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MÉXICO

Abstract— It is proposed a new approach for solution of the boundary problems for some class of elliptic equations, which describe distribution of the potential of the electromagnetic field. The Laplace, Poisson and Helmholtz equations are considered. The approach is based on the proposed General Ray Principle and discovered by author Local Ray Property, which leads to new General Ray (GR) Method. The proposed method is explicit analytical one that uses the inverse Radon transformation. It is realized by fast algorithms and MATLAB software, which quality is demonstrated by numerical experiments.
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1.  Introduction

We consider the Dirichlet boundary problems of solving the elliptic equation:
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with respect to the function  
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 inside the plane domain 
[image: image3.wmf]W

 with a boundary 
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 are given functions for 
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, k is a real number. If k=0 , 
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=0,  we have the Laplace equation written in the divergent form. For  k ≠ 0 we have the Helmholtz equation. For  k = 0,  
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 ≠ 0 we have the Poisson  equation. 

The problem (1) describes the distribution of the potential function 
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 of stationary electromagnetic waves field [1], [2].

There are two main approaches for solving this problem in analytical form: Fourier decomposition and the Green function method. The numerical algorithms are based on the Finite Differences method, Finite Elements method and the Boundary Integral Equation method.  All methods and algorithms constructed on the bases of these approaches have some difficulties in realization for the complex geometrical form of the domain
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.  The Green function method is the explicit one [1], but for arbitrary coefficient  
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 it is difficult to construct the Green function even for the simple geometry of
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. Numerical approaches lead to solving systems of linear algebraic equations [2] that require a lot of computer time and memory. Hence, the development of new fast algorithms for solution of the considering problems is very actual.
A new approach on the base of the Local Ray Property (LRP) of the stationary waves field, obtained by the author in [4], leads to the explicit formulas (GR-method) and fast algorithms, developed in [3], [4]  and founded numerically in [4] for the Dirichlet boundary problem for the Laplace equation, when 
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 is an arbitrary simply connected star domain. In [5] this idea was applied to solution of more general equations and two types of the boundary conditions. We consider here more detailed the case of the Helmholtz equation for the case, when 
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 is the unit circle.
2. GR–method and its algorithmic and program realization 
The solution by GR-method of the Dirichlet problem for the Helmholtz equation for the no resonance case, when 
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=0,±1, ±2,…,
is given by formula:
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The resonance case is just under the author investigation.
We have constructed the algorithmic and program realization of  GR–method for considering types of problems in MATLAB system.  We used the uniform discretization of variables 
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,  so as variables x, y , with n nodes. To calculate the inverse Radon transform for discrete data we constructed the original modification of iradon program from MATLAB package. We made testes on mathematically simulated model examples with known exact functions
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. We put for simplicity of the explication
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Some results of the numerical solution of model examples for k= 
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K are presented in Fig. 1 – 4. The approximation is good for K=0.1, 0.5, 1, but it is worse for K=1.5 that is near the resonance (Fig. 4). We loose the approximation quality of formula (2) for the fist (m=0) resonance value K= 3.14 (Fig. 5).  
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Fig. 1.
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Fig. 2.
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Fig. 3.
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Fig. 4.
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Fig. 5.
3. Conclusion and acknowledge

The new approach and GR-method for the solution of the boundary Dirichlet problem for the Helmholtz equation at the no resonance case is proposed. The approximation property of constructed algorithms are justified by numerical experiments. Developed approach can be applied to boundary problems for partial differential equations of other kinds.   
Author acknowledges to VIEP BUAP for the partial support of the investigation in the frame of the Project II-105G04.
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