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Abstract:- The switching element of the Rapid Single-Flux Quantum (RSFQ) electronics is the Josephson
junction. Its full electrical model in case of fabrication technology based on external shunts is considered.
The possible connections of the junction to the RSFQ circuit are analyzed with respect to their influence
over the junction dynamics.
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1 Introduction

One of the essential applications of the su-
perconductivity phenomenon is the Rapid Single-
Flux Quantum (RSFQ) technique, based on Low-
Temperature Superconductors (LTS) [1]. With
their extremely high-speed (operation frequencies
over 700GHz, [2]) and low power consumption (of
order of 10−19J per switching), the RSFQ logic cir-
cuits are the main candidates for the future peta-
flop computing applications. The switching element
of this logic is the Josephson junction, which is a
weak connection between two superconductors (des-
ignated with S1 and S2 in Fig. 1). Let Θ1 and Θ2

be the phases of the complex pair wave functions of
the both superconductors and

φ = Θ1 − Θ2 (1)

be their difference. Let Is be the lossless super-
current flowing through the Josephson junction, Ic

- its maximal value (also called critical current of
the Josephson junction) and U(t) - the voltage drop
over the junction. Then:

Is = Ic. sin φ (2)

and
dφ

dt
=

2πU(t)

Φ0

, (3)

with Φ0 = 2.07∗10−15Vs - the single flux quantum.
These relations are first predicted by B. D. Joseph-

son [3] and are popular as the dc (2) and ac (3)
Josephson effects, respectively.
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Fig. 1. Josephson junction linking two superconductors.

Consider the case of a dc biasing of a single
Josephson junction with a bias current Ibias < Ic

and a non-dc excitation Iexc applied on it. Two
additional components of the current through the
junction will appear: the capacitive current Icap =
CJ .dU/dt through the capacitance CJ formed by
the superconductor contact electrodes and the dis-
sipation current IRN

= U(t)/RN , with RN - the
normal resistance of the junction. The balance of
the currents over the junction becomes:

Ibias+Iexc = Ic.sinφ+
1

RN

Φ0

2π

dφ

dt
+CJ

Φ0

2π

d2φ

dt2
. (4)

Taking into account (2) and (3), (4) could be trans-
formed into:

Ibias + Iexc

Ic

= sinφ + ω−1

c

dφ

dt
+ ω−2

p

d2φ

dt2
, (5)



with:

ωp =

√

2πIc

Φ0CJ

(6)

and

ωc =
2πRN Ic

Φ0

(7)

- the plasma and the characteristic frequency of the
Josephson junction, respectively. An important pa-
rameter determining the dynamic behaviour of the
junctions is their Stewart-McCumber parameter [4],
[5] defined as:

β =

(

ωc

ωp

)2

=
2πIcCJR2

N

Φ0

. (8)

Junctions with β > 1 are called underdamped, such
with β ≤ 1 are called overdamped. The modern su-
perconductive electronic devices are based on over-
damped Josephson junctions with β ≈ 1. However,
for most of the commercial technologies for RSFQ
electronics [6], [7], [8], [9], [10], etc., β ≫ 1. These
technologies use an external shunt resistor Rshunt

connected in parallel to the Josephson junction in
order to adjust the Stewart-McCumber parameter
to 1. In such cases, RN in (7) should be replaced
by R = RN ||Rshunt ≈ Rshunt, i.e. the Stewart-
McCumber parameter of the shunted Josephson
junction (8) becomes:

βc =
2πIcCJR2

Φ0

. (9)

2 Layout and Electrical Model of Exter-
nally Shunted Josephson Junction

The physical implementation of a Josephson
junction within the LTS Niobium fabrication tech-
nology of PTB-Braunschweig [10] is shown in Fig.
2. It consists of two superconductive metalization
layers (M1 and M2) separated by a SiO2 isolation
layer (second isolation). If a Josephson junction
(JJ) should be realized, a hole in the second isola-
tion is opened and a thin (several nanometers) isola-
tion layer of aluminum oxide is located between the
both superconductive layers. The external shunt-
ing is realized by a Pd resistor with a specific resis-
tance 1Ω per square. The whole structure is located
over a ground plane, separated by the SiO2 ground
plane isolation layer. If a contact between M1 and
the ground plane is necessary, a hole in this ground
plane isolation is opened.

Fig. 2. Cross-section and top view of the SIS technology

of PTB-Braunschweig.

The most popular electrical model of a Joseph-
son junction is the RCSJ model, proposed by [4]
and [5]. It is a direct implementation of (4) and its
topology is shown in Fig. 3 together with the elec-
trical symbol used to designate a Josephson junc-
tion. A detailed discussion about the validity lim-
itations of the model could be found in [11], [12].
In the case of externally shunted LTS junctions,
the connections between the shunt resistor and the
junction have a non-negligible inductive value (of
order of 1pH) and the model becomes RCLSJ one,
shown also in Fig. 3. Note, that in this case the
Josephson junction is no more a 2-pole element.
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Fig. 3. RCSJ (left) and RCLSJ (right) model of a

Josephson junction.

3−3−GND3−1−GND3−21−2 1−1−GND

Fig. 4. Possible connections of the Josephson junction to

the RSFQ circuit. ”1-2” and ”1-1-GND” are the classical

connections, analyzed in [13], [14]; ”GND” designates,

that node ”2” (see Fig. 3) is connected to the ground

plane.

