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Abstruct: - From the view point of sequence applications, especially spread spectrum mobile com-
munications, sequence sets with nice correlation properties are very important. A sequences set,
whose autocorrelation sum is without sidelobe and crosscorrelation sum is zero for every term, is
called a set of complete complementary sequences. The complete complementary sequences attract
attention in spread spectrum communications because of their nice correlation properties.

In [1], Suehiro has been proposed a class of complete complementary sequences of length Nn.
In this paper we propose a new method to generate sequence sets of length MN which compose
complete complementary sequences.
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1 Introduction

It is well-known that the ideal correlation prop-
erty of finite length sequence can not achieved
by single sequence [2]. Suehiro has been pro-
posed a method of constructing a class of
complete complementary sequences of length
Nn(N,n ∈ Z+; n ≥ 2), where N is the num-
ber of sequences in each subset in the sequence
set[1]. Suehiro also proposed the method of
coded addition of sequences for designing sig-
nals with increased information transmission
rate[3][4]. In this method, the channel usage ef-
ficiency is increased by using the complete com-
plementary sequences, because they are with-

out co-channnel interference. But in practice,
the length of Nn seems long when we make use
of the set of sequences in applications, especialy
when N is large.

In this paper, we propose a genera-
tion method that can construct a class of
complete complementary sequences of length
MN(M, N ∈ Z+; N ≥ M). The length of se-
quence in the set of complete complementary
sequence generated by this method is consid-
erably short and abundant compared with the
previous method [1].



2 The definition of notation

• Correlation Function

The correlation function of sequence S0(n) and
sequence S1(n) is defined as

RS0,S1(n) =
+∞∑

m=−∞
S0(m)S∗1(m− n) (1)

where S0(n) and S1(n) are complex sequences
of length L0 and L1

S0(n) =
L0−1∑

l=0

s0,lδ(n− l) (2)

S1(n) =
L1−1∑

l=0

s1,lδ(n− l) (3)

S∗(n) is the complex conjugate of sequence
S(n) and δ(n) is the Dirac function

δ(n) =

{
1, (n = 0)
0, (n 6= 0)

(4)

• Unitary Matrix

We also define unitary matrix Z, when matrix
Z of size N ×N satisfies

ZT Z∗ = Z∗ZT = NI (5)

Then we call matrix Z unitary matrx. where
ZT is transposed matrix of Z and Z∗ is conju-
gate matrix of Z.

Obviously, if Z is unitary matrix of size
N ×N , then it satisfies

Zi,·ZT∗
j,· = ZT

·,iZ
∗
·,j = Nδ(i− j) (6)

Where, Zi,· is ith row vector and , Z·,j is jth
column vector of matrix Z.

• Complete Complementary Sequence

The set of complete complementary sequences
is defined as follows. There are M × N se-
quences of length L

Si,k(n) =
L−1∑

l=0

si,k,lδ(n− l) (7)

|si,k,l| = 1 (8)

from a sequence set as

S = [Si ,k (n)] =




S0,0(n) S0,1(n) · · · S0,N−1(n)
S1,0(n) S1,1(n) · · · S1,N−1(n)

...
... · · · ...

SM−1,0(n)SM−1,1(n) · · ·SM−1,N−1(n)




If the sum of correlation function satiesfies

1
NL

N−1∑

k=0

RSi,k,Sj,k
(n) = δ(n)δ(i− j) (9)

(0 ≤ i, j ≤ M − 1; 0 ≤ k ≤ N − 1)

Then, we call S the set of complete comple-
mentary sequences. Sequences Si,k(n) is the
kth sequence in ith subset in the set.

