Approximation of Sigmoid Function and the Derivative for Artificial Neurons
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Abstract: - A piecewise linear recursive approximation scheme is applied to the computation of the sigmoid
function and its derivative in artificial neurons with learning capability. The scheme provides high
approximation accuracy with very low memory requirements. The recursive nature of this method allows for the
control of the rate accuracy/computation delay just by modifying one parameter with no impact on the occupied
area. The error analysis shows an accuracy comparable to or better than other reported piecewise linear
approximation schemes. No multiplier is needed for a digital implementation of the sigmoid generator and only
one multiplier for its derivative.

Key-Words: -sigmoid function,neural networks, hardware design, piecewise linear approximation, recursive
centered interpolation.

1 Introduction

In the hardware implementation of artificial neural 2 PWL Optimized Approximation of
networks (ANN), the non-linearity of the activation the Sigmoid Function

function is one of the factors that constrains either|y this section we will describe the computational
the occupied area or the computation time of thescheme for the approximation of a sigmoid function
system. The most popular activation function is the gjyen py

sigmoid, often used with gradient-descendent type

learning algorithms. There are different possibilities f(x) = 1 1)

for evaluating this function, such as a truncated series 1+e™

expansion, look-up tables, or piecewise We will a ; -
L . . X pply a Centered Linear Approximation
approximation.  Piece  Wise Linear  (PWL) CECRI) to the efficient generation of an optimized

alriproxlmatlcl)nz tshchtemes _?ppear to k(;e ha gﬁo pproximation to the above-defined function. CRI is
alterna |ve_[ ,2] that save silicon area and s oW SNOTL recursive computational scheme for the generation
latency times [3]. Moreover, when gradient

descendent algorithms are used, they require th
existence of the first derivative of the activation is a natural quadratic approximation with lattice

function. In consequence, if the learning is going to .\t vo The main advantage of the CRI is its

be carried out on-line, it is also necessary to CompUtesimpIicity and recursively-improved accuracy.

eff'?l_'ﬁmly tlhe;_ first derivative. thi ; Moreover, CRI generates accurate approximations to
€ solutions W€ propose In this paper 1or anyq, inear functions from a very simple PWL

e.ff'c'ef“ and cost effective implementation .Of t_he starting structure and requieres the storage of very
sigmoid function is based on a PWL approximation ;ew parameters

scheme that can be applied to the approximation o The initial structure, which must be generated as

any non-linear functipn. .The method ha§ be.enthe starting PWL approximation, is shown in Fig.1
optimized to approximating both the sigmoid and described bellow

function and its first derivative for future ANN
hardware implementations. This procedure is well (=0
suited for VLSI circuit design, is computationally o=

efficient and allows for a certain control of the rate ¥,(X) - 1H+*f 2)
accuracy/computation delay as it is based on a 20 2C

recursive algorithm. yo(x) =1

of PWL functions with successive vertex smoothing.
S his method has been described with detail in [4] and



whetre y,(x) is the tangent to the reference sigmoid optimized A to achieve the minimum of the
function inx = 0. Notice that we only need an adder maximum error for any input for every interpolation
and a shift register in the case of a digital design.level, that is

This initial structure assures null errorxa0 and the
squashing property of the function.

y1=0, y2=0, y3=1/ 2( 1+x/ 2)

/

)

whereP=[4] is a one-dimensional vector and

min{Eq

max

“4)

Ene(P) = Maxe| = Max f (x) - g, (x.4) (5)

As the value of the inputthe maximum error occurs
for is a function off\, the error surface(x,A)|=[f(x)-
gq(x.A)] must be compted, the maximum vales or
eath A obtainel and finally the minimum value of
such maximums identified to sete¥, .. The values
of AqoptfOr eachg are:

D opt= 0.308% D opt = 0.28094
" Dz op= 0.2658 Dy op=0.26380
Neverthelesst is known thatonee computel the  Tpage values have been obtained by calculating

sigmoid function for negative input{X) the  nymerically the error surface with an input resolution
computation of the same function for positive inputs ;¢ 155 in A and 1Fin x

(x) is straightforward and is given by
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Figure 1: Initial structure for the CRI appraxation of
the signoid function.

The generatd optimized approximatios through
CRI, for negative and positive inputs, and the error
curves magrified by tenare shavn in Fg.2. The
initial structure has only 3 segments, comprising
Consequenyl, we will only consider de negative y;(x)=0 andys(x)=1. This quantity increases in each

f(x") =1-f(x) 3)

semi axis. Therefore, the definition pf(x) and the  recursion, and can be calculated for each
computation of the minimum operations are avoidedinterpolation level as follows:

in the computation algorithm, although a sign

detector must be implemented for the inputs. The numberof segmersi(ns) = 29 +1 (6)

CRI algorithm for negative inputs is as follows:

So the number of segments increases to 5, 9, 17 and
33 for g=1, 2, 3 and 4 respectively.

As mention& above note that being y»(x) the
tangent tdf(x) in x=0, the error is zero for = 0 and
very small in its surroundings. This fact enhances the
training when off-line simulation packages based on
gradient descendent algorithms are used [1], as the
derivative off(x) andg(x) are very close.

9(¥) = ¥1(x) = 0; h(X) = y,(x) =V2(1+%/2);
for(i=0;i=qji++)
{g'() = Max[g(x),h(x)}
h(x)=v2(g(x) + h(x) +A)
g(x) = g'(x);
A=A/4}
909 = Max[g(x), h(x)}

wher A is thedepth parameterthat must be stored
in memory for eacly, q is the interpolation levie h
is thelinear interpolation functionandg(x) is the
obtained approximated functiog' (x) is only needed

3 Approximation of the First

Derivative
The first derivative of the sigmoid function given in

to write a sequential algorithm, but it woul

disappear from the computation scheme in a physical

circuit implementation agy(xX) and h(x) would be
computed in parallel.
Fa an optimd approximation we mud choose

g Wis

-X

Online training, if based on gradient descendent

f1(x) = (7)

the value ofA that minimizes the error of the methods, demands on-chip computation of the first
approximation for edcq (Aqop)- IN this case we have derivative that can be implemented in various forms.
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Figure 2: Reference function (sigoid), approximnated function and error curveagnified by ten for the first four
interpolation levels. Nmber of segents: 5 for g=1, 9 for g=2, 17 for q=3 and 33 for gq=4.

The first approach consists of a straightforward A bette approximationcan be achievel if CRI is
differentiation of the PWL approximation of the used again to generate a PWL approximation of the
sigmoid that results in a non-continuous stepderivative function. Now, three straight lines form
function. This function must be computed efficiently, the initial structure shown in Fig.3:

for example by choosing power of two values for

each step in digital designs [3]. Alternatively Yi(x) =0

1(X) =
Yo(X) =mx+n (9)
Ya(X) =—-mx+n

(=)A= 1(x) (8)

can be computed. In our case, we would use g(x), i.e.
the CRI approximation of the sigmoid, for the W
calculation of (8) but the obtained approximations

are not very accurate. m= 1
(2—«/5 +
y1=0, y2=nx+n, y3=- nx+n
0.4

where

&

- =0.0962%

? (2—ﬁ%+ 2_%% (10)
1

: R

—an(z ( 029334
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Figure 3: Initial structure for the CRI appraxation of p_0|r_1ts of Inflectlon_. The CRI algorlt_hm IS very
the first derivative. similar to the one given for the approximation of the

sigmoid function. Now we need two different



interpolation depths for accurately approximate desolution is straightforward as CRI assures that the

reference functiorf'(x): one for vertex PA,y and
another one for vertexes Q and R.§. The
recursive algorithm is as follows:

h(x) = y;,(X) = 0;dg(X) = y,(X) = mx+n;
h'(X) = y3(X) = -mx+n;
for(i=0;i=q;i++)

{dg'(x) = Min[g(x),h' (W)}

h(x) =22(dg(x) + h'(x) - A, )

dg(x) = Max[dg'(x),h(x)];

h(x) =1/2(dg' () +h(x) +4, )

Aa = Aa/4'Ab = Ab/4’}
dg'(x) = Min[dg(x),h' ()}
dg(x) = Max{dg'(x), h()}

where dg(x) is the approximated first derivative of
the sigmoid function.

The optimization problem has been solved as
stated before in (4) and (5), i.e. by searching for the,

minimum value of the maximum error at any ingut
In particular, the optimization problem fdx, , has
been solved with the constraint gf=0) = 0. The
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height of the function is set in the first interpolation
level:

A, = 251 - EH= 0.0868 for anyq (1)
0O 40

From the resolution of (5) we obtain

Ny1=0.11266
Ny 3= 0.09634

Ay »= 0.10150
Ny 4= 0.09547

The approximations obtained for the first four
interpolation levels are depicted in Fig.4, where error
curves have been magnified by ten.

The approximation error for eaah has been
evaluated for 10input data uniformly spaced in the
domain F8,8] as made in [5]. The numerical values
are summed up in Table 1 and Table 2 for the
sigmoid and the first derivative respectively. These
values of the maximum and average errors are
comparable in order of magnitude to those reported
in [1, 2, 5] for specific digital designs of PWL
sigmoid function approximating circuits.
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Figure 4: Reference function (first derivative), CRI approximatidg(X)) and error curve magnified by ten for the first
four recursion levels. Number of segments: 7 for q=1, 15 for g=2, 27 for q=3 and 41 for g=4.



Interpolation level Optimum depth parameter Average error Maximum error No. segments
g=1 g opi= 0.30895 1.28102 3.78x1072 3(5)
q=2 Dy op= 0.28094 9.2410° 2.45¢107° 7(9)
g=3 Az op= 0.26588 8.4810° 2.06x10°2 15 (17)
q=4 Ag 0pt= 0.26380 8.4210°° 1.971072 31 (33)

Table 1: Sigmoid approximation. Optimization of the maximum error. In brackets the number of segments excluding the

constant functiong=1 andy=0.

Interpolation level Optimum depth parameter Average error Maximum error No. segments
q=1 Ay1=0.11266 4.9410° 1.43x10° 5 (7)
q=2 Ay = 0.10150 3.6¥10° 9.56<10° 13 (15)
g=3 Ny 3= 0.09634 3.4810° 8.09<10° 25 (27)
g=4 Ny 4= 0.09547 3.3110° 7.7%10° 39 (41)

Table 2: Approximation of the first derivative. Optimization of the maximum error. In brackets the number of segments

excluding de constant functiogs1 andy=0

4 Concluding Remarks
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