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Abstract: - The gain errors of multi-input Nagaraj-86 and Ki-89 switched-capacitor integrators are minimized by 
modifying the values of the integrating capacitances C2. Analytical expressions for the prewarped values C2p and for 
the corresponding gain and phase errors are obtained. The variation of the finite amplifier dc gain A from its nominal 
value A0 is taken into account. The effectiveness of this prewarping technique is demonstrated by designing a 50Hz 
notch biquad. 
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1   Introduction 

It is well known that the performances of switched-
capacitor (SC) integrators are degraded by the effects of 
finite amplifier dc gain A, which result in gain and phase 
errors, m(ω) and θ(ω), in the transfer function H(z) [1]. 
This has led to the development of finite gain insensitive 
(FGI) integrators where the phase error is proportional 
to 1/A2 (in a conventional integrator this is a simple 
inverse dependence 1/A) [1-10]. In the most of the FGI 
integrators proposed the reduction in phase error was 
obtained at the expense of increased gain error. This 
error is equivalent to an element value variation ∆C2 of 
the integrating capacitor C2. If the finite gain A is 
known, the value of C2 can be replaced by C2(1+m), 
thereby essentially reducing the gain error [1]. 

The SC integrators are almost always connected in 
feedback loops containing an inverting and noninverting 
integrators. Such a loop can either function alone as a 

biquad section, or it may form an internal loop of a 
multifeedback ladder-type SC filter. The simple bi-phase 
FGI Nagaraj-86 [5] and Ki-89 [7] integrators can be 
directly interconnected to form an excellent FGI 
integrator-pair, without the use of extra clock phases or 
sampling circuits to satisfy the sampling conditions [10, 
11]. 

In this paper the approach proposed in [1] is used for 
minimization of the gain errors in multi-input Nagaraj-
86 and Ki-89 integrators. Analytical expressions for the 
corresponding gain and phase errors are obtained. The 
variation of the dc gain A from its nominal value A0 is 
taken into account. The effectiveness of this prewarping 
technique is demonstrated by designing a 50Hz notch 
biquad. 

 
 

2   Theoretical results 
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Fig.1. Nagaraj-86 and Ki-89 integrators 



Fig.1 shows the circuit schema of the multi-input 
Nagaraj-86 integrator. The clock phases outside brackets 
apply to the inverting integrator, whereas those inside 
brackets apply to the noninverting integrator. The output 
voltage  is sampled during the phase 2. The value of 
the holding capacitor C

N
outV

h is not critical and can be made 
equal to the smallest capacitance: Ch=min{C1q}. 

Using the αβγ representation [6] the following 
expressions for the transfer function (z) and (z) 
of the non-ideal integrators can be derived: 
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Here, Kq are the gains of the ideal integrator and α 

modifies the gains of the non-ideal integrator. 
The gain error m(ω) can be minimized by equating 

the gains of the non-ideal integrator ( )02
2

1 ,.. AC
C
C

p
p

q α  

for the prewarped integrating capacitance C2p and the 
nominal value A0 of the dc gain A with the 

corresponding ideal gains 
2

1

C
C q . 

This results in the quadratic equation 
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with the following approximated solution: 
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The transfer function of a non-ideal integrator can be 

expressed in the continuous-time domain as: 
 
( ) ( ) ( )[ ] ( )[ ]ωθωωω jmjHjH id exp.1. += . (5) 
 
The gain and the phase errors of the Nagaraj-86 

integrator with gain variation A=A0+∆A0 for the 
prewarped capacitance value C2p (3) are given by the 
expressions: 
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where TS is the sampling period. 
The corresponding errors for the initial value C2 of 

the integrating capacitance are: 
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The configuration of the Ki-89 integrator is the same 

as for the Nagaraj-86 integrator (Fig.1), but the output 
voltage  is sampled during the phase 1. The holding 
capacitance C

