g(z1 ..... Z01,20)- Tz, zm_l,zm)|<|f(z1 ..... Z 1.2

for |z|=1...|z,| =1 (13m)

,m) is Schur stable, then
g(zi,...,zm) isalso Schur stable.

and f(z,....2

Following, now, the same steps of the afore
mentioned procedure and after some agebraic
manipulation, the following relation can be
derived:



R<m|n! m|n|f(O,...,O,zm)th‘:1 min|f (0,....0,,, ,, m)h% e min|f(21’---’me\zl\z,_:\zm\:lf"

N, +1 (N (N, +1) (N, +D) (N, +1) 7
f b

(14)

The caculation of an R that satisfies (14)
includes one 1-dimensional, one 2-
dimensiona, .. and one m-dimensiona
minimization problem. This minimization
is actualy achieved by minimizing the
following differentiable functions

2 2 2
|f(0,...,0,zm)|‘z . 1£(0....0,2,,.,, mX‘Zm_l‘:‘Zm‘ﬂ |f(zi"'-’zm)\zﬂ:...:\zm\ﬂ
These functions are differentiable, since
after some algebraic manipulation, it is
verified that, for every n =1,..m, we have
that:

2 gn N +1 gm
2
| f(O"'-1012n1Zn+11---1zm)|21| |22|_1 a a a JUNL O Y HUN +
n:O In Im:

Ny Ny +1 Nm Ky N Kier Ny ki

o o o BNt B

a a - a a _a v _a B0, 0, ivetseorien 0, 0 ey et Kot senden e cos(k,d, +K .Gy tKArm)
lﬁ'] =0 kn +1_0 k =0 in=0 ih41=0 in=0

-km)* (0,...0 )

Also, generdlizing and giving various
weights to the interval of the coefficients
b . i.e

i=01..N, j=01..,N, ad

following the same steps one finds the
relation



I'min|f(0,...,0,z, min|(0,....0,2,,Z,.,.. L min|f(z,..z, ) . I

R< mln: | - )“\zm\:l - | . 1 |‘Zn‘—m—‘zm‘—1 | G le—m—zm—li,/
'I' o o" O ) o 'I'

i a I 0,...0,ip, aa I 0,00 seeosim aa I iy seeedm v

1 im in im i im b

(11)

4. Numerical example
Consider the polynomial

f(zl,zz):2+zl+z2 +22z,. This is a
(Schur) stable polynomial since it fulfils the
equations (2.1) and (2.2). Furthermore, we can
find the maximum R such that al the
polynomias

d(z,z,)=a+bz, +cz, +dz;z, with
al [2- R, 2+R], bl [1- R1+R],
cl [1- R1+R], di [1- R1+R] to be

stable. Applying (8) - or (14) in the specid
case with m=2 - one obtains
Lmin| £(0,2, |‘ o min| (z,2,) eyl

R < minj , y
f Nz +1 (N1+1)(N2 +1) b

Since
min| (0,z,) e

N, +1 2

min| 2+2
_ 2z, _

1
2
and

min| 1‘(21,22)\“21‘:‘12‘:1 ~ min| 2+z +z, +2122H\71Hz2\:1 212 01767
(N, +D)(N,+D) 4 T4 T

one easily obtains R < 0.1767. For
example R=0.1761

4. Conclusion

The problem of the robust stability for a
two-dimensional and multidimensional
(Schur) stable polynomid is investigated.
An estimation for the range of the Schur

stability has been given and has been
illustrated by a numerical example. The
applications of the present method in 2-D
and m-D digital filters design are important
for digita image processng and image
enhancement.
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