• ”Diag” Operator

In this paper, the diagonalizing operator
”Diag” is defined as
If there is a vector A = (a0, a1, · · · , aN−1), Then

Diag(A) =




a0

a1
. . .

aN−1


 (10)

Form example, if A = (1, 2, 3, 4), Then

Diag(A) =




1 0 0 0
0 2 0 0
0 0 3 0
0 0 0 4


 (11)



3 Method of Generation

We get a set of complete complementary se-
quences of length MN use matrix A whose de-
rive from M column of unitary matrix of size
N×N and unitary matrics B, C of size M×M
and N ×N .

First we generate matrix D use above
matrics A,B, C as follow

D = (B ⊗ C) ·Diag (V ec A) (12)

and from row of generated matrix D, construct
seqeunces set

S = [Si ,k (n)] =

[
MN−1∑

l=0

diN+k ,lδ(n − l)

]
(13)

(0 ≤ i ≤ M − 1; 0 ≤ k ≤ N − 1)

Then, this is a set of complete complementary
sequences whose including M subsets seqeunces
with each subset are N sequences of length
MN .

Where

V ec A =




A·,0
A·,1

...
A·,N−1


 (14)

and ⊗ is Kronecker product.
Futhermore, if M will divide into N , we

get N/M matrics A0, A1, · · · , AN/M−1 of size
M × N from a unitary matrix of size N × N
and generate matrix

D =




(B ⊗ C) ·Diag (V ec A0)
(B ⊗ C) ·Diag (V ec A1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(B ⊗ C) ·Diag

(
V ec AN/M−1

)


 (15)

Similarly, construct sequences set

S = [Si ,k (n)] =

[
MN−1∑

l=0

diN+k ,lδ(n − l)

]
(16)

(0 ≤ i, k ≤ N − 1)

Then, this is a set of complete complementary
sequences whose including N subsets seqeunces
with each subset are N sequences of length
MN .

4 Proof

Hence,

D = (B ⊗ C) ·Diag (V ec A)

=




b0,0C b0,1C · · · b0,M−1C
b1,0C b1,1C · · · b1,M−1C

...
... · · · ...

bM−1,0C bM−1,1C · · · bM−1,M−1C




·Diag




A·,0
A·,1

...
A·,N−1




If we set

l = pN + q (0 ≤ p ≤ M − 1; 0 ≤ q ≤ N − 1)
(17)

Then

diN+j,l = diN+j,pN+q = aq,pbi,pcj,q (18)

Si,j(n) =

M−1
N−1∑
q=0
p=0

aq,pbi,pcj,qδ(n− pN − q)(19)

The sum of correlation function is

N−1∑

k=0

RSi,k,Sj,k
(n)

=

N−1
+∞∑

m=−∞
k=0

Si,k(m)S∗j,k(m− n)

=

N−1
+∞∑

m=−∞
k=0




M−1
N−1∑
q=0
p=0

aq,pbi,pck,qδ(m− pN − q)




·




M−1
N−1∑
v=0
u=0

a∗v,ub∗j,uc∗k,vδ[m− n− uN − v]




=

M−1
N−1∑
q=0
p=0

M−1
N−1∑
v=0
u=0

aq,pa
∗
v,ubi,pb

∗
j,uCT

·,qC
∗
·,v

·δ[n− (p− u)N − (q − v)]

= N

M−1
M−1∑
u=0
p=0

AT
·,pA

∗
·,ubi,pb

∗
j,uδ[n− (p− u)N ]



= N2Bi,·BT∗
j,· δ[n]

= MN2δ(n)δ(i− j)

1
NL

N−1∑

k=0

RSi,k,Sj,k
(n)

∣∣∣∣∣
L=MN

= δ(n)δ(i− j)

5 Example

In this section, we present an example that sup-
ports our generation.

Set M = 2, N = 4, and use Hadamard ma-
trix as unitary matrix.

