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Abstract:— An interactor matrix plays some important roles in control system analysis and synthesis. Recently, a
simple derivation of the interactor matrix using pseudoinverse. Unfortunately, this method is limited to square systems.
In this paper, it will be presented a simple derivation of an interactor matrix for non-square transfer function matrices.

A pseudo inverted interactorizing will be proposed and achieved by using state feedback.
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1 Introduction

A spectral factorization of transfer function matrices are
used to solve the many control problems such as filtering
[1], [2], singular LQ problem [3] and H problem [4]. A
primary solution was given in [5], which was based on the
direct operations for the transfer function matrix and was
not adequate for computer calculations. Later, a method
using state space representation was shown [6]. Unfor-
tunately, the method can not be used for strictly proper
transfer function matrices.

In this paper, it will be presented a state space formula
of spectral factorization for strictly proper transfer func-
tion matrices. The basic idea is as follows: first, calculate
a unitary interactor matrix [7], [3] for a given transfer
matrix in order to make the compensated transfer matrix
be proper, and then use the classical method in [6]. A
derivation of interactor was given in [7], which is hard to
carry out by computers. The authors presented a simple
method using state space representation of given transfer
function matrix [8]. But this method is limited to non-
singular transfer functions. Therefore, it will be presented
a method to derive an interactor for non-square transfer
function matrices. It will be shown that the problem can
be solved by calculating the null space of certain matrix.

As an application of spectral factorization, it will dis-
cussed a pseudo inverted interactorizing using by state
feedback. The notion of inverted interactorizing was pre-
sented in [9]. But the method is useful for the square
and minimum phase plants. The method is closely related
to the singular LQ regulation problem [3]. In fact, the

singular LQ regulation can be solved by the inverted in-
teractorizing of the minimum phase image of given plant.
But only square plants are discussed in [3]. It will be in-
troduced a pseudo inverted interactorizing for non-square
plants, instead. Then, a method to achieve the pseudo
inverted interactorizing will be shown by using state feed-
back.

2 Simple Derivation of Interactor
Matrix

For a given m x p strictly proper and full rank transfer
function matrix, G(z), there exists an m X m polynomial
matrix, L(z), which satisfies the following equation.

lim L(z)G(z) = K

Z— 00

(full rank). (1)

Such an L(z) is called an interactor matrix of G(z) ! . If
K =1,,, L(2) is called an identity interactor [11]. At first,
a derivation of an identity interactor (z2) := K~'L(2) is
considered.

Let (A, B, C) denote a minimal realization of G(z) and

L Although the definition [7] is restricted the structure of L(z)
(lower triangular), we do not consider such a restriction since it is
not essential in this paper.



define T'x_1 and Jg_1 by

CB 0 - 0

CAB cCB -0
Ty = )

: : S (2)
CA*'B CA¥2B ... CB
Jr-1 = [Im Opxm(r—1))-
Define w as the least integer k which satisfies the following
equation.

rank [il;:j } =rank T4_1. (3)
Let an identity interactor, £(z), be described by
£(2) = 261 + 226 + o+ 26 = €257 71 (2),
=[5 & - &ul, &GeR™T (4)
S}“n_l(z) ) e Sy A

then, from Mutoh and Ortega (1993) (or Huang et al
1997), the following equation holds:

(5)

Conversely, the identity interactor £(z) can be obtained by
solving this equation and the solvability of this is asserted
from eqn.(3). Thus, using Moore-Penrose pseudoinverse
TZU_l of T,_1, & can be calculated by

éTw—l = J’LU—l'

€=JuaT), ;. (6)
Example 1  Consider the following transfer function
matrix [7].
1 1
G(z)= | # T 1 z T 2
z+3 z+4

In this case, (A, B, C) can be given by

0 1 0 O 00
-3-4 0 0 10
A= 0 0 0 1 , B= 00
0 0-8-6 01
3141
¢= 1121

In this case, w = 3 and using the pseudoinverse of

cCB 0 0
CAB CB 0 |,
CA2B CAB CB

T, =

we have

1 075 0.75 0.25 —-1.25 0.5 —0.5
£= [—0.5 —-0.5 0 1-05 05’
£(2) = z [22 +0.52+1.5 —22 252+ 1.5}
2 —22 -1 224221 :

3 Properties of the Interactor Ma-
trix
In this section, we consider the properties of the interactor

by the proposed method. For the pseudoinverse of T, _1,
we have the following Lemma.