K
outV

h is equal to the integrating capacitance C2: 
Ch=C2. The transfer functions (z) and (z) of the 
non-ideal integrators are: 
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By proceeding in the same manner as for the 

Nagaraj-86 integrator, the following expression for the 
prewarped integrating capacitance C2p is obtained: 
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which reduce to the approximated relation [1]: 
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The gain and the phase errors of the Ki-89 integrator 

with gain variation A=A0+∆A0 for the prewarped 
capacitance value C2p (11) are: 
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The corresponding errors for the initial value C2 of 

the integrating capacitance are given by the expressions: 
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The factor by which the gain errors mNp and mKp are 

reduced when compared with the errors mN and mK is 
given by: 

 

5.12
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0 =∆A
A  for 8100±=A . 

 
The phase errors θNp(ω) and θKp(ω) are slightly larger 

than the errors θN(ω) and θK(ω). 
 
 
 
 



3   50Hz notch SC biquad with small 
notch frequency shift 

The feasibility of the prewarping technique 
considered is illustrated by the design of a 50Hz notch 
biquad with a quality factor Qp=1,0dB dc gain and 
sampling frequency fS=8333,3333Hz [12]. The relative 
capacitance values for the filter, shown in Fig.2, are 
C1=C2=26,277786, C3=1, C4=1,0095594, C5=1, C6=1, 
C7=26,779371. 

Table 1 summarizes the actual notch frequency fza, 
the notch frequency shift δfza and the attenuations at fza 
and at 50Hz for operational amplifiers with finite 
nominal dc gains A01=A02=100. 

 
Notch biquad fza [Hz] δfza [%] attenuation [dB]

fza / 50Hz 
in Fig. 2 49.74246 -0. 515 -31.88 -30.86
in Fig. 3 
(C1=C2) 

49.72382 -0.552 -74.17 -39.19

 Table 1: Performance parameters of the notch biquad 
with different integrators 

For reducing the effect of the finite dc gains, the first 
uncompensated integrator in the conventional biquad 
(Fig.2) has been replaced by the Nagaraj-86 inverting 
integrator and the second uncompensated integrator – 
by the Ki-89 noninverting integrator. The resulting filter 
is shown in Fig.3, where Ch1=1 and Ch2=C2. 

The corresponding performance parameters are also 
given in Table 1. The two biquads exhibit nearly the 
same notch frequency shift because the uncompensated 

and the FGI integrators have comparable gain errors. 
The much greater attenuation at fza for the biquad with 
FGI integrators is due to the smaller phase error. The 
notch frequency shift for the biquad with FGI 
integrators can be centered around 50Hz by modifying 
the capacitances C1 and C2 according to the relations (3) 
and (11). Then, the prewarped capacitances C1p and C2p 
are given by the expressions: 
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One obtains C1p=25.987907 and C2p=Ch2=25.732571 
for A01=A02=100. 

This additional compensation is effective for 
operational amplifiers with low but precisely known and 
stable dc gain [13]. The corresponding performance 
parameters with gain variation ±8% are summarized in 
Table 2. 

 
A fza [Hz] δfza [%] attenuation [dB]

fza / 50Hz 
92 49.97614 -0.0477 -72.57 -60.18 

100 50.00009 1.8.10-4 -74.004 -74.002
108 50.02052 0.0410 -75.37 -61.55 

 Table 2: Performance parameters of the FGI notch 
biquad with prewarped capacitances C1 and 
C2  

 
 
4   Conclusion 

The gain errors of the Nagaraj-86 and Ki-91 
integrators are reduced by modifying the values of the 
integrating capacitances C2. Analytical expressions for 
the prewarped values C2p and for the corresponding gain 
and phase errors with gain variation are obtained. The 
feasibility of this prewarping technique is demonstrated 
by designing a 50Hz notch biquad. The filter with 
prewarped capacitances has approximately 

5.12
0

0 =∆A
A  times smaller relative notch frequency 

shift. 
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