A0 =




++
+−
++
+−


 A1 =




++
+−
−−
−+




B =
[
++
+−

]
C =




+ + ++
+−+−
+ +−−
+−−+




Then

D0 = (B ⊗ C) ·Diag (V ec A0)

=




+ + + + + + ++
+−+−+−+−
+ +−−+ +−−
+−−+ +−−+
+ + + +−−−−
+−+−−+−+
+ +−−−−++
+−−+−+ +−




·




+0000000
0 + 000000
00 + 00000
000 + 0000
0000 + 000
00000− 00
000000 + 0
0000000−




=




+ + + + +−+−
+−+−+ + ++
+ +−−+−−+
+−−+ + +−−
+ + + +−+−+
+−+−−−−−
+ +−−−+ +−
+−−+−−++




From rows of matrix D0, we get the two subsets
of complete complementary sequences.

The sequences in 0th subset is

S0,0 = (+ + + + +−+−)
S0,1 = (+−+−+ + ++)
S0,2 = (+ +−−+−−+)
S0,3 = (+−−+ + +−−)

and the sequences in 1st subset is

S1,0 = (+ + + +−+−+)
S1,1 = (+−+−−−−−)
S1,2 = (+ +−−−+ +−)
S1,3 = (+−−+−−++)

Obviously, this is a set of complete complemen-
tary sequence consist of two subsets seqeunces
with each subset are 4 sequences of length 8.

Similarly, we generate matrix D1 as follow

D1 = (B ⊗ C) ·Diag (V ec A1)

=




+ + + + + + ++
+−+−+−+−
+ +−−+ +−−
+−−+ +−−+
+ + + +−−−−
+−+−−+−+
+ +−−−−++
+−−+−+ +−




·




+0000000
0 + 000000
00− 00000
000− 0000
0000 + 000
00000− 00
000000− 0
0000000+




=




+ +−−+−−+
+−−+ + +−−
+ + + + +−+−
+−+−+ + ++
+ +−−−+ +−
+−−+−−++
+ + + +−+−+
+−+−−−−−




Then, we can get another two subsets of se-
quences.

The sequences in 2nd subset is

S2,0 = (+ +−−+−−+)
S2,1 = (+−−+ + +−−)
S2,2 = (+ + + + +−+−)
S2,3 = (+−+−+ + ++)

The sequences in 3rd subset is

S3,0 = (+ +−−−+ +−)
S3,1 = (+−−+−−++)
S3,2 = (+ + + +−+−+)
S3,3 = (+−+−−−−−)



This also is a set of complete complementary
sequences consist of two subsets seqeunces.

Combine above tow sets of sequences

S0 =
[
S0,0(n)S0,1(n)S0,2 S0,3(n)
S1,0(n)S1,1(n)S1,2 S1,3(n)

]

and

S1 =
[
S2,0(n)S2,1(n)S2,2 S2,3(n)
S3,0(n)S3,1(n)S3,2 S3,3(n)

]

construct a set of sequences as follow

S =




S0,0(n)S0,1(n)S0,2(n)S0,3(n)
S1,0(n)S1,1(n)S1,2(n)S1,3(n)
S2,0(n)S2,1(n)S2,2(n)S2,3(n)
S3,0(n)S3,1(n)S3,2(n)S3,3(n)




then this set of sequences also is the set of com-
plete complementary sequences whose consist
of four subsets seqeunces with each subset are
4 sequences of length 8.

6 Conclusion

In this paper, we propose a generation method
to construct the set of complete comple-
mentary sequences of length MN . The
sequence length generated by the proposed
method is short and abundant compare with
the previous method proposed by Suehiro[1]
which produces sequences of length Nn.

Previous Method New Method
L N1 Nn

1 N2 M

8 2 4 2 4
16 2 8 2 8

4 4
32 2 16 2 16

4 8
8 4

64 2 32 2 32
4 16
8 8
16 4

4 16 4 16
128 2 64 2 64

4 32
8 16
16 8
4 32

Table 1

In Table 1 we compared length and number
of sequences in the sequences set generated by
the proposed method with previous method.

In addition, our method is really simple and
easy for the practical use.
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