Lemma 1 There exists a matrix P such that

CB
CAB
££T + |:05_’n><7nw:| PfT _ £T. (7)
: w—2
CAY~'B
(Proof).  From eqns.(2) and (6), the first m rows of
T! . must be £. So using some matrix P, we can write

w—1
T | = [f’] .

Since T:rvfl is the Moore-Penrose pseudoinverse of T',_1,

(8)

)T = T"w—lT’]L

w—1*

(T T

w—1

(9)

Substituting eqn.(8) into the above equation, we have

CB

CAB Omxmw T T T

: £+ T, pP=[¢" P]T, . (10)
CAv~'B

By postmultiplying the above equation by &7 and then
using eqn.(5), eqn.(7) can be obtained. O

The explicit form of P will be given in Appendix A.

Theorem 1 Let

£N(z) = gT(zil) = Zﬁlf? + Zfzfgw bW Z;v

CA C
CA? CA
F=¢&| . |, Ouwal(CA)= : :
CAvY cAv-1
Ap:=A- BF
(11)
If £ is given by
£=Ju Ty, (12)
then the following properties hold:
P1 £(2)€7(2) = &¢7, (13)
P2 O, 1(C,Ap)B = ¢, (14)

P3 CAY =0. (15)



(Proof of P1).  From eqn.(5),

On the other hand, since Gp(2)¢(z) = I, we have

gﬁw 50 8 T OB 0 0
w—1 Sw *"° R
. | Tw2=0. (16) CArB CB 0 fw
: : R : . : fw—l
& &b CA“'B CAY™*B ... CB :
Using eqn.(7), & (22)
[ &w 0 - 0] L cAkiB cAkip .. oAk B
E“’_l E“’ 0 0 T Om(w—l)xm
B =| I
i fl 52 fu)_ Om(kfw)xm
[ & 0 ---07][ CB ] for k > w. Shifting the above relation, the following equa-
Ew-1 & -+ 0O CAB tion holds.
= . . : 33 i ;
R : CB 0 0
| & & & [ CAYTIB CArB CB --- 0
o 0 -+ 0] : : . : S
Ew—l Ew e 0 O xmaw CAwizB CAwiBB s CB Do
m P T F F N
B R L e ; z e
SERSEERE | cAk-ip cAk?B ... oAk B
[ ¢, 0---0][ CB -
= ’ 23
_ gwfl gw - 0 CAB ££T _Om(k—w)xmw ( )
R : [CAFB --- CAY'B
L & & - &w | |[CAYTIB ] €y o &p 0
- 0m<wj—1>m e’ (17) —|CARB - cAZTIB | | s ot
which implies that £(z) has the all-pass property, i.e., P1 CARB ... CAMo-1B
holds. -F F
(Proof of P2). Since F is the state feedback gain of the Premultiplying the above equation by BTO[ | (C, Ap)

inverted interactorizing, the closed-loop transfer function

matrix Gp(z) = £71(2) is given by

Gr(z) = Z z_iC’Aé,TlB.

i=1

From the all-pass property of £(z), there exists an integer

k such that ‘
CA.B=0, Vj>k.
Since
Gr(2)Gr(z) = (€7(2) 171 (2)
holds,

CB 0 - 0

CApB  CB -+ 0
BTOI | (C, AF) .

| cAY B cAR?B ... CB
= [(géT)71 Omxm(k—l)L
[ CALB

BTOL | (C,Ap) =0pxp (i>1).

| cAktiB

and then using eqn.(21), it follows that

BTOT | (C, AF)

[ CB 0
CArB CB

(18)

=B"0,_1(C, Ar)

(19) : :
(20) _CAé—lB CA??B

&1 bw
XL
0 - &

€ -

=€) Opemr—n)) | ¢+ -,

(21) 0-- &

= (eg") e = (eNT.

Thus, P2 holds.

