Zero-Term Rank Preserversover Fields and Rings
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Abstract: - The zero-term rank of a matrix is the maximum number of zeros in any generalized diagonal. This
article characterizes the linear operators that preserve zero-term rank of m” n matrices when the matrices have
entries either in afield with at least mn+1 elements or in aring whose characteristic is not 2.
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1 Introduction
Let M, (F) denote the set of m” n matrices

over F ,where F isanagebraic set, usually afield.
Let AT M, (F)andlet #A denote the number of
nonzero entries of A. Let B be the two element
Boolean agebra, and A denote the m” n matrix
with entries in B such that ai,j =0 if and only if
a,;=0.Let E; bethematrix in M, (F) which

has a “1”’in the (i, j) entry and is zero elsewhere.
Wecdl E ; acel. A matrix A issaid to dominate
matrix B if ;=0 impliesthat b ; =0 , and we
write A3 B.

Thetermrank of AT M (F) isthe maxumum

number of nonzero elements on any generalized
diagonal. Equivalently, the term rank of A is the
smalest Kk such that for some permutation matrices
P and Q, PAQ hasan (m-r)” (n- S) submatrix
of zeros and r +s=Kk. We denote the term rank of
A by t(A).Let J denote the matrix of al 1's. If B
isa (01) matrix such that B= A then the zero-
termrank of A, z(A), istheterm rank of J- B,
that is, z(A) =t(J- B). In other words, the zero-
term rank of a matrix is the maximum number of

zerosin any generalized diagonal.
If T:M,.(F)® M, (F) isalinear operator,

define T:M,,,(B) ® M,,.(B) by

_ noy__
T(A=a aT(ai,jEi,j) .
i=1 =1
A linear operator T preserves a st C if
T(C)1 X.A linear operator T strongly preserves
aset C if T preservesthe set and T preserves the
complement of the set in M (F). T preserves a
function f:M  (F)® F if
f(T(X)) = £(X)

forevery X1 M (F)-.

In [1] and [2], Beadey and Pullman characterized
the term rank preservers and term rank-1 preservers.
In [3] Beasley, Song and Lee have characterized the
zero-term rank preservers, as well as zero-term rank 1
preservers with additional conditions. Those works
were over antinegative semirings. Our results below
require that the entries of the matrices come from a
field with at least mn+1 entries.

A linear operator T:M_  (F)® M, (F) is
cdled a (P,Q,B)-operator if there exist
permutation matrices P and Q, and amatrix B dll
of whose entries ae nonzero such that



T(X)=P(XoB)Q for dl X1 M, (F) o if
m=n, T(X)=P(X-B)'Q for al
XTM,.(F), where XoBdenotes the

Hadamard(or Schur) product of X and B, i.e,
XoB=(x b ;). In[3], the linear operators which

preserve zero-term rank were shown to be (P, Q, B) -
operators. We now state that result for later reference.

Theorem 1.1 [3] If S is any antinegative semiring,
and T is a linear operator on M, (S), then the

following are equivalent:
) T isa (P,Q,B)-operator;
) T preserves zero-term rank;
) T preserves zero-term rank 1 and ﬁ =J.

Theorem 1.2 [2] If S isany semiring, and T isa
linear operator on M . (S) , then the following are

equivalent:
) T isa (P,Q,B)-operator;
) T preservesterm rank;

) T preservesterm ranks 1 and 2.

2 Zero-term
fields

rank preservers over

We begin with two lemmas upon which the main
theorems will rely.

Lemma 2.1 If F is a fied with at least mn+1
elements and T:M,_  (F)® M, (F) preserves

zero-term rank 1, then there exists X T M (F)

suchthat T(X) =J . Thatis #T(X)=mn.

Proof. Choose X T M, ,(F) suchthat #T(X) 3
#T(A)fordl AT M (F).Since F hasat least
mn+1 elements, we can find X such that
T(X)3 T(A) fordl AT M, .(F).