References [13] and [14] analyze the Josephson
junction within the RCLSJ-model when it is con-
nected to the RSFQ circuit in poles ”1” and ”2” (ac-
cording to the designations in Fig. 3). It is shown,
that under certain assumptions about the value
of Lp1 + Lp2, the RCLSJ-model could be reduced



to the RCSJ-model only by updating the Stewart-
McCumber parameter of the junction. Other possi-
ble connections of the Josephson junction are shown
in Fig. 4. Below, we study the influence of the type
of the connection on the dynamics and the dc bias
current margins of the RSFQ circuits.

3 Influence of the Connection Type on the

Dynamics and the dc Bias Current Mar-

gins of the RSFQ Circuits

One of the simplest and most robust RSFQ cir-
cuits is the Josephson Transmission Line (JTL). Its
operational principle and possible applications are
discussed in details in [1], [15], [16]. Here we will
demonstrate how the dynamic and the critical mar-
gins of the JTL are influenced by the type of the
Josephson junctions connection. We consider three
connection types (see Fig. 4):

• TYPE 1: All junctions are connected in the
way ”1-1-GND”;

• TYPE 2: All junctions are connected in the
way ”1-3-GND”;

• TYPE 3: All junctions are connected in the
way ”3-3-GND”.

The topologies of these three cases together with
the JTL electrical scheme are shown in Fig. 5. We
will consider the typical case of equal connecting
inductances L1 = L2 = .. = L, equal bias resistors
Rb1 = Rb2 = ... = Rb and junctions with identi-
cal critical currents equal to Ic and equal parasitic
inductances to ground Lg1 = Lg2 = ... = Lg.

The basic parameter of the JTL defining its dy-
namic behaviour is [1]:

βL =
LIc

Φ0

, (10)

Let τ = τ (βL) be the time delay of one stage of a
JTL (i.e. the time interval between the flipping of
two neighbouring Josephson junctions). Let d be
the geometrical distance between two neighbouring
Josephson junctions. According to [15], the SFQ
pulse propagation speed of the JTL is defined as:

vSFQ = vSFQ (βL) =
d (βL)

τ (βL)
. (11)
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Fig. 5. Electrical scheme of JTL and its possible topolo-

gies in case of ”1-1-GND” connection (TYPE 1), ”1-3-

GND” connection (TYPE 2) and ”3-3-GND” connection

(TYPE 3). 1 - first metalization layer, 2 - bias resistor,

3 - second metalization layer, 4 - hole in the second iso-

lation (at this place a contact between the resistors and

the second metalization layer is realized), 5 - hole in the

ground plane isolation (at this place a contact between

the first metalization layer and the ground plane is re-

alized, i.e. this is the connection point of the Josephson

junction to ground), 6 - Josephson junction, 7 - Joseph-

son junction shunt resistor, 8 - common biasing via the

second metalization layer.

We compare the dependence vSFQ (βL) for the
three types of connections shown in Fig. 5 by sim-
ulating the corresponding electrical schemes by the
transient simulators ELDO [17] and JSIM [18]. We
study JTLs with the typical for the fabrication tech-
nology [10] parameters: Ic = 250µA, Lg = 0.3pH,
Lp1 = 0.7pH, Lp2 = 0.1pH, CJ = 1.21pF, RJ = 1Ω
and Ub/Rb = 175µA (see Fig. 3 and Fig. 5). The
dynamic behaviours of the JTL in TYPE 1 and
TYPE 2 connections are very similar, if the substi-
tution L := L + Lp1 is done in (10) about the case
of TYPE 2 connection. The latter is not true, if we
compare the dynamics in the cases of TYPE 1 and
TYPE 3 connections (shown in Fig. 6). The TYPE

3 connection of the Josephson junctions within a
JTL significantly reduces its SFQ pulse propaga-
tion speed vSFQ. Therefore, TYPE 3 connections



are not recommended, if high-speed RSFQ circuits
should be designed.

Similar conclusions are done, if the dc bias cur-
rent margins Xb of the JTLs in Fig. 5 are com-
pared. Again, if the substitution L := L + Lp1 is
done in (10) about the case of TYPE 2 connection,
the margins in the cases of TYPE 1 and TYPE 2

connections of the junctions become identical. How-
ever, the lower dc bias current margin in the case
of TYPE 3 connection is worse in comparison to
that in the case of TYPE 1 connection (see Fig. 7).
Thus, we conclude, that the TYPE 3 connections
are not recommended, if a high fabrication yield of
the RSFQ circuits is required.
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Fig. 6. Normalized dependence vSFQ(βL) in the cases

of TYPE 1 and TYPE 3 connections of the Josephson

junctions within the JTL.
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Fig. 7. Global dc bias current margins of the JTL in

the cases of TYPE 1 and TYPE 3 connections of its

Josephson junctions. The upper dc bias current margin

is +43% in the both cases.

4 Conclusions

Using the full RCSLJ model of externally
shunted Josephson junction, we have analyzed the
dependence of the speed and the dc bias current
margins of a Josephson transmission line on the
way, in which its Josephson junctions are connected.
We have demonstrated, that the improper choice
of the connection type of the Josephson junctions
may lead to bad dynamics and deteriorated fabri-
cation yield. Both are very undesirable effects, if
the realization of ultra high-speed and high-densely
integrated RSFQ logic circuits is intended.
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