CAY 2B CAY®B -




(Proof of P3).  From eqn.(14),

BTO},_1(C,Ar)O0u-1(C, Ap)B = (€€7)~"  (25)
holds. On the other hand, from eqn.(21),
BTO[_1(C,Ap)Ox-1(C, Ap)B = (€€7)".  (26)

If k > w, then CA%B = 0 and it contradicts to the defi-
nition of k. Thus, k < w in eqn.(19). Therefore,

CA%[B ApB --- ALB -] =0 (27)
can be obtained. From the reachability of (Ap, B), P3

holds. O

P1 implies that £(z) has the all-pass property in the
discrete-time. Therefore, all zeros of the interactor lie at
the origin. Since F' is the state feedback gain for the
inverted interactorizing [9], P2 and P3 imply that the
Markov parameters of the closed-loop system are given by
the pseudoinverse of the coeflicient matrix of interactor.

The following Corollary is obvious consequence if the
general solution of eqn.(5) is considered.

Corollary  Using the free parameter A € R™*™",
define

Lo=¢&+ ALy — Tow T _,).

w—1

(28)

Then, the identity interactor can be parametrized as fol-
lows:

L(z) = zLoS}P ' (2) + &, (29)

where & € R™*™ is an arbitrary.

4 Non-Square Transfer Matrices

4.1 Tall Transfer Matrices

In this case, m > p. Without loss of generality, assume
that K has the following form:

K= { L } (30)
Om—p)xp
According to the above portion, L is also divided as follow:
| L1 | }prows
L= [Lg } } (m — p)-rows’ (31)

Thus, algebraic equation corresponding to eqn.(5) can be
written by

LiTw-1 = [1p Opxp(u-1) |
LT, 1= O(mfp)xpw-

(32)
(33)
In order to guarantee the unitarily of interactor, eqn.(32)
should be solved by using pseudoinverse as in Theorem 1,

and then the orthogonal unit bases in the left null space
of

L£L£71"'L1T 0O --- 0

o rr ... LT ... 0

. . . . (34)
Ty-1 : R : .o

0 0 N PR AP )

should be calculated.

Example 2 Consider the following transfer function
matrix.
1 1
z J{ 1z J{ 2
G(z) =

ZT3 ZT4
z+5 246
In this case, (A, B, C) can be given by

0 1.0 0 0 0
0 01 0 0 0
q_|"B-2-9 0 0 0
0O 00 0 1 o0}
0O 00 0 0 1
| 0 0 0-—48 —44 —12
B:'001000T
000001
(15812410 1
C=| 56112 81
| 341 8 61

Then, using the pseudoinverse of

CB 0 0
CAB CB 0 |,
CA’B CAB CB

Ty =

the solution L of equ(??) is given by

Ly = [Li Ly L]

1846 1846 .1846 .0359 —.3333 —.7026
—.1385 —.1385 —.1385 .0564 .3333 .6103

4962 —.4962 —.0038
—.4346 .3692 .0654 |

Then, a soution Ly of eqn.(33) is given by calculating the
orthogonal unit bases of the left null space of

LTI o o

T, 0 LT LT LT o

0 0 LT LT LT
to guarantee the unitarily of interactor, which is given by
as follow:

Ly, = [.2116 2116 .2116 .4231 0 —.4231
—.2909 .5818 —.2909] .



Thus, the interactor is given by

L(z) =
496222 +.03592z  —.496222 — .33332z  —.003822 — .70262
+.1846 +.1846 +.1846
—.434622 + .05642 .369222 + .3333z 065422 + .6103z
—.1385 —.1385 —.1385
—.290922 + 42312 581822 + .2116  —.2909z2 — 4231z
+.2116 +.2116

4.2 Fat Transfer Matrices

In this case, a special form of K cannot be assumed. How-
ever, T:rvfl can be calculated. Therefore, L can be written
by

L=J, T}, =K, _)(1:p)

w—1 —

(35)

where (T _)(1 : p) denote the matrix consisting of the
first p-th rows of TL_l. Then, substituting eqn.(35) to
eqn.(5),

K {(Tju_l)a )T 1 — [Ty Oppwr) }} =0. (36)

By calculating the left null space of the above matrix, K
and thus L can be determined.

Example 3 Consider the following transfer function
matrix.
1 1 1
G(z) = le szQ sz?)

z4+4 z4+5 246
In this case, (A, B, C) can be given by

01 00 00
—4-5 0 0 0 0
A_| 00 01 00
0 0-10-7 0 0"
00 00 0 1
00 0 0-18-9
01000077
B=1000100
1000001
415161
C=1l112131
Then,
(TH)(1:3)T> — [ I3 O3x6 ]
—.1471 2041 —.1471 .0588 0 —.0588
— | 2041 —.5882 .2941 —.1176 0 .1176
—.1471 2041 —.1471 .0588 0 —.0588
0588 .0588 .0588
— 1176 —.1176 —.1176
0588 .0588 .0588

and K, L and L(z) can be obtained as follows:

K- —.6802.0262 .7326
| .6088.5768.5447 |’

—.3763 —.3763 —.2113 .9177 —.2355 .2335
.1060 .1060 .1430—.1751 .0107 —.0107 |’

L(z) =
—.235522 — 2113z — .3763 .233522 4 9177z — .3763
Z1 010722 + .14302 4+ .1060 —.10722 — .1751% + .1060

5 Pseudo Inverted Interactorizing
by State Feedback

Throughout this section, assume that G(z) has no invari-
ant zeros on the unit circle, and m > p, which means G(z)
has more outputs channel than inputs. Let (A, B, C) de-
note a minimal realization of a given transfer matrix G(z)
and L(z) denote a unitary interactor of G(z). Then, a real-
ization of L(z)G(z) can be written by (A, B, C.D) defining

(37)
(38)

C=L,CA+LyCA% + ...+ L,CA”
D=I1L,CB+ LyCAB+---+ L,CA""'B

where L; is defined in eqn.(4). It is well known that the
spectral factor G1(z) of L(z)G(z) which satisfies

G~ (2)L™(2)L(2)G(2) = G (2)G1(2) (39)
is given by
- Al B
Gi(z) = Cv|(]p+(BTXB)1/2) (40)
where
C=(I,+B"XB)"V2(B"XA+D"TC)  (41)

and X is the positive definite solution of the following
discrete-time Riccati equation [6]:

X =ATXA+CTC
—(ATXB+CTD)(I, + BTXB)"Y(BTX A+ DC).
] (42)
Note that a spectral factor Gi1(z) of L(2)G(z) is also a
spectral factor of G(z) since L(z) is a unitary interactor
and

G~ (2)L"™ (2)L(2)G(z) = G~ (2)G(2).
Therefore, the above spectral factor él (z) can be consid-
ered as a minimum phase image of G(z).

Since a unitary interactor of spectral factor Gy(z) is
I, the feedback gain F; of the inverted interactorizing
for G1(z) is given by [9]

F,=1,-C=C. (43)



Then, the control input w(t) is given by

u(t) = Fia(t). (44)
Applying the above feedback gain F}, the poles of closed-
loop system divide the following three parts:

(a) the poles corresponding to the zeros of the interactor.
(b) the poles corresponding to the stable zeros of G (z).

(c) the poles corresponding to the minimum phase image
of anti-stable zeros of G1(z).

Therefore, by canceling the poles of (b), the closed-loop
system is given by the inverted interactorizing part plus
inner matrix (all-pass transfer matrix) part.

6 Conclusions

In this paper, we presented an easy and direct method
to compute an interactor matrix. For this derivation, we
only calculate the pseudoinverse and null space of some
Toeplitz matrix. The interactor can be applicable for spec-
tral factorization and inner-outer factorization for strictly
proper transfer function matrices. We also presented the
notion of pseudo inverted interactorizing. This is a nat-
ural extension of the inverted interactorizing for square
transfer matrix.

A Appendix A

From the existence of P,

(Tn(u-r) — Tu—aTh 5)(| . | ~MEET) =0 (45)

holds. Using the singular value decomposition, T',,_2 can
be written as

Ty o=U gg] VT, (46)
Since eq.(5) implies
(2 & -+ &w]Tw—2=0, (47)
o X720 o
postmultiplying eq.(47) by V 0 0 V+ gives
(€2 & -+ €ul(T, 5)" = 0. (48)

Using a free parameter matrix Z € R™W~DX™ the gen-
eral solution of eq.(7) is given by

P=(Z-T| ,Tu22€" ("))~ T], ,ME  (49)
Then define a free parameter matrix Z by
Z = [Om(w—l)xm TIJ{U_Q} . (50)

It is easy to verify that the above Z (in T _,) satisfies
the rest of conditions for the pseudoinverse, i.e.,

(T, Tow1)T =T, T,

Ty T Ty 1 =Ty 1, (51)

ijflwalTqul = Tjufl'
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