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Abstract: - Information aggregation is one of the key issues in development of Intelligent Systems. In this paper absorbing norms as new type of generalized operations are introduced. Absorbing-norms are not necessarily monotone, commutative and associative operations with an absorbing element a. The paper overviews some absorbing-norms and discusses their structure and properties.
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1   Introduction

The applications of Computational Intelligent techniques strongly relay on the integration of membership values representing uncertain information. Since the pioneering work of Zadeh the basic researches were oriented towards investigation of properties of t-norms and t-conorms, and also to find new ones satisfying the axiom system. As a result of this a great number (of various types) of t-norms and t-conorms have been introduced accepting the axiom system as a fixed, unchangeable skeleton.

     Recently, as a kind of generalization the concept of uninorms has been introduced by Yager and Rybalov [7], and their structure has been described by Fodor et.al. [4] and De Baets [1]. 

     In this paper another generalization of t-norms is discussed. The idea is originated from the distance-based operators introduced by Rudas [6], and it was shown that the maximum distance operators are uninorms, while the minimum distance operators have absorbing elements but they are not monotone mappings. 

     After a brief summary of uninorms and nullnorms the definition and the basic properties of some absorbing norms are defined. It is shown that suitable pairs formed from uninorms and absorbing norms satisfy the absorption and distributive laws. Finally the structure and construction of absorbing norms are discussed.

2   Uninorms and nullnorms
Uninorms are such kind of generations of t-norms and t-conorms where the neutral element can be any number from the unit interval. The class of uninorms seems to play an important role both in theory and applications [9], [1], [4].

     Definition 1 [9] A uninorm U is a commutative, associative and increasing binary operator with a neutral element 
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     The neutral element e, which is also called an identity element, is clearly unique. The case e = 0 leads to t-conorm and the case e = 1 leads to t-norm. 

The first uninorms were given by Yager and Rybalov [9] 
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 is a conjunctive right-continuous uninorm and 
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3   Absorbing-norms

Definition 2 Let A be a mapping 
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A1.a There exists an absorbing element 
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A1.b A(x,y) = A(y,x) that is, A is commutative,

A1.c A(A(x,y),z) = A(x,A(y,z)) that is, A is associative,
     It is clear that a is an idempotent element 
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hence the absorbing element is unique. If there would exist at least two absorbing elements 
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     T-norms and t-conorms are special absorbing-operators, namely for any t-norm T, 
[image: image15.wmf](

)

[

]

0,1

x

 

,

0

,

0

Î

"

=

x

T

 and for any t-conorm S, 
[image: image16.wmf](

)

[

]

0,1

x

 

,

1

,

1

Î

"

=

x

S

.

     As a direct consequence of the definition we have 

if 
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     These properties provide the background to define some simple absorbing-norms.

     Theorem 1 The trivial absorbing-norm 
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     Proof. The statement is obvious from the definition. (
     Theorem 2 The mapping 
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and the mapping 
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are absorbing-norms with absorbing element a.
     Proof. 

     Commutativity. It follows from the definitions of the operators.


Associativity. We have to prove that 
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     Without loss of generality we can assume that 
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     Suppose first that 
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     Suppose now 
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     We have to prove that 
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     Assume again 
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     Absorbing element.

If 
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Fig. 1. The structure of 
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Fig. 2. The structure of 
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     Theorem 3 The mapping 
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are absorbing-norms with absorbing element a.
     Proof. 

     Commutativity. It follows from the definitions of the operators.

     Associativity.

We have to prove that 
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     We have to prove that. 
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     Suppose now 
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     Absorbing element.

If 
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are absorbing-norms with absorbing element a.
     Proof. 

     Commutativity. It follows from the definitions of the operators.

     Associativity. We have to prove that 
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     We have to prove that. 
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     Suppose now 
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     Absorbing element.

If 
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The structures are illustrated in Fig. 5 and in Fig. 6, respectively.
     Theorem 5 Assume that A is an absorbing-norm with absorbing element a. The dual operator of A defined as 
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     Proof. 

     Commutativity follows from the commutativity of A.

     Associativity:
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     Absorbing element: 
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Fig. 6 The structure of 
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     Let us define a kind of complements of 
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     We have received the first uninorms given by Yager and Rybalov
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     Due to the constructions of these operators for the pairs 
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     Theorem 6 For the pairs
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1. Absorption laws
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2. Laws of distributivity
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     Proof. In each disjunctive sub-domain of the unit square the pairs are defined as min and max or max and min operators for which these properties hold.  (
4   The structure of absorbing-norms

Like uninorms the structure of absorbing-norms is closely related to t-norms and t-conorms on the domains 
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     Following the construction given by Fodor, Yager and Rybalov [4] for uninorms any t-norm T can be transformed to an absorbing-norm on 
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Definition 4. Let T be any t-norm and define 
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     It is easy to see that 
[image: image179.wmf]A

T

 has the properties of t-norms, and it is also an absorbing norm on [0, 1] with absorbing element a.

     In a similar manner any t-conorm can be transformed to an absorbing-norm.

     Definition 5 Let S be any t-conorm and define 
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[image: image182.wmf]A

S

 has the properties of t-conorms, and it is also an absorbing norm on [0, 1] with absorbing element a.
     Theorem 7 Let S and T be a t-conorm and a t-norm, respectively. The mapping 
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and the mapping 
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are absorbing-norms with absorbing element a.
     Proof. 
     Commutativity. It follows from the definitions of the operators.

     Associativity. On the domains 
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     Consider the rest of the unit square. The following inequalities hold:
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     First we have to prove that 
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Assume 
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     Absorbing element. It is satisfied by the assumptions of the theorem.  (
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 are called the underlying t-norm and t-conorm of the absorbing-norms, respectively.

     It is simple to prove that if A is a nullnorm then by the inversion of formulas (22), (23) t-norm and t-conorm are obtained. 
     Proposition 1 If A is a given nullnorm, then
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are t-norm and t-conorm, respectively.

     Analogously to the results of Fodor et al. [4] in uninorms it is possible to introduce the weakest and strangest absorbing-norms.

     Theorem 8 The mapping 
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and the mapping 
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are the weakest and strongest absorbing-norms, respectively, i.e. for any absorbing-norm A the following inequality holds: 
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     Proof. By using the weakest t-norm and the strongest t-conorm in definitions given by (22) and (23) and the inequality (32) the statement follows.  (
Fig. 7 The structure of 
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Fig. 8 The structure of 
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The structure of the weakest and the strongest absorbing norms are illustrated in Fig.7 and Fig.8, respectively.
4   Conclusion

In this paper absorbing-norms as new types of generalizations of t-norms are introduced. Their basic properties and structures are discussed.
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