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Abstract: - We establish the localization and the structure of the spectrum of normal vibrations described by 
systems of partial differential equations modelling small displacements of stratified fluid in the homogeneous 
gravity field. We also compare the spectral properties of gravitational and rotational operators. The similarity of 
the essential spectrum for stratified and rotational flows corresponds to the analogy in the propagation of 
gravitational and Coriolis waves in viscous fluids, whose consideration includes the study of qualitative 
properties of the solutions, such as existence, uniqueness, smoothness, asymptotics, etc.  
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1   Introduction 
Let us consider a PDE system which describes small 
displacements of an exponentially stratified viscous 
fluid in the gravity field 
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together with the PDE system describing the 
rotational movement of a viscous fluid 
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Here ( ) ( )321
3 ,,,  ,  0   ,   uuutxutRx =≥⊂Ω∈ �

 is 

the velocity field,  p(x,t)  is the scalar field of the 
dynamic pressure , ( )tx,ρ  is the dynamic density, 

( )ωω ,0,0=�

 ,  ( )1,0,03 =e
�

 , and ωµρ  ,  ,   ,  , * Ng   

are positive constants. The equations (1) are deduced 
under the assumption that the function of stationary 

distribution of density is performed by 3
*

Nxe−ρ . The 
system (2) describes the rotation over the vertical 
axis. 
The systems (1) and (2) were studied from different 
angles , some of the results may be found in [2]- [5]. 

In [2] we prove that the essential spectrum of normal 
vibrations for the operators generated by (2) with 

0=µ  , is the interval of the real axis [ ]ωω,−  , and 
we also construct an explicit example of non-
uniqueness for the spectral parameter belonging to 
the essential spectrum. 
In [3] the following result is stated: 
Theorem 1 . 
 The solution of a Cauchy problem for (2) has the 
following asymptotic property : the velocity field 

decreases as  ( ) ∞→tt   ,  1 2
5

 , where the decay of 

order  ( ) 2
3

1
t  is due to the viscosity and the influence 

of the Coriolis term is t
1  . 

In [4], [5], [7] we prove that for the system (1) the 
distribution of energy is the same. Namely, from the 
point of view of t-asymptotics, the effects of 
gravitation and rotation are analogous in viscous 
fluids : 
Theorem 2.  
 Let us consider the system (1) in the semi-space 

( ) ( ){ }0,,:,, 3
2

21321
3 ≥∈=+ xRxxxxxR  , 

together with the boundary conditions 
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Then, for certain initial conditions, the solution of 
(1),(3) has the following asymptotic representation : 
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Let us observe that the mentioned analogy between 
gravitational and rotational waves in the dissipation 
of energy, leads to the corresponding analogy in 
spectral properties. 
Indeed, for the systems (1)  and (2) with  0=µ  , the 
singular solutions have the following forms, 
respectively : 
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Summing up all these results, it seems appropriate to 
express the conjecture that the operators generated by 
the system (1) should posess spectral properties, 
analogous to the system (2) , namely, the essential 
spectrum of such operators should be the interval      
[-N,N] . In this paper we prove that this conjecture is 
true. 
 
 

2   Problem Formulation 
Let us consider the system 
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Differentiating the second equation of (4) with 
respect to t  , we obtain 
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where 
t

p
P

∂
∂=

*

1
ρ

. 

For the system (4), let us consider the boundary value 
problem 

0=⋅
Ω∂

nu
��

   ,           ( 6 ) 

where n
�

 is the vector of the external normal for the 

bounded domain 3R⊂Ω . 
Let ( )ΩG  be the space of potential fields in ( )Ω2L  : 

( ) ( ) ( ){ }Ω∈∇=Ω∈=Ω 1
222 ;: WuLuG ϕϕ��

. 

Furthermore, let ( )Ω
0

J  be the space of solenoidal 
fields : 

( ) ( ){ }0 , 0 :1
0

=⋅=Ω∈=Ω
Ω∂

nuudivCuJ
����
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Finally, let us introduce the space ( )Ω2J   as a 

closure of  ( )Ω
0

J  in the norm of  ( )Ω2L  . 

It can be shown ([1]), that ( )Ω2L  permits the 
following orthogonal decomposition : 

( ) ( ) ( )Ω⊕Ω=Ω 222 GJL  . 
Let P be the operator of the orthogonal projection of  

( )Ω2L  onto ( )Ω2J . Now, let us define the operator  
B : 

{ }33euPuB
�� =  

with the domain 
( )Ω= 2)( JBD  . 

Thus, the system (5) transforms into 
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For the system (7) we consider the problem of normal 
vibrations 

( ) ( ) tiexvtxu λ�� =,            .  ( 8 ) 
Therefore, we can finally write the system (7) as 

( )



Ω∈
=−

2

22 0 

Jv

vBNv
�

��λ
        .  ( 9 ) 

Our aim is to investigate the spectrum of the operator 
B . From the physical point of view, the separation of 
variables (8) serves as a tool to establish the 
possibility to represent every non-stationery process 
described by (4) as a linear superposition of the 
normal vibrations. The knowledge of the spectrum of 
the normal vibrations, its structure and localization, 
may be very useful for studying the stability of the 
flows. Finally, the spectrum of operator B is 
important in the investigation of weakly non-linear 
flows, since the bifurcation points where the small 
non-linear solutions arise, belong to the spectrum of 
linear normal vibrations, i.e., to the spectrum of 
operator B . 
 
 

3   Problem Solution 
 Lemma 3. 
 B is a positive self-adjoint operator in ( )Ω2J . 

Proof. Evidently,  ( ) ( )ΩΩ
≤

22 LL
uuB
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  and thus 
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Since B is bounded, its self-adjointness follows from 
its symmetry. 
Finally, 

( ) ( ) 0,
2

3 ≥= ∫
Ω

dxxuuBu
��   , 

which concludes the proof. 
Lemma 4.  
The kernel of B is the subspace ( )ΩJH  which 

consists of all elements of ( )Ω2J  with trivial third 
component. 
Proof. Obviously,  ( ) )(BKerH J ⊂Ω  . Suppose that 

( )Ω∉∈ JHuBKeru
��

  and  )( . Then, we obtain that 

( ) ( ) 0,
2

3 == ∫
Ω

dxxuuBu
��  , which implies 03 =u  and 

thus ( ) )(BKerH J =Ω . 

Corollary. 
0=λ  is an eigenvalue of infinite multiplicity for B. 

Its corresponding eigenvectors compose all the 
subspace ( )ΩJH  . 

Now, let us consider the same separation of variables 
for the function P(x,t) : 

( )Ω∈= 1
2

   ,  )(),( WqexqtxP tiλ  . 

If )(xq  is a solution of the system 
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then )(xq  satisfies the equation 

( )33
2 evNdivq

�−=∆   , 

which implies 

( ) 033
2 =∇+ qevNdiv

�

. 

Thus, the projection operator B obtains its explicit 
form as 

qevNvBN ∇+= 33
22 ��

. 

We shall establish now the structure of the spectrum 
of the operator B. 
Theorem 5. 
The essential spectrum of the operator BN 2 is the 
interval of the real axis [ ]NN ,− . Moreover, the 
points 0,±N are eigenvalues of infinite multiplicity. 
Proof. First we recall that the essential spectrum is 
composed of the points belonging to the continuous 
spectrum, limit points of the point spectrum and the 
eigenvalues of infinite multiplicity ([8]). We shall use 
the following criterion which is attributed to Weyl 
([8]):  A necessary and suff icient condition that a real 
finite value µ  be a point of the essential spectrum of 
a self-adjoint operator B  is that there exist a sequence 
of elements ( )BDxn ∈  such that 

( ) 0 

and  weakly  0 , 1
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Let us denote  0  ,  2 ≠= µµλ  . Then, the system 
(10) takes the matrix form 
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One can easily see that the main symbol of the 
differential operator in (12) is 
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we may conclude that the operator BN 2  is not 
ell iptic in sense of Douglis-Nirenberg if and only if 

[ ]2,0 N∈µ  . ([6]) .  

Now, let us consider ( )2
0 ,0 N∈µ   and choose a 

vector ξ  such that 

0   ,   0
222

0 ≠=+− ξξξµ N   . 

Therefore, there exists 
( ) 41   ,   0   ,   ,,, 4321 ≤≤≠= iiηηηηηη , 



such that  ( ) 0=ηξL   : 

( )










=++
=++−

=+−
=+−

0

0

0

0

332211

4313
2

0

4220

4110

ηξηξηξ
ηξηµ

ηξηµ
ηξηµ

N
    ( 13 ) 

Solving (13) with recpect to  η   , we obtain 
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We observe that    41  ,  0 ≤≤≠ iiη  . 

Now, let us choose a function 
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where the constants  0≠i
jC   do not depend on k . 

We define the Weyl sequence 
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Now we have to verify that the sequence kv~  defined 
above, satisfies  the conditions (11). Note that a Weyl 
sequence is an explicit solution of a system of partial 
differential equations. 

For the functions (16), the weak convergence to zero 
is evident. Let us introduce the matrix differential 
operator M : 
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Thus, the system (12) can be expressed as 
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From (13),(14) it follows that 
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separated from zero, it is suff icient to prove 
that at least the norms of one component of 

the field kv~  are separated from zero as  
∞→k  . 
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In this way, we have proved that the 
sequence (16) satisfies Weyl conditions (11). 
Since the essential spectrum is closed, the 

points 2 , 0 N=µ  , belong to it. Returning 

to the initial spectral parameter λ  , we 
obtain that the essential spectrum of the 

operator BN 2  is the interval [ ]NN,− .  

We have seen that 0=λ is an eigenvalue of 
infinite multiplicity . The same statement 
holds for the points  N±=λ  .  
Indeed, for  N±=λ   the system (10) 
transforms into 
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It can be easily seen that any function of the 

type ( )( )0,,,0,0 21 xxϕ  ,  ∞∈ 0Cϕ  , satisfies 

the last system.  
Thus, theorem 5 is proved. 
 
 

4   Conclusion 
The remarkable analogy  of gravitational and 
rotational waves discussed above could serve as an 
example of how mathematical description of physical 
forces of different origin may help us to understand 
the unity of the Nature’s manifestations. 
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