Suppose that ﬁl J. Then, for some (i, j),
T(A)oE ; =0, for dl AT M (F). Further by

permuting rows and columns, we may assume that
(i,]))=(1)). Also, since F has at least mn+1

elements, we may assume that X=J, 0 that
Z(X)=0.Let E,, beacel suchthat T(E,,) has

anonzero (s,t) entry with s;t 3 2. If no such cell
existed we should have that z(X - X ;E; ;) =1for

every cell Ei,j and necessarily,
Z(T(X - % ;E ;)) =min{mn},
a contradiction. Now, for T(E,,) =R=(r;;), we

X
havethat z(T(X - —

Ek,l )) 32,
st

and

Xs,t

2(X- =LE,)EL

st

X
Thus, we must have that z(X - —=*E,,)=0. Let
M

st

XS,I
I

st

Y=X-

E. . If E.4 isacel whose image

under T has an (S,t) entry which is zero, then
Z(Y- Y. 4Ecq) =1, while Z(T(Y- y,4E.4)) 2 2, a
contradiction. Thus the image of every cell has a
nonzero (S,t) entry. Let T(Y) =W. If

T(E,)) =Uand T(E;,) =V,
then

& u,-w,6_ 0
TgY- y1,1E1,1 +M+Eui
e Vs,t 2 (%]

has zeros in the (1,1) and (s,t) entries, and hence

has zero term rank at least 2, while

?1,1%1 - ys,t QElzg =1,

e
ZgY - y1,1 El,l +
Vs,t (%) (%)

acontradiction. Thus T(X) = J. L]

The hypothesis in the above lemma requiring the
field to have at least mn+1 elements can be seen to
be necessary by the following example.

Example2.1Let F = Z,. Consider
T:M3,(Z,) ® My,(Z,)
defined by



elu elu
T(E) =gy T(E)=g; ad T(E,)=0.
e0d elg
Then T preserves zero-term rank 1, but ﬁ 1J
élu élu
since for any AT M,,(2,), T(A)is 99, &)
&f éd
é0u
% or the zero matrix, and is zero only if A=0 or
elg
=

As the following lemma illustrates, characterizing
linear operators which preserve the set of matrices of
zero-term rank 1 can be assisted by first looking at
linear operatorson M (B).

Lemma 2.2 If F is a fidd with at least mn+1
elements and T:M,_  (F)® M, (F) preserves

zero-term rank 1, then T is bijective on the set of
cdlsin M (B).

Proof. From the above proof of Lemma 2.1, there
exists X1 M (F) such that T(X) has all

nonzero entries. That is #T(X) =mn. Since F has
at least mn+1 elements, there exists a pair (k,I)
such that for some x,, T F,
T(Ei,j + X, Ek,l) >T(Ei,j)

unless #T (E;;)=mn. Let Y, = + % E. If
#T(Y,)* mn there is some cell E,  such that for
some x 1 F, T(Y,+x (E ;) >T(Y,). Repeating
this process, one finds a matrix Y such that #Y <mn
while #T(Y)=mn. Since #Y<mn, we may
assume without loss of generality that y,, =0. Since

F hasat least mn+1 elements, thereis X1 F such
that
H#T(Y+x(J- E;;))=mn
and
#Y+x(J- E))=mn- 1.

That is,
Z(T(Y+x(J- E)) =0

while z(Y+x(J - E,;)) =1, a contradiction. Thus
#T(E ;)E1, for dl cels E ;. Further, if
T(E ;) =0, then since #T(X)=mn, T(E )
must have a least 2 entries for some (r,s), a
contradiction. That is T is bijective on the set of cells

[(Man(B).

Theorem 2.1 If F is a field with at least mn+1
elements and T:M,_  (F)® M, (F) preserves

zero-term rank 1, then T isa (P, Q, B) -operator.

Proof. From lemma 2.2, T is bijective on the set of
celsin M, (B).Since T preserves zero-term rank

1wehavethat T does also. By Theorem 1.1, T isa
(P,Q, B) -operator, where B=J. Thus, P'TQ" is
the identity linear operator on M (B). That is,
P'T(E ;)Q" =b ;E;; for each par (i,j) (or
perhaps P'T(E, )Q' =b ,E,; inthecase m=n).
Then, T(X) = P(X-B)Q fordl X1 M, (F) or
m=n ad T(X)=P(XoB)'Q for al
XT M, .(F).

By application of theorem 2.1 to theorems 1.1 and
1.2 we obtain the characterizations of the linear
operators that preserve zero-term rank of matrices
over fields.

Theorem 2.2 If F is a field with at least mn+1
denents and T:M_ (F)® M, (F) then the

following are equivalent:
) T isa (P,Q, B) -operator;
) T preserves zero-term rank;
) T preserves zero-term rank 1.
) T prevervesterm rank;

) T preservesterm rank 1 and term rank 2.



Proof. Obvioudy ) implies ) and ) implies ).
Theorem 2.1 shows that ) implies ). Since ), )
and ) are eolﬂal ent by theorem 1.2, we have done.

3 Zero-term rank preserversover rings

In this section, we obtain the characterizations of
the linear operators that preserve zero-term tank of
matrices over rings.

Lemma3.1.Let A beanyring WhAOSE characteristic
isnot2.1f T:M_ (A)® M, (A) preserves

zero-termranks 0 and 1 then T maps each cell to a
nonzero multiple of some cell which induces a
bijection on the set of indices {1,---,m} * {1,---,n}.

Proof. Since T preserves zero-term rank 0, We have
T(J) =K forsome K1 M, (A) with k;; * O
foral (i,]).1f T(E;;)=0then T(J\E ) =
T(J).But z(T(J)) = z(K) =0 while
Z(T(J\E;;)) =1snce T preserves zero-term
rank 1. This contradiction impliesthat T(E; ;) * O
foral (i, ]).Since zZ(T(J\E, ;)) =1, thereis some
pair (r,s) suchthat T(J\E, ;) has (r,s) entry
zero. Let
T(E ;) = X=(X4)- Then
K=T(J)=T(I\E ) +T(g )
andhence K ;=X .. If X,;q 2 0 and x4t K.q4,
then z(X.4J - K.4E; ;) =0 whilethe (c,d) entry of
T(Xad - KeaEi ) =% qT(I) - Ko T(E ;)
iS X, gKeq = KogX.q =0 , acontradiction. Thusif
X.q t 0, then X , =k 4 foral (c,d). Further for
T(J\E ;) =C,wemust have C+ X = K. Hence
if x ;2 0,wehavec (+Xx ¢ =Kk or
C +K ¢ =K, . Necessaily, ¢, =0.Since
Z(T(J\E ;)) =1, wemust have al the zero entries

of C lieinasinglerow or column. For our purpose
we may assume all zero entries of C and hence all
nonzero entriesof X lieinrow r .

Supposethat T(E; ;) = X =(x.4)and

T(E,)) =Y =(Y,).If the (r,s) entriesof both
X and Y arenot zero, then k. (=X =Y, ;and
hence T(E; ; + E,,) has (r,s) entry 2k .. Since the
characteristic of A isnot 2, 2k, ;1 0. Hence
T(2J- E, - E,) haszerointhe (r,s) entry so
Z(T(2J- E - E,))) % L while

z(2J- E;; - E,;) =0, acontradiction. By the
pigeon hole principle, since T(E; ;) * O for all
(i,j), T(E ;) must beasingle weighted cell. Since
T(J) = K has zero-term rank 0, the mapping T
must induce a bijection on the set of indices
{Lm {10}

Now, we have the following theorems 3.1 and 3.2

by the similar methods to those of theorems 2.1 and
2.2

Theorem 3.1. Let A beany ring whose X
characteristicisnot 2. If T:M_ (A)® M (A)

preserves zero-term ranks O and 1, then T isa L]
(P,Q, B) -operator.

Theorem 3.2. Let A beany ring Whgse characteristic
isnot2,and T:M_, (A)® M (A) bealinear

operator. Then the following are equivalent :
) T preserves zero-term ranks O and 1;
) T isa (P,Q, B) -operator;
) T preserves zero-term rank;
) T prevervesterm rank;

) T preservesterm rank 1 and term rank 